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Maintaining Mathematical Proficiency

Absolute Value

Example 1 Order the expressions by value from least to greatest: 6], | =3, : . 110 — &|

hw absclute value of &
feegatnse rumber is positive.

x
P So, the order is ——, | =3[, |10 — 6|, and | 6|,
—

Order the expressions by value from least to greatest.
1. |4].]2 -9l |6 + 4] -|7| 2. |9- 3|, o], | -4l

3. | -8 |-2-8L|9-1] 9| +|-2] = ]1] 8, | -4 + 20|, —|4*|. |5

Pythagorean Theorem

Example 2 Find the missing side length of the triangle.

10 em at = Write the Pythagorsan Thearem
(2 =+ f2 = 252 Substitute 10 for & and 26 for ¢
100 + b2 = 676 Evabuate powers,

Bt = 576 Subdract 100 fromm each sude,

b= 2 Lake positive souiare poot of sadh side
B So. the length is 24 centimeters.,

Find the missing side length of the triangle.

5. G, 7.
b % & mm 1.2
12 m s d mm
Tft
25 1t
C

5m

8. 9. 10. ;
: 6%
& 35km 1
1 _I in &
1

21 km
4 iy
11. ABSTRACT REASONING The line segments connecting the points (v, y b G5y ¥ amd (s, ¥

form a triangle. Is the triangle a right triangle? Justify your answer

Dynamic Solutions available at BigldeasMath.com




Mﬂﬂl Eh‘lﬂﬂﬂal Mathematically proficient sfiudents reason quantitatively by creating
PF&GTIGES valid represeniations of proflfems.

Reasoning Abstractly and Quantitatively

) Core Concept

The Unit Circle

The wnif circle is a circle in the coordinate plane, Its centor
is at the origin, and it has a radins of 1 anit. The equation of
ihes unit circle is

Xty =, Equation of unit cirde

As the point (3, ¥) starts at (1, 0) and moves countenclockwise
around the unit circle, the angle & (the Greek letter heta) moves
from OF throwgh 3607,

b

FYALNRN Finding Coordinates of a Point on the Unit Circle

Find the exact coordinates of the point {x, ¥) on the unit circle.
SOLUTION
Becanse f = 457, (x, ¥) lies on the line y = x,

4=l Wiite equatien of umt arde

P+at=1 Substitute x for .

2t = Add like terms

i Divicke each sde by 2,

L
= Fake positve square rool of sadh ade.
v

fry
P The coordinates of (x, J.')a.rr:l ”. ‘“, ]

5 I

V2

Monttoring Progress
Find the exact coordinates of fhe point (x, ¥ on the unit circle,

4560 Chapter 9 Trigonometric Ratios and Functions




Right Triangle Trigonometry

CONSTRUCTING

VIAELE ARGUMENTS

To be proficient in
math, you need to

assum ptions, definitions,

results in constructing
arguments.

understand and use stated

and previously established

>

Essential Question 1owcan you find a trigonometric function of
an acuie angle &7

Conzider one of the acute angles 8 of aright tiangle,
Ratios of a right triangle"s side kngzths are used o
define the six irigonemelric funclions, as shown,

xine s # = t—?}lpp— s e cos i = Eij;

Tangent lanﬂ=££% Cotangent c::ﬂr%

opgrcaile side

adjacent side

Secanl  zec f = t—'ﬂj— Cosecant  csc § = 0P-
adj. opp-

SN LT Ri[sl /Bl Trigonometric Functions of Special Angles

Work with a pariner. Find the exact values of the sine, cosine, and tangent functions
for the angles 30°, 457, and 60 in the right triangles shown.

1y

73 —

ARl lel Pl Exploring Trigonometric ldentities
Work with a partner.

Lise the definitions of the rigonometric functions to explain why each irigonameiric
e ity i troe,

4. sin = cos(9WF — b cos = sin{90° — &
T | _ 1
. Bin f = di AN S ——
e 8 ol £

Use the definitions of the trigonometric fanctions to complete each trigonometric
ichentity.

e (sin )* + (cos ¢ = L. (sec @)* — (tan §Y =

Communicate Your Answer

3. How can you find a trigonometric function of an acute angle &7

4. Use a calculator to find the lengths x and v
of the legs of the right triangle shown.

Section 9.1 Right Triangle Trigonometry 461



What You Will Learn

B Evaluate trigonometric functions of acute angles.
P Find unknown side lengths and angle measures of right triangles.

Core Vocabulary B Use trigonometric functions to solve real-life problems.
sine, o 62
cosine, p. 462 The Six Trigonometric Functions

tangent, o 462

cosecant, p. 463 Congzider a right triangle that has an acute angle ¢
serant .l."l 462 (the Greek letter theta). The three sides of the triangle hy potenuse
5 : e are the Ingpolenuse, the side opposite @, and the side "
angent, p Jd62 ; st
cotangent, g, &L fﬂ;l'ﬂ:’.‘#ﬂf 0 8. miﬂ
Previous
fght triangle Ratios of a right triangle’s side lengths are used to
hy potenuse define the six irigenometric functions: sine, cosine, E
a;;;j-re angle tangent, cosecant, secant, and cofangent, These six adjacent side
Fﬁﬂ,.;agm;d].l Thearanm Tunctions are abbreviated zin, cos, tan, ¢s¢, ¢, and
reciphcical col, respectively.

complementary angles

- &) Core Concept

Right Triangle Definitions of Trigonometric Functions
Let @ be an acule angle of a right riangle. The six trigonometric functions of @ are

defined as shown.
hvpotens: Iryposte nuse adjacent
s g = EE}E':E!US-I: SR l_'liﬂ. CTHIRS cot § = ad'!m::_nt
opposite adjacent opposite
REMEMBER The abbreviations appr., adi., and iy, are often used to represent the side lengths
Ths Bythatorant Thecrei of Fhe rjght trianghe. Note that the ratios in the second row are reciprocals of the
states that ° + b° = & ERHKIAR e YL L0V
for a right triangle with ] =g T T |
hypotenuse of length ¢ i = sin ¢ ferp= cos o= Lan &
and legs of lengths a -
and b.
FENLIHBN Evaluating Trigonometric Functions
o . Evaluate the zix trigonometric fupctions of the angle §.
b SOLUTION
D’ From the Pythagorean Theoremy, the length of the
hypode nise iz
p. = V52 + 122
= V169
= 13.
Using adj, = 3, opp. = 12, and hyp. = 13, the values of the six tfgonometric
functions of & are:
1 — EE = E | i Eil'. = i = EE v - E
gim yp, 13 cog hyp. . 13 tan & ad), E
= — I_IEIJ_ — l_j — !_]EE . I_3 ? - — ile — i
i opp. 12 o adj. 3 ok opp. 12

462 Chapter @  Trigonometric Ratios and Functions



FEA NN Evaluating Trigonometric Functions

In aright riangle, £ iz an ace anghe and sin # = ; Evalnate the other five
trigonometric functions of £

SOLUTION

Step 1  Draw a right triangle with acute angle & such that
the leg opposite &has length 4 and the hypotenuse 7
has length 7. .

Step2 Find the length of the adjacent side. By the adj. = Y53

Pythagorean Theorem, the length of the other leg is
adj. = VT2 — 42 = V33,
Step 3 Find the waluez of the remaining five trigonome iric functions,

Because sin & = ﬂ, e = !—-'H—"- e E_The offver valines e
1 opp. 4

cog = ﬂ.'.:ﬁ mn.ﬁ‘:EEE'.:-‘.‘_ - 4.@
hyp. T adj V33 33
1 fom
wcgotyp _ T _TV33 o adj V33
adj. 433 B opp. 4

Monitoring Progress ‘ﬁ' Help in English and Spanish at BigideasMath.com
Exaluate the six trizonometric finctions of the angle 8,

1. 2. 3,
AE ZI Mﬁ
n 15

4, Tnarght triangle, & is an acuke angle and cos & = ]1—0 Evaluate the other five
trigonometric functions of &

The angles 30°, 45°, and 60” occur frequently in trigonometry. You can wae the
trigonometric values for these angles to find onkwown zide lengths in special
right riangles.

&) Core Concept

Trigonometric Values for Special Angles

The table gives the values of the six trigonomedric functions for the angles 307,
45%, and 60°, You can obtain these values from the trianghes shown,

# sin | cos & [ tan & | escd | sec @ | cot
1 Vi | V3 - | V3 5
=] el - i s L T4 4
il I Rl B 3
o
1 452 ﬂ E 1 "n"E 1-""...._" |
2 2
. = fi=y
GO .'."E | V3 %1".'_1 2 1'__3.
2 3 3

Section 9.1 Right Triangle Trigonometry 453



Finding Side Lengths and Angle Measures

FEALNEEN Finding an Unknown Side Length

Find the value of x fin the right riangle. "

Write an equation uzsing a triponometrie function that ol

imvolwves the ratio of x and 8. Solve the cquation for x,

cos 3F = % Wirite IngomemeIns Squation
E =2 Subsshitute.
2 B
Ni=x Multiply each side by 3.

P The lengih of the side is ¥ = 493 = §.93.

Finding all unknown side lengths and angle measures of a triangle is called soiving

READING the triangle. Solving right triangles that have acute angles ofher than 307, 45°, and 607
Throughout this chapter, may require the use of a calculator, Be sare the caleulator is set in degree mode,
a capital letter is used
to denote both an angle "
of & tHangls shd e Using a Calculator to Solve a Right Triangle

meaiire, The same lettar

in lowercase is used to wolve QAZC. &

denote the length of the SOLUTION € ﬂ

side opposite that angle. Sa |
I> Becanse the triangle is a right trianghe, A and & are A h=1% P

complementary angles, 50, B = WX = 2§° = 61,

Mext, wrile twvo equations using trigonometric functions, one that involves the ratio
of @ and 15, and one that involves ¢ and 15. Solve the first equation for @ and the
second equation for ¢

s % \ = hyp-
tam 28° adj. T REIORom b equia thisn gec 28° adi.
tan 28" = % Substiutea. sec2f = I_{r_":

1
S(tan 28°) = Solve for the variable. 5{ ] =
15(tan 1=4a we lor the vanable 1 T ¢
TO8 =g Use & caloulatorn 16,99 = ¢

P So. B =62 a=7098and ¢~ 1699,

Hﬂﬂﬂﬂﬁﬂg Prﬂgrﬁss ‘}T‘ Help in English and Spanish at BigideasMath.com
5. Find the value of x for the right triangle shown.

X
& Solve SABC using the diagram af the leff and the given measurements,
A & B=4sc=3 7. A=32b=10
A b C B A=T1"c=20 9 8=00a=17

da64d Chapter @  Trigonometric Ratios and Functions



FINDING AN
ENTRY POINT

The tangent function is

used to find the unknown
distance bacause it involves

the ratioc of x and 2.

>

Solving Real-Life Problems

SEVIREN Using Indirect Measurement

Your are hiking near a canvon. While standing at A,
vou measire an angle of 90° between & and C, a5
shown, You then walk to & and measure an angle of
767 between A and C. The distance between A and B
is about 2 miles. How wide is the canyon betwesn
Aand C?

SOLUTION
tan 76* = ',,i Wnte ingonometn s equabon.
an 76 = x Budniply each side by 2.
B0 =x Use a calculaton

P The width is about 0 miles.

If you look at a point above vou, such as the top of
a bailding, the angle that your line of sight makes
with a line parallel to the ground iz called the angle
af elevation. Al the top of the bailding, the angle
berween a line parallel to the ground and vour line
of sight is called the mngle of depression. These

twvo angles have the same me asune.

FFAIRNN  Using an Angle of Elevation

A parasadler is attached to a boat with a rope 72 feet long. The angle of elevation from
the boat to the parasailer is 28", Estimate the parasailer’s height above the boat.

SOLUTION
Step 1 Draw a diagram that represents the sitnation.

Tt
fﬂ
]

Step 2 Write and solve an equation o find the height fr.

gin 268° = % Wnite mgonomein sguatie,
THzin28") =k Multiply each sede by 72,
BE=~=4 Lse & calou aton

P The height of the parasailer above the boat is about 33.8 feet.

Monitoring Progress 4ﬁ1' Help in Engish and Spanish at BigideasMath.com

10, In Example 5, find the distance botween B and

11. WHAT IF? In Example 6, estimate the height of the parasailer above the boat
when the angle of elevation is 38°

Section 9.1 Right Triangle Trigonometry 455



9.1 EKEFCISES Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE In aright triangle, the two trigonometric functions of §that are defined
using the lengths of the hypolenuse and the side adjacent to & are and

2. VOCABULARY Compare anangle of elevation to an angle of depression,
3. WRITING Explain what it reans o solve a right triangle.

4. DIFFERENT WORDS, SAME QUESTION Which 1= different? Find “both™ answers,

What is the cosecant of (7 What is ,._,.'..“?
sin
& 4
What is the ratio of the side opposite @ to the hypotenuse?
What is the ratio of the hypotennse Lo the side opposite &7 g
Monitoring Progress and Modeling with Mathematics

In Exerclses 5=-10, evaluate the six trigonometric 12. AMNALYZING RELATIONSHIPS Evaluale the six
functions of the angle & (See Example 1.) trigonometric functions of the W0F — @ angle in

Excrcises 3-10. Describe the relationships you notice,

In Exercizes 13=18, lef & be an acute angle of a fzhi
triangle, Evaluate the other five trigonometric functions
of & (See Exanple 2.)

13, sinf =z 4. cmo=2

16. cscft="22

15. tand = 2

1. sec it =

18. cotg= 13

/\ 149, ERROR ANALYSIS Describe and cormect the errof in

finding sin & of the triangle below.

N
T

11. REASONING Let & be an acute angle of a right
triangle. Use the twio Lri;?.rﬂh:umlri-: functions

i
Lady i = %-:md gac i = %ﬁ o sketch amd label

the rght triangle . Then evaluate the offer four
trigonometric functions of &,

466 Chapter @  Trigonometric Ratios and Functions



20. ERROR ANALYSIS Dwscribe and correct the ormor in
finding csc & given that #is an acute angle of aright
triangle and cos & = :—1

et =

S ol
costf T

In Exercises 21-26, find the value of x for the right
trangle. (See Evample 1)

21. 22.
G i
F. 4 -
23, E L 24,
12
e,
25, B 26, 7

USING TOOLS In Exercises 27-32, evaluate the
trigonometric function using a caleulator. Round your
answer to four decimal places.

27, cos 14° 28. tan31°
29, ¢sc 5O 30, =in 2%
M. cots® 3z =ecll®

In Exercises 33-40, solve A ABC using the diagram and
the given measurements. (See Example 4.)

33. B=36¢.a=23 M, A=2T.b=9

35. A=55a=17 36. BE=168b=14
7. A=43,b=131 38, 8=31"a=21

3. B=Tr,c=118 0. A=64"a=74

a.

42.

43.

45.

Section 9.1

MODELING WITH MATHEMATICS To measure the
width of a river, you plant a stake on one side of the
river, directly across from a boulder. You then walk
100 reters Lo the right of the stake and measure a
T angle between the stake and the boulder. What is
the width w of the river? (See Exampie 3.}

MODELING WITH MATHEMATICS Katoomba Scenic
Raibway in Anstralia is the steepest raibway in the
world. The raibway makes an angle of about 57 with
the ground, The railway extends horizontally abowt
438 feet, What is the height of the railway?

MODELING WITH MATHEMATICS A person whose
eye kevel is 1.5 meters above the ground is standing
75 meters from the base of the Jin Mao Building in
Shanghai, China. The person estimates the angle
of elevation to the top of the building is abowut 807,
What i= the approximate height of the building?
(See Example 6, )

MODELING WITH MATHEMATICS The Duquesne
Incline in Pigtsturgh, Pennsylvania, has an angle of
elevation of 30°, The track has a length of about
800 feet. Find the height of the incline.

MODELING WITH MATHEMATICS You are standing
om the Grand View Terrace viewing platform at Mount
Ruishimoee, 1000 feat from the base of the moniament.

Not dravm fo scale

a  You look up at the top of Mount Rushmore at an
angle of 24°. How high is the top of the momiment
from where you are standing? Assume your eve
level g 5.5 feet above the platform.

b The clevation of the Grand View Temrace is
5280 feet, Use your answer in part {a) (o find the
elevation of the top of Mount Eushmoge.

WRITING Write a real-life problem that can be solved
using a right triangle. Then solve your problem.

Right Triangle Trigonometry a67



47,

49,

MATHEMATICAL CONNECTIONS The Tropic of
Cancer is the circle of

latitude farthest north T L
of the equator where Cances grmmr=es .

. i -~ EA
the Sun can appear U ﬂlL‘.-r‘:"E' ’
directly overhead. It lics
23.5° north of the equator,
as shown, apmiebbid

#. Find the circumference of the Tropic of Cancer
using 3960 miles as the approximate radius
of Earth.

b What iz the distance between twao points on the
Tropic of Cancer that lie directly across from
cach other?

HOW DO YOU SEE IT? Use the figure to answer
cach question,

a. Which side is adjacent to 87
b. Which side is opposite of 87
¢. Doescos & = sin(90F — &7 Explain.

PROBLEM 50LVING A passcnger in an airplane socs
two towvns directly to the left of the plane.

a. What is the distance d from the airplane tothe
first town'™

b What is the horizontal distance x from the airplane
tothe first town?

¢. What iz the distance ¥ between the two lowns?
Explain the process vou used to find your answer.

a0,

3.

52.

53.

PROBLEM SOLVING You measure the angle of
elevation from the ground to the top of a building as
32°. When vou move 50 meters closer to the bailding,
the angle of elevation is 53°. What is the height of

the building?

MAKING AN ARGUMENT Your friend claims it is
possible to draw a right triangle so the values of the
cosine function of the acie angles are edqual. [ vour
friend correct? Explain your reasoning,

THOUGHT PROVOKING Consider a semicincle with a
rading of 1 unit, as shown below, Write the values of
the six trigonomeiric functions of the angle £, Explain
your reasoning,

CRITICAL THINKING A procedure for approximating
o based on the work of Archimedes iz (o inscribe a
regular hexagon in a circle,

a. Use the diagram to solve for x. What is the
perimeter of the hexagon?

b Show that a regnlar g-sided polyzon inscribed
in a circle of rading 1 has a perimeter of
20 - sin{ L
n
¢. Use the result from part (b (o find an expression
interms of 2 that approximates . Then evaluate
the expression when 1 = 30,

— Maintaining Mathematical Proficiency oot puicanct i s gases ans isscns

Perform the indicated conversion.
54. 5 years Lo secomds

Find the circumference and area of the circle with the given radius or diameter.

(Sl Keview Handbeaolk)

57. r= Gcentimeters 8.

55. 12 pintsto gallons

r=11imnches

(5kills Review Haomdbook)

56. S0 meters bo millimelers

59. 4= 14 feet

468 Chapter 9
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Angles and Radian Measure

Essential Question 1owcan you find the measure of an angle
in radians?
Let the vertex of an angle be at the origin, with one side of the angle on the positive

x-axis, The radian measure of the angle s 3 measure of the intercepted arc length on
acircle of radius 1. To convert between degree and radian measure, use the fact that

 radians
180"

SN I[ell Rl Writing Radian Measures of Angles

Work with a partner. Write the radian measure of each angle with the given
degree measure. Explain your reasoning.

a. Ly (i

()
135 A5

| radhan
| measwre

—

dmen
mejaEe

PR R

PRl

Work with a partner. Write the degree measure of each angle with the given
radian measure. Explain your reasoning.

I'l.k'l. L ]
IﬂIF"-J.Ir‘dI-"' L\\‘
— ; i
[ radian |7 )
! meastire
REASONING
ABSTRACTLY
Tob ficient in mat :
T i i Communicate Your Answer
of quantities and their b B s el o i
relationships in problem g jnTa;Ij:nm}‘?m] nd the measure of an angle "
situations. : :

D' 4, The figure shows an angle whose measurne is P man Y
30 radians, What is the measure of the angle in <

degress? How many tmes greater is 30 radians A /'

than 30 degrees? Justily your answers.

30 radiarns

Section 9.2 Angles and Radian Measure 469



What You Will Learn

B Draw angles in standard position,
P Find coterminal angles.

cu'rﬁ ?ﬂﬁimlﬂrﬁl B Use radian measure.
initial side, g 470
terminal side, p. 470 Drawing Angles in Standard Position

standard posttion, g 450
coterminal, g 477
rachan, p 471

In this kesson., you will expand your stady of angles to include angles with measures
that can be any real numbers.

sectorn p 472
central angle, p, 472 % cnrﬂ Gﬂ"'ﬂ'ﬂ'pf
Previous Angles in Standard Position
radius of a "’-'”-"“-; _ In a coordinate plane, an angle can be formed u.m‘"?.r';: i
circumnference of a circle by fixing one ray, called the initlal side, and side L
> rofating the other ray, called the terminal side, \...\ o
about the vertex. < - *
1807 verbex| initial _Ir"f"
An angle iz in standard position when its vertex dde 7
iz al the origin and #s initial side lies on the
positive 1T-axis. Y2

The measure of an angle is positive when the rotation of its terminal side is
coumerclockwise and negative when the rotation 1s clockwise, The terminal side
of an angle can rotate more than 360°,

AR Drawing Angles in Standard Position

Draw an angle with the given measure in standard position.

a, 240 b. 500° o =50°

SOLUTION

4. Because 2407 is 607 b. Because 3007 ig 1407 . Becawse =307 is
rote than 180F, the roore than 360, the negative, the terminal
terminal side is 60F terminal side makes sicke is 507 clockwise
coumerclockwise past one compreie rotation from the positive
the negative 1-axis, 3607 conntercloc kowise X-axis,

plus 1407 moee,

Mon fiurmg Pl’ﬂgrﬁﬂﬂ' “ Help in English and Spanish at Bigideas¥ath.com
Draw an angle with the given measure in standard position,
1. 65 2. 300° 3. -1 4. 450

470 Chapter @  Trigonometric Ratios and Functions



STUDY TIP

If two angles differ by a
multiple of 380", then the
angles are coterminal,

STUDY TIP

Motice that 1 radian
is approsimately equal

to 57.3°
1807 = + radians
E =1 radian
ar

57.3" = 1 radian

>

>

Finding Coterminal Angles

In Example 1(b). the angles 5007 and 1407 are eote rminal becanse their terminal
sides coincide. An angle colerrminal with a given angle can be found by adding or
subtracting nultiples of 3607,

AN Finding Coterminal Angles

Find one positive angle and one negative angle that are coterminal with (a) —45°
and (b) 395°,

SOLUTION

There are many such angles, depending on what nltiple of 3607 is added or
suldracted.

g —45% + FSF = 315 b, 395* = 360" = 35
-5 = 350 = =405 105 — 2{3‘6’:‘”} = 125
Ay

Monitoring Progress 4’3‘: Help in English and Spanish at BigideasMath.com

Find one positive angle and one negative angle that are cole minal with the
given angle.

5. 8(r 6. 230r 7. 740¢ 8. —-135

Using Radian Measure

Angles can also be measured in radians, To define k¥
a radian, consider a circle with radine reentered at
the origin, as shown. Cine radian is the measure of
an angle in standard position whoss lerminal side
intercepts an are of length r.

Because the circumference of a circle is 2 ar, thene 1 radian

arc 2 radians in a full circle, 5o, dogree measoare
and radian measure are related by the equation
30 = 2qradians, or 1807 = radians.

G) Core Concept

Converting Between Degrees and Radians
D grees to radians Radians to degrees
Multiply degree measure by Multiply radian measare by
7 riclians 180r°
IB0F arraciang
e

Section 9.2 Angles and Radian Measure 471



472

READING

12

Chapter 9

— e written simply as i

12

>

The unit “radians” is often
omitted, For instance, the

aT .
measure ——— radians may

Convert the degree measare to radians or the radian me asure to degrees,

a. 1207 b —

SOLUTION

ap —  radians m_{ = [ 1807 ]
a 120° lmmﬁ{—mmﬁm:‘ b % = (g dians

B
"'J!EI

= -15°

Goncept Summary

Degree and Radian Measures of Spedal Angles

The diagram shows équivalent degree and by t achian
radian me asures for special angles from 7a _ » MSASLIFE
¥ to 360° (0 radians to 2+ radians), ' ?

You may find it helpfol to memorize the
equivalent degree and radian measures of
special angles in the first quadrant and for
9F = grﬂians-.ﬁ]l other special angles
ghowen are multiples of these angles.

Y

Mon Hurfng F'rngrass ‘ﬁ; Help in English and Spanish at BigideasMath.com

Convert the degree measure bo radians or the radian me asure to degm-:..

q_
9, 135° 10, —40° 1. —1““' 12, —6.2%

A sector is a region of acircle that is bounded by two radii and an arc of the circle.
The central angle ¢ of a sector is the angle formed by the two radii, There are simple
formmalas for the arc length amd arca of a sector when the contral angle is measured

in radians.

&) Core Concept

Arc Length and Area of a Sector

The arc length & and area A of a sector with
radius r and central angle ¢ (measured in
radians) arc as follows, |
jarc

| lesrwyly

L]

Arc length: 5 = rif

Area: A = rig

Trigonometric Ratios and Functions



COMMON ERROR

You must write the
measure of an angle
in radians when using
these formulas for the
arc length and area of
a sector,

| ANOTHER WAY

Because the central
angle is 90°, the sector
represents % of a circle

- = 10,000,

with & radius of 200 feat,

54,

s= 2 2ar= g« 2w(200)
= 100

and

A=temrd =1 m{2000

.- « {area of square) J

FEALNN N Modeling with Mathematics

A softball field forms & sector with the dimensions shown, Find the length of the
outfield fence and the area of the feld.

SOLUTION

1. Understand the Problem You are given the
dimensions of a softball field. You are asked
to find the length of the ootheld fence and the
area of the feld.

2, Make a Plan Find the measure of the central
angle in radians. Then use the arc length and
ared of a sector formmlas,

3. Salve the Problem ; 200 fi |
Step 1  Convert the measure of the central angle to radians.
' radians
%° = 90 s{_Lm_u}
AegrevE | 130 degrees
L 1—; radians

Step 2 Find the arc length and the arca of the sector.

Arclength: » = rg Area:d = %ri'ﬂ'

-0 - yor(3)
= 1 = T
- 314 - 31 416

P The length of the cutfield fence is about 314 feet. The area of the feld
iz about 31,416 square feel.

4. Look Back Tocheck the arca of the ficld,
consider the square formed wsing the two
200-Toot sides.

By drawing the diagonal, vou can see that
the area of the field is less than the area of the
sqquare but greater than one-halfl of the area of

the square.

200 fi

[-arm o ﬁqlﬂﬂﬁ.-

Y

-

# "
(200} < 31,416 < 2007

200000 <= 31,416 < 40,000 /

Monitoring Progress ‘ﬁ:' Help in English and Spanish at BigideasMath com

13. WHAT IF? In Example 4, the outfield fence is 220 feet from home plate. Estimate
the length of the outficld fence and the area of the feld.
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g. 2 EKEFCISES Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check

1. COMPLETE THE SENTENCE An angle is in standard position when its verfex isat the
and s lics on the positive x-axis.

2. WRITING Explain how the sign of an angle measure determines s direction of rotation.
3. VOCABULARY In your own words, define a radian.

4, WHICH ONE DOESN'T BELONG? Which angle does roi belong with the other three? Explain
VOUr reasoning.

- o 450° o - 270

Monitoring Progress and Modeling with Mathematice

In Exerclzes 5=-8, draw an angle with the given measure 22. OPEN-ENDED Using radian measure, give one positive
in standard position. (See Example 1) angke and one negative angle that are coterminal with

5. 110° 6. 450" he angle shown, Justify your answers

¥

1. —o0r 8. —r
In Exerclses 9=12, find one posliive angle and one - ! -
negafive amgle that are coferminal with the ziven angle, » 5 o
(See Exvample 2.)

9, TO° 10, 255° L
1. =128 12, ~BO0F AMALYZING RELATIONSHIPS In Exercises 23-216, match

the angle measure with the angle.
In Exercises 13-20, convert the degme measure g
to radians or the radian measure to degrees, 23, oy 24, —Tﬂ
(See Example 3.)
ST %

13, 407 14, 315° 25. ‘ﬁ 26. —240

15. -2aF 16, —500°F A,

S 18 27 ‘\,\ _ I
9 4 = - -+ i :
X J X
19. -5 20. 12 /l
-

21. WRITING The terminal side of an angle in
standard position rotates one-sixth of a revolation c = D
connerclockwise from the positive x-axis. Describe ' \\I ;

how 1o find the measure of the angle in both degres
and radian measuires.
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27. MODELING WITH MATHEMATICS The observation
deck of a building forme a sector with the dimensions
shown. Find the length of the safety rail and the area
of the deck. [See Exanmple 4.)

28. MODELING WITH MATHEMATICS In the men's shot
put event at the 2012 Summer Olympic Games, the
length of the winning shot was 21 8% meters. A shot
put st land within a seclor having a central angle
of 34.92° to be conzidered fair.

a, The officials draw an arc across the Tair landing
area, marking the farthest throw. Find the length
of the arc.

b All fair throws in the 2012 Olympics landed
within a sector bounded by the arc in part (a).
What is the area of this sector?

20, ERROR AMNALYSIS Dwscribe and correct the crror in
comverting the degree measure (o radians.

x 24°= z#g@m{M

Eadians
- 4320

m
= 1 3751 radians

radlans

30. ERROR AMALYSIS Describe and correct the emror
in finding the arca of a sector with a radins of
t centimeters and a central angle of 407,

x =%|{E~F{4ﬂj=?2ﬂmﬂ

31. PROBLEM SOLVING When a CD player reads
information from the outer edge of a CD, the CD
sping about 200 revolutions per minute. Al that speed.
through what angle does a point on the CD spin in
one minute? Give your answer in both degree and
radian measures.

32. PROBLEM S0LVING You work every Saturday from
00 A to 5:00 pu. Draw a diagram that shows the
rotation cormpleted by the hour hand of a clock during
this time. Find the measure of the angle generated by
the hour hand in both degrees and radians. Conpare
thiz angle with the angle penerated by the minte
hand froo @00 & s, to 5:00 pou.

USING TOOLS In Exerclaes 33=35, use a calculator fo
evaluate the trizonosmetric function.,

33, cos 3T M, gin L2
5 ]

107 (-62)

35, ¢3¢ T 26, o 3
37, coli—14) 3B, s

39. MODELING WITH MATHEMATICS The rear windshicld
wiper of a car rotates 120¢, as shown. Find the area
cleared by the wiper.

40. MODELING WITH MATHEMATICS A scientist
performed an experiment (o study the effects of
gravitational force on umans. In order Tor humas
to experience twice Earth's gravity, they were placed
in a centrifuge 58 feet long and spun at a rate of about
15 revolutions per mimits.

a, Through how many radians did the people rotate
each second?

b Find the length of the are through which the
people rotated each second,
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a1.

REASONING In astronomy, the ferminaior is the
dav-night line on a planet that divides the planet into
daytime and nighttime regions. The terminator moves

THOUGHT PROVOKING iz an ircationa) normber,
which means that It cannot be writien as the ratio
of taco whole nombers. = can, however, be written

across the surface of a planet as the planet rotates.

exactly as a continued fraction, as follows.
It takes about 4 howurs for Earth™s terminator Lo move

across the continental United States, Through what gL 1
angle has Earth rotated during this time? Give vour T4 |
answer in both degree and radian measures. an 1
' 1
| L I
Lermimatar . 292 +
|
L+ y
|

Shoow how (o mse this coptinaed fraction to obdain a
decimal approximation for .

45. MAKING AN ARGUMENT Your friend claims that
when the arc length of a sector equals the radius, the
42, HOW DO YOU SEE IT? Use the graph to find the

: 1 area can be givenby A = S; Is your friend correct?
measure of & Explain your reasoning,

Explain. =

46. PROBLEM SOLVING A spiral staircase has 15 steps.
Each step is a sector with a radius of 42 inches and a

central angle of ;r

a. What iz the length of the arc formed by the outer
edpe of a step?

b Through what angle would you rotate by climbing
the stairs?

¢. How many square inches of carpeting woald you

43, MODELING WITH MATHEMATICS A damboard is need to cover the 15 steps?

divided into 20 sectors. Each sector is worth a point
value from 1 to 20 and has shaded regions that double
or triple this value. A sector is shown below. Find the
arcas of the entire sector, the double region, and the

47, MULTIPLE REPRESENTATIONS There are &0 minufes
in 1 degroe of arc, and &0 seconads in 1 minute of ac.
The notation 307 30" 10° represents an angle with a

teiple tegian. measzure of 30 degrees, 30 minutes, and 10 seconds.
5
X
:%iﬂ"- 1. —||-E';':| a. Write the angle measure 70.55 using the
E T . ?-Em'_ nolation above.

e 3 T : —h
e e b, Write the angle measure 1107 45" 307 to the

nearest hundredth of a degree. Justify your answer,

Frsteveni s what e Pegrmasd enpresaci s Sredes and lesson s

— Maintaining Mathematical Proficiency

Find the distance between the two points.  (SUis Besiew Handbook)

a8, (1,4), (3, 6)
50. (-3,9) (=3, 16)
52. (—14, —=22), (-20, —32)

49, (-7, -13%, (10, 8)
51. (2 12),(B, =5
52, (4, 16), (—1,34)
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Trigonometric Functions of

Any Angle

Egsgential Qﬂ&ﬂﬂﬂﬂ How can vou use the unit circle to define the
rgonometnc functions of any angle?

Let e an angle in standard position with (x, y) a point on the terminal zide of & and
F=Yx 4+ ¥ £ 0, The six rigonometric functions of ¢ are defined as shown,

Eiﬂﬂ'=§ "-'Eg:i.:'li':éﬂ

unﬁﬁ='i Eﬂ:ﬁ‘-i..l'?‘-ﬂ
r X

and =2 x#0 col ==, y#0 o 2
X ¥ & -

EXPLORATION 1

Work with a partner, Find the sine, cozsine, and tangent of the angle #in standard
position whose terminal side intersects the unit circlke at the point Oy, ¥) shown.

il - Y I Ay 2
34) 1 () " "’
Y Y Y
. A [ Ay f.

¥

NA

CONSTRUCTING
VIABLE ARGUMENTS

To be proficient in
math, you need to
understand and use stated :

aremotions defimtions | Gommunicate Your Answer
and previously established

4 2. How can vouuss the unit circk: to define the trigonometric functions of any angle?
results.

D- 3. For which angles are each function undefined? Explain your reasoning.

4. langent b, cotangent €. secant il. cosecant
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What You Will Learn

B Evaluate trigonomaetric functions of any angle.

P Find and use reference angles to evaluate trigonom etric functions.
Core Vocabulary
unit circle, p. 479 Trigonometric Functions of Any Angle

r;nfa dfn[al an_lile. ":'J;:EI You can generalize the right-triangle definitions of trigonomeiric functions so that they
e o Ly TR apply to any angle in standard position,

Previous

cirche

rachius % cﬂrﬂ Gﬂ"ﬂﬂpf

Fythagorean theorem General Definitions of Trigonometric Functions

Let ¢ be an angle in standard position, and let (x, ¥) i
b the point where the terminal side of @ intersects

L ¥
the circle 2 + y* = . The six rigonometric
functions of & are defined as shown, . y) r -\
", .
- L 1F —/ ol
r

ar

sin ¢t = ¥ .:5:.:#:5,3,-;&1}
& ¥
coa i = = Eﬁ:-ﬂ=§..l’*ﬂ k

[an{i=x..:.'=évl} cﬂr?:"f.}'-#ﬂ L
X ¥y

=

L These functions are sometimes called circwlar funclions.

FALINRN Evaluating Trigonometric Functions Given a Point

Let (=4, 3) be a point on the terminal side of Ay
an angle & in standard position. Evaluate the
six rigonometric functions of 6,
SOLUTION B
- =
Uz the Pythagomean Theorem o find the lemgth of r, £
r= VAT R
= (4 + 3 Y
= V25

=3

Using x = —4,y = 3, and r = 5, the values of the six trigonometric functions of ¢ are:

y_3 r_s

fmd = gt 0= = = =
gin G car i y 3
4 5
cmr}——--g mcﬁ_-_._i
ta:nl!]‘=-:=—§ :ntﬂ=§=—§
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G) Core Concept

The Unit Circdle Ay
The circle x* + ¥ = 1, which has center (0, O)

and rading 1, is called the undt circle. The values
of zin # and cos  are simply the y-coordinae and P
r-coordinate, respectively, of the point where the

terminal sicde of @ intersects the unit circle. e oS
¥ T =1
ANOTHER WAY sing=L=lay G i
The general circle LF Ee
x* + y' = r can also be used cmﬂ';—f—x

to find the six trigonometric
functions of & The terminal

tide of § intersects the circle It iz convenient to use the unit circle to find tigonometric functions of quadrantal

at (0, —r}. 50, angles, A quadrantal angle is an anghs in standand position whose terminal side lies on
an axis, The measure of a quadrantal angle is alwavs a multiple of %F, or %‘rradjans.

sinf=== s = =
Thﬂ' ﬂth BF fun,:tiﬁm Can hi‘ E a0 f'-.-"| r'L E l:E. Uiiﬂg thE Ul'lit Ciﬁ:tE
evaluated similarly.
D Use the unit circle to evalate the six rigonometric functions of @ = 2707,

SOLUTION Ay
Step 1  Draw a unit circle with the angle & = 270F in

standard position.
a
Step 2 Identify the point where the terminal side

of #intersects the unit circle, The terminal *
side of & intersocts the unit circle af (0, =1).

Step 3 Find the values of the gix trigonometric
functions, Let x = O and ¥ = —1 toevaluate
the Irigonometric unctions.

Ein # = =__1=—] CEE‘:E:L:—I
r | y =1
cosg=2=Rcg seed="=Y undelined
| 25k
lan it = = Zk unidefired ﬁdﬂ::‘::-ﬂ.:ﬂ
r A y =1

e B
Monitoring Progress 4’1- Help In English and Spanish at BigideasMath.com
Evaluate the six trigonometric funclions of @

1. Ay 2. {-& 15} 4Y 3. A

! (-5, “128

4, Ulge the unit circle to evaluate the six rigonometnc functions of & = 18F,

T3, -3
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READING

The symbol & is read as
"theta prime.”

Reference Angles

&) Core Concept

&y

F )

480 Chapter 9

5

>

Reference Angle Relationships

Let @ be an angle in standard position. The reference angle for §is the acute
angle & formed by the terminal side of & and the x-axis. The relationship between
fand £ iz shown below for nonguadrantal angles @ such that 907 < @ < 360° or,
inra:iiﬂm,; < < 2m

Quadrant Il Quadrant I Quadrant IV
¥ Ay A
i i 8 -
i ! [ b f
“ e -
i
Y

Degrees §' = 180° — §  Degrees: ' = ¢ — 1807
Radiams: & =7 — & Radians: ' = & — &

Degrees §° = 3607 — ¢
Radians. " =27 — §

EXAMPLE 3

Finding Reference Angles

Find the reference angle & for (a) & = s and {b) ¢ = —130°,

3
SOLUTION
. The terminal side of & lies in Quadrant IV, So, ¥
¢ = 2 — 2 = 7 The figure at the right sharws -
Sar - - - -
= ;I o il LY [
i M . LA

b. Note that # is colerminal with 230°, whose lerminal sicke
lies in Quadrant [11. So, & = 230° — 180° = 50°. The
figure at the left shows 8 = < 130F apd &' = 3P,

Reference angles allow you to evaluate a trigonometric function for any angle . The
sign of the trigonometric function valee depends on the quadrant in which @ lies.

&) Core Concept

Evaluating Trigonometric Functions

Use these steps to cvaluate a
trigonometric function for any angle &;

Step 1  Find the reference angle &',

Step2  Evaluate the trigonomettic
function for ',

Signs of Function Values

Cuadrant 1 4y Ouadrant |
gin g, sl + sing, cscd; +
o5 d, sec i - oo i, e/ +
tan §, cot 8 tand, cot f: 4

-
Ouadrant WV ©

 Guadrant i

Step 3  Delermine the sign of the
: i : Sin , £scf . — Siry . oo —
irigonometric function vahie H } 3 A
; 5 oosd, e, — o 8, S0
from the quadrant in which L _ _
; tan f, col & + tand, caotf: —
& lies. Y

Trigonometric Ratios and Functions



INTERPRETING
MODELS

This model neglects air
resistance and assumes
that the projectile’s
starting and ending
heights are the same.

FEAL NN Using Reference Angles to Evaluate Functions

Evaluate (a) tan( - 240°) and (b) csc ”T"'.

SOLUTION

a. The angle —240%is coterminal with 1207, The reference
angle is ' = 180° — 120F = o0°. The tangent function ¢ - 0%
i= negative in Cuadrant I1, =0 |

- e
tan{ —-240°) = —tan 80 = -3, w ]
8= —240F
b, The angke 135—'” is coterminal with %"I, The Y
reference angle is iy
e S
¢ = = "5
The cosecant lunction is positive in Quadrant 11, so - P -
1= 17

Solving a Real-Life Problem

The horizontal distance d (in feet) traveled by a projectile launched at
an angle ( and with an initial speed v (in feet per second ) is given by

= sin 28, Maddel for honrontal distance

32
Estimate the horizontal disance traveled by a golf ball i
that iz hit at an angle of 307 with an initial speed of i
105 feed per sacomd.
SOLUTION

Mode that the golf ball iz launched at an angle of 8 = 30" with initial specd
of ¥ = 105 feet per second.

d= {f_—r sin 2 Wnte model for hiverontal distance
o8t - s
= sin(2 « 30°) Substitute 105 for v and 507 for &
P G s i calaslatorn

B The golf ball travels a horizontal distance of aboul 339 feet.

Monitoring Progress 4’3 Help in English and Spanich at BigldessMath.com
Sketch the angle. Then find its reference angle.

5. 210° 6. —260° 7. 5% g L%
g 4
Evaluate the function without using a caleulator
9. cos(~210°) 10, sec 7

11. Use the madel given in Example 5 to estimate the horizontal distance traveled
by a track and field long jurnper who jumps at an angle of 20° and with an initial
specd of 27 feet per second.,
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g- 3 EKEFCISES Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check
1. COMPLETE THE SENTEMNCE A{n) _ s an angle in standard position whose terminal

sicle lies on an axis.

2. WRITING Given an angle @ in standard position with its terminal side in Quadrant I, explain

how you can uze a reference angle Lo find cos @

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, evaluate the six (rgonometric In Exercises 15212, sketch the angle. Then find it=
Tunctions of & (See Exampde 1) reference angle. (See Exampie 3.
3. 4, | ¥ 15. =100° 16. 150°
P 17, 3F 18, 37
- - =
o 13w by
5, =12) e 2 3
Y S 13w
21. g 22, e
5 LY . &Y
a L 3 1) 23. ERROR ANALYSIS Let (-3, 2) be a point on the
2™ [JII i,; : terminal side of an angle @ in standard position.
I . : " Diescribe and correct the error in finding tan .
(—65 —8
Y ¥ X tan = E - —E
¥ 4
7 F Y 8. Ay
g1 a1 24, ERROR ANALYSIS Describe and correct the error in
N | — S y X finding a reference angle & for & = 650°,
/ J 4, -2)
> it 18 coterminal with 2 20", whose
(-12,-9n ' terminal elde lies in Quadrant 1V,

So =290 =2T0"=20F,
In Exercise sz 9=14, use the unit circle toevaluate the 2ix
trgonometric functions of & (See Exarmple 1)

9 fA=Ir 10, § = 5440F In Exercises 25-32, evaluate the function without using
& calenlator, (See Example 4.)
7 [
. ¥=3 14 o= 25, sec 1357 26. tan 240
13. ¢=-270r 14. #= -2Iw 27, sin{—150°) 28, ¢ac(—4200)
3! gt
29, tanl -1 | 30. col| 3 }
Tar 11w
31. CMT 32 'I.‘\-?
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In Exerclses 33 =36, nse the medel for horizontal
distance given in Example 5,

33.

35,

36.

37

You kick a foothall at an angle of 607 with an initial
spoed of 49 feet per sccond, Estimate the horizontal
distance traveled by the football. (See Example 5.

The “Trogbot” iz a robol designed for exploring rough
terrain on olher planets. It can jump at a 457 angle
with an initial speed of 14 fect per second. Estimate

the horizontal distance the frogbot can jump on Earth.

At what speed must the in-line skater launch himself
off the ramp in order to land on the other side of

e rargp?

To win a javelin throwing competition, your last
throw noast travel a horizoptal distance of ot least

100 feet. You release the javelin at a 40° angle with
an initial speed of 71 feet per second. Do you win the
competition” Justify your answer,

MODELING WITH MATHEMATICS A rock climber is
using a rock climbing treadmill that is 10 feet long.
The climber begins by lving horzontally on the
treadmill, which is then rotated about its midpaint by
1107 50 that the rock climber is climbing toward the
top, If the midpoint of the treadmill is 6 feet sbove
the groand, how high above the ground is the top of
the treadmll?

3s.

3,

Section 9.3

REASONING A Ferris wheel has a radius of 735 feet,
Yoa1 board a car at the boltomn of the Ferris wheel,
which is 10 feet above the ground, and redate 255°
coumterclockwise before the ride temporarily stops.
How high above the ground are you when the ride
stops? If the radivs of the Ferris wheel is doubled,
i vour height above the ground doubled? Explain
VOUr reasoning.

DRAWING CONCLUSIONS A sprinkler at ground
level is used to water a garden. The water leaving the
sprinkler has an initial speed of 25 feet per second.

a. Use the mode] for horizontal distance given in
Example 5 to complete the table,

Horizontal distance
water travels, o

Angle of
sprinkler, &

3
35°
40
45
50
55
&

b, Which value of & appears to maximize the
horizontal distance traveled by the waler? Use the
moide] for horizontal distance and the unit circle to
explain why your answer makes sense.

¢. Compare the horizontal distance traveled by the
water when & = (45 = E)* with the distance when
=45+ b for Q< b < 45,

MODELING WITH MATHEMATICS Your school's
marching band is performing at halftime during

a foothall garme. In the last formation, the band
members forma circke 100 feet wide in the center
of the field, You start at a point on the cirele 100 feet
from the goal line, march 3007 around the circle, and
then walk toward the goal line to exit the feld. How
far from the goal line are you al the point where you
leave the circle?

|..4 Ll

<16 | |3l | il

cpial ine
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a1.

A5,

ANALYZING RELATIONSHIPS Use symmetry and
the given informtion to label the coordinates of the
ather points corresponding Lo special angles on the
unil circk:.

THOUGHT PROVOKING Use the interactive nnt circle
tool at BigldeasMaih, com to describe all values of &
for each situation.

a. gin >0, cos < 0, and tan &> 0
I sin = O, cos 0 < O, and tan & < O

CRITICAL THINKING Write tan & as the ratio of twio

other trigonometric functions, Use this ratio to explain
why tan 90F iz undefined but cof 907 = (.

HOW DO YOU SEE IT? Determine whether each
of the six mgonometric functions of § is posiiive,
pegalive, of Zem. Explain your reasoning,

Y

USING STRUCTURE A line with slope m passes
through the origin, An angle #in standard position
has a terminal side that coincides with the line, Use

a trigonometric function to relate the slope of the line
Lo the angle.

a6,

a7,

MAKING AN ARGUMENT Your friend claims that
the only solution to the trigonometric equation
tan & = V3 is § = 60F. Is vour friend correct?
Explain yvour réasoning,

PROBLEM SOLVING When two atoms in a molecule
are bonded o a common atom, chemists are interestod
in both the bond angle and the lengths of the bonds.
An ozone molecule is made up of two oXygen aloms
bonded to a third oxygen atom, as shown.

117
128 jan

1’!.-_

{128, o)

a. In the diagram. coordinates are given in
picometers (pm). (VMote: 1 pm = 102 m) Find the
coordinates (x, ¥) of the center of the oxypen atom
in Cuadrant 11

b Find the distance J (in picometers) between the
centers of the two unbonded oxveen atoms,

MATHEMATICAL CONNECTIONS The latiude of a
point on Earth is the degree measure of the shortest
are from that point to the equator. For example,

the latitude of point P in the diagram equals the
degree measure of arg PE, AL what latitude £ is the
circumiference of the circle of latitude at P half the
distance around the equator?

circle of -
latitude =

equatos

Find all real zeros of the polynomial function.
4. fiy=x'+ 2+ xt+ 8~ 12
Graph the function,  (Section 4.8

51, fix) = 2{x + 3%%x — 1)

(Section 4.6

S0, flix)=x%+ 4x! = 1457 — 14? = 15x - 18

52. fix) = %{.1.' —4)x + S)ix + 9

— Maintaining Mathematical Proficiency rewop st o ismet o prooos gses s esscns

53. fix) =x4x+ 1) (x—2)

484 Chapter 9
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Graphing Sine and Cosine Functions

Essential Question wnat are the characteristics of the eraphs of the

gine and cosine functions?

FAURs LT [ol' BN Graphing the Sine Function

Work with a pariner,
a. Complete the table for ¥ = sinx, where ¥ is an angle measure in radians,

T 3er| 5w 3wl _w T
x g o B
¥ = sin X
. i T |20 | 2 | 2T |37 | Im | 5p | 27
4 2 4 4 2 1 1
¥ = sin X

b, Plot the paints (x, ¥) from part {a). Draw a smooth curve through the points to
sketch the graph of ¥ = sinx,

CEE o

o Use the graph to identify the x-intercepts, the r-values where the local maxinmums
and minimums occur, and the intervals for which the function is increasing of
decreasing over =27 < ¥ = 2w [sthe sine function even, odd, of neither?

A Ne LA el /Bl Graphing the Cosine Function

Work with a partmer.

a. Complete a table for ¥ = cos x using the same vahes of x as those used in
Exploration 1.

b. Plot the paints (x, ¥) from part () and sketch the graph of ¥ = cos x.

. Use the graph to identify the x-intercepis, the x-values where the local maximums
and minimuomes occur, and the intervalz for which the function is incre asing or
LOOKING FOR decredsing over —2w = x <€ 2m [sthe cosine Tunction éven, add, of néither?

STRUCTURE
T b promiciarit u mathy Communicate Your Answer

you need to look closely
to discern a pattem 3. What are the characteristics of the graphs of the sine and cosine functions?

or structure,
E} 4, Describe the end behavior of the graph of y = sinx.
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9.4 Lesson What You Will Learn

Explore characteristics of sine and cosine functions,
Stretch and shnnk graphs of sine and cosine functions.
Translate graphs of sine and cosine functions.

Core Vocabulary

yvveyy

ampliude, p 486
pencdic function, p. 486
;f_rr'zj" ;ﬁﬁ Exploring Characteristics of Sine and Cosine Functions
phase shift, p 488 In this esson, you will learn to graph sine and cosine functions. The graphs of sine
midline, o 458 and cosine functions are related to the graphs of the parent functions ¥y = sin.x and

¥ = cos X, wWhich are shown below,

Reflect graphs of sine and cosine functions.

Frevious

teans for matsns T = e Yar

x-intercept = “tm| = |mw| =5 | O | = | | 5| 2w
y=sinx O 1 1] =] 1] 1 ] -1 0
¥=cos X 1 ] -1 il 1 ] -1 ] 1

TN WLIFE
value: 1

Fary e

/ amplitude 1
7 L :

_— L
- u o L o
1=y=s1 £ s o\ 3w Jow X
| 7 | ? ]
AR -F‘“;,,‘I‘:d— |
v lue —14
PAIETILIT ¥

N T 1
value: 1 | ¥ = cosx|

e X . Y5

-1=¢¥=1

=1
= Sak -
| 2 3

amplitude 1

IVVRry I ILAr
value: —1

&) Core Concept

Characteristics of y =sinxand y = cos x
« The domain of each function 15 all real mambers,

= rer il _ |
Y "

+ The range of cach function is —1 < y 5 1. 5o, the minimum value of sach
function is —1 and the maximum value is 1.

* The amplitude of the graph of each function is one-half of the difference of
the meinrm valiee and the minirmim valee, of %[1 —i{—1)] = 1.

+ Each function is periodic. which means that its graph has a repeating pattern.
The shortest repeating portion of the graph is called a eycle. The horizontal
length of each cvcle is called the period. Each graph shown above has a period
of 2.

* The x-intercepts for ¥ = sinx oocur whenx = 0, =, =2, 23w, . .

) RO | gy . S

+ The x-intercepts for y = cos X occur wikn @ = :E' A T T

e
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REMEMBER

The graph of v = & « F{x) is
& vertical stretch or shrink
of the graph of ¥ = fi{x) by
a factor of a.

The graph of y = f{bx)

is & horizontal stretch or
shrink of the graph nf

REMEMEER

A vertical stretch of &

graph does not change its

x-intercept{s). 3o, it makes

sense that the x-intercepts

of glx) = 4 sinx and

fix} = sin x are the same,
K]

i

=

[ oE ]

Stretching and Shrinking Sine and Cosine Functions

The graphs of y = a sin by and y = a cos by represent transformations of their parent
functions. The value of a indicates a vertical stretch (g > 1) or a vertical shrink

(=< a < 1)and changes the amplitede of the graph. The value of & indicates a
horizontal sretch (0 < B < 1) of a horizomal shrink i > 1) and changes the period

of the graph.

¥ =asin by

¥y = dcos by
. : . J TP 1
viertical stretch or shrink by a factor of & — L— horizontal stretch of shrink by a Facior of &

—y = fx) by a factor nf— % Core cﬂ'ﬂﬂﬁpf

Amplitude and Period
The amplitude and period of the graphs of ¥ = asin by and ¥ = a cos b, where
a and b are nonzero real numbers, are as follows:

Amplitude = |a| Petiod = ?fl.

Each graph below shows five key points that partition the interval 0 € ¢ < IFW i

four equal parts. You ¢an use these points to sketch the graphs of y = a sin by and
¥ = a c0s b, The r-intercepts, maxinuim, and mininmm occur at these points.

|__ i jllb‘ -ame'

=] ==

Graphing a Sine Function

[ ntify the amplitude and period of glx) = 4 sinx. Then graph the function and
describe the graph of g as a transformuation of the graph of fix) = sinx.

SOLUTION
The function is of the form gi(x) = asin by where a = 4 and b = 1. So, the amplituds
iz a =4 and the peun-dlsz—w = Ej = 2.

. " 1 - —_ T el
Intercepts: (0, O); (E » 2o, E}} = {ar, OF; (2er, O)

|‘|

|4

Miximm: {1+ 27,4) = |

2

M (é-l*r —4} EE -

D P The graph of £ is a vertical stretch by a factor of 4 of the graph of £,
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STUDY TIP

After you have drawn
ane complete cycle of
the graph in Example 2
on the interval 0 = x = 1,
you can extend the graph
by repeating the cycle as
many times as desired to
the left and right of

-0z x= 1.

REMEMBER

The graph of y = fix) + k
is a vertical translation of
the graph of vy = #{x).
The graph of y = f{x - h)
i & harizontal translation

>

488 Chapter 9

of the graph of v = flx}. D'

Graphing a Cosine Function

Idemtify the amplitnde and period of K3 = %cn«s 2. Then graph the function and
deseribe the graph of g as a transformation of the graph af fix) = cos x.

SOLUTION

The function js of the form g3} = a cos by where a = !jandb = 2. S0, the
i i = l i i 2_11' = '1_# o )

amplitude is a = zaru:lﬂmptsrm;lls a7 1.

Intercepts: (3—1 . I,ﬂ] = l.l|. “.:I: (:-: . l.ﬂ] =|

5:.,1J|
Maxinmums; [E}. _Lh]i],l;l |-Mr

|

=)
2

Mininmumne (% e 1, —%} = | I

T

P The graph of g is a vertical shrink by a factor of ;— andd a horizontal shrink by a

. I
fact f— of the feol f
or of 5 of the graph of f

% . B
Monitoring Progress *%'f Help in English and Spanish at BigideasMath com

Identify the amplitude and period of the function. Then graph the functien and

describe the graph of g as a transformation of the graph of its parent Tunction.
1. gix) = : 8N X

2. gix) = ¢cos 2¢ 3. gix) =2sinmx & gix)= 1,-::-51?1'

Translating Sine and Cosine Functions

The graphs of ¥y = a sin x — ) + Fand y = a cos x — h) + & represent
tranzlations of ¥ = asin by and ¥y = a cos by, The valee of § indicates a translation up
= 0 oor down OF < 0), The valee of & indicates a translation Jeft (& < O) or right

{f = 0. A horizontal translation of a periodic function is called & phase shiff,

) Core Concept

Graphingy = asinblx — h) + kandy =acosb{x — h) + k

Tography = asinbx = A+ kory = acosbx = ) + Ewhere g > 0 and

& =0, follow these steps:

Step 1 [dentify the amplinyde a, the period ::Tj the horizontal shift &, and the
vertical shift & of the graph.

Step 2 Draw the horizontal line v = E, called the midline of the graph.

Step 3  Find the five key points by translating the key points of y = azin by of
¥ = a ¢os by horizontally &units and wertically b units.

Step4  Draw the graph throagh the five ranslated key points.

N

Trigonometric Ratios and Functions



FEAINIEN Graphing a Vertical Translation

Graph gix) = 2 sindr + 3.

LOOKING FOR SOLUTION

STRUCTURE Step 1 Identify the amplitude, period, horizontal shift, and vertical shift.
The graph of g is Amplitade: a = 2 Horizomal shift: & = 0
translation 3 units up of
thea graph ﬂff{}l’}l = 2 &in 4%, Pﬁ'l'l'l.'.lﬂ:E: 2;“: w Vertical shift: £ = 3
5o, add 3 to the b 4 2
y-coordinates of the Step2  Draw the nadline of the graph, v = 3.

five key points of f.
D\- Step3 Find the five key points.

Ony=4k: (0.0+3) = (0, 3};{}0 + 3} =(Z 3]:(1’,n+ 1}={5" 3]

Maximum: {E 2+ .4-} = {g 5}

s L) ) ~ (31’. |
T J| = | —
Minimmum ( z 2+ g |}

Stepd  Draw the graph through the key points. - I
- i

(SFALLR N Graphing a Horizontal Translation

vy o=

mid 4

Graph gix) = Scns%{: ~3m,

LOOKING FOR nmathone
STRUCTURE Step 1 Ide I!'Iti.f}' the amplitnde, period, horizontal shl[t amd ujertiu:a‘t =hift.
The graph of g is a Amplitede: a = 5 Horizontal shift: b = 3+
translation 37 units i e 2m : .
right of the graph of Period: 5= = T Vertical shift: & = 0
f{x) = 5 cos :1,!:'- %o, add Ix 2
tothe x-coordinates ofthe  gon o Draw the midline of the graph, Becanse k = 0, the midline is the x-axis,

five key points of f.
Ej) Step 3 Find the five key points,

Ony=Fk: (mw+3m0) = (4w 0);
(3o + 3, 00 = (6, )

Maximoams; (0 4 27 5 = 35, 3
(4w + 3w 5= (7w 5)

Minimun: (27 < 3w, —35) = (57, —3)

Stepd  Draw the graph ﬂlmugh the key points.

Monitoring Progress 45"} Help in English and Spanish at BigideasMath com

Graph the function.

5. gix) =cosx+ 4 6. gm=-]sinx—:‘f} 7. gix) =sin(r + o) — 1

. 1 2

raj
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REMEMBER

This result makes sense
because the graph of

= = f{x) is a reflection in
the x-axis of the graph of
y=fix).

STUDY TIP

In Example 5, the

m aximum value and
minimum value of £
are the minimum value
and maximum value,
respectively, of g.

>

>

Reflecting Sine and Cosine Functions

You have graphed functions of the form y = asin Wx — &) + & and
¥ = acosixr — ) + k where a > Oand & > 0. To see what happens when a < 0,
consider the graphsof y = —sinxyandy = —cos %,

b =)z, o )
1 AL, {m 1) —|.'

(0, 6}

The graphs are reflections of the graphs of ¥ = sinvand y = ¢cosx in the x-axis. In
peneral, whena < O, the graphs of vy = asindy — &) + Fand y = a cos Wy — k) + &
are reflections of the graphs of v = |a| sinb(x — &) + kand v = |a| cos bz — k) + £,
respectively, in the midlinge y = &,

AN Graphing a Reflection

Graph g(x) = —2 sin g(.:: - %r}

SOLUTION
Step 1 Identify the amplinade, period, horizontal shift, and vertical shift,

Anplitude: |a| =|-2| =2 Horizontal shift: ff = -
r*mm:%’”ﬁz_“:?m Vertical shift: & = 0
3

Step2 Draw the midline of the graph. Because & = 0, the midlin is the r-axis.

Step 3  Find the five key points of fix) = |=2|sin %{1 - l;}

]'.-J'1 'D]

i
ony =k (0+ 2,0} =(Z o [ - 2.0) = @m0k {37+ 3.0) =
M axinmum: {— 1} { } MII:I]EI'I.IJTL( 1} {”1 —"}
Stepd  Refloct the graph. Becanse a < 0,
the graph is reflected in the midline

y = 0. 8o, 51? I]tﬁcmwsl— —'-':I

anl LIF —E;becmmhil_]i-”,:}.

Step 5 Draw the graph throvgh the key points,

— 3
Monitoring Progress ‘E-'* Help in English and Spanish at BigiveasMath.com
Graph the function

lev2 10, g0 = —2cosdx—1

8. rix)= —cm-{r + —} 9. 2(x) = =3 zin 3
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9.4 EKEI'CISES Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The shorfest repeating portion of the graph of a periodic function is
calked a(n)

2. WRITING Compare the amplimdes and periods of the functions y = 1::1:5: andy = 3 cos Ix.
3. VOCABULARY What is a phase shift? Give an example of a sine function that has a phase shift,

4. VOCABULARY What is the midline of the graph of the function ¥ = 1 sin 3(x + 1) - 27

Monitoring Progress and Modeling with Mathematics

USING STRUCTURE In Exercises 5=8, determine whether In Exercises 13=20, identify the amplitude and period of
the graph re presents a periodic function. If so, identify the function. Then graph the function and describe the
the period. graph of g as a transformation of the graph of its parent
function. (See Examples §aed 2. )

5. G
13. gix) =3 sinx 14, glx) = 2sinx
15. gix) = cos3x 16. gix) = cosdy
17. g(x) = sin 2mx 18. plx) = 3sinly
19. z(x) = '?msnir 20. px)= %c:.r& gy
7. 8. ¥
& 21. ANALYZING EQUATIONS Which functions have an
amplibude of 4 and a period of 27
L A) y=4cos2x
(B y=—dsinm
(L) y=2gindy

‘O y=4dcos m
In Exercises 9=11, identify the amplitude and period of

the graph of the function, 22. WRITING EQUATIONS Write an equation of the form

o, y = agin by, where @ > 0 and & > 0, 50 that the graph
has the given amplitude and poriod.
a amplitude: 1 b amplitude: 10
period: 5 period: 4
c. amplitude: 2 d. amplimde:
period: 2+ period: 34
11. 23. MODELING WITH MATHEMATICS The motion

of a pendulum can be modeled by the function

d = 4 cos Erl, where & is the horizontal displacement
{in inches) of the penduhim relative to its position at
rest and § is the time (in seconds), Find and interpret
the period and amplinde in the context of this
sitmation. Then graph the function.
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24,

MODELING WITH MATHEMATICS A buoy bobs up
and down as waves go past. The vertical displacement
¥ (in feat) of the buoy with respect to s2a level can be
modeled by vy = 1.75 cos %"f, where £ is the time

(in seconds). Find and interpret the period and
amplitude in the context af the problem. Then graph
the Tunchion.

In Exercises 25=34, graph the function. (See Framples

J el 4.
23, pix) =zinx+ 2 26, zix)=cosx — 4
= . 1 E =m0 . he E
21, px) = n:m’-li".r 2} 28, mx) ﬁm[lx r 4}
29. pix)=2cosx —1 30, gix)=3sinx+1
3. gix) =zin Ny + m
32, 2x) = cos 2y - 7
33, gix) =Ei.l1%l:_.1‘+2ﬂ_:l +3
34, gix) =cos %I:.‘t’ = 3m =35
35. ERROR ANALYSIS Describe and correct the errof in
finding the period of the function y = sin %.!:.
X 5
H |5
Partod 1 =131 1
i A
36, ERROR ANALYSIS Dwescribe and correct the crmor in

492 Chapter 9

determining the poind where the maximum value of
the functiony = 2 sinfl.r — %] OCCUrS.

ARTSERNEr

USING STRUCTURE In Exercises 37-40, describe the
transformation of the graph of frepresented by the
Tumetion g.
At fix)=cosx, gix) =12 f“"l:-'-' o g} + 1
38. flx) =sinx, g(x) =3 sjr:{.r TR j -

4
3% fix)=sinx. glx)=snIx+3Im) -5

40, firy=cosx, gix)=cosbix — o + 9

In Exercises 41-48, graph the fumction, (See Foampie 5.
. gfx) = —cosx +3 42, #ix) = —=ginx =35

43. pix) = —sin ,E.!: -2 44, glxi=-—coslxr+1
45, plx) = —sinfx — 7+ 4
3G, mxy = =cos(y + 7 =2

47. glx) = —4 cosfx +—’” —1

88, gix) = —5 sinlx - %TJ +3

49, USING EQUATIONS Which of the following is a
point where the maximum vaboe of the graph of

y = —:tc'm{.r —-}T}ﬂi‘ﬂllﬁ?
® (-34) ® (34)
T 0,4 @ (m4

50. AMNALYZING RELATIONSHIPS Match esch function
with its graph. I-l‘tp]a.iu VOUT Teas0ning.

& ¥=734siny h y=-34+cosx

€. ¥ = sin 2[.1.' = %} il. J-= ms![x - %]
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WRITING EGUATIONS In Exercises 51-54, write a rule 57, USING TOOLS The average wind spoed £ (in miles per

for g that represents the indicated transformations of
the graph of /.

31. fix) = 3 sinx; translation 2 units up and = units right

32. fix) = cos 2o translation 4 units down and 3 units left

33. fix)= %1.‘133 mx translation 1 unit down, followed by
a reflection in the line y = ~1

54. fix) = % sin fir; translation %uujtsdnwn amil 1 unit
X ¥ 5 5 3
right, followed by a reflection in the liney = =5

55. MODELING WITH MATHEMATICS The height &
{in feet) of a swing above the ground can be modeled
by the function i = —8cos & + 10, where the pivol is
10 feet above the groand, the rope is 8 feet long, and
itis the angle that the rope makes with the vertical.
Ciraph the function, What is the height of the swing
when £ is 45°7

L 'In-[h B
L LS 1
1 59,

Frong view e Wew

36. DRAWING A CONCLUSION In a particular region, the
population L (in thossandz) of Iynx (e predator) and
the population i (in thousands) of hares (the prey)
can be medeled by the equations

L=115+ ﬁ.ﬁsin;—rr

H =215+ 175 cos 5t
where [ 15 the time in years.

# Determine the ratio of kares to lynx when
F=10, 25 5 and 7.5 years.

b, Use the fgure to explain how the changes in the
two populations appear to be related.

il i

Section 9.4

58.

G0,

hour} in the Boston Harbor can be approximated by
s =338 sin Tt + 3) + 11.6
] IE{J{ 1

whero {5 the time in days and { = 0 represents
Janumary 1. Use a graphing calculator to graph the
function. COn which davs of the vear iz the average
wind speed 10 miles per hour? Explain your
reasOing.

USING TOOLS The water depth o (in feet) for the Bay
of Fundy can be modeled by d = 35 — 28 mﬁ—“?.
where s the time in hours and § = 0 represcnts
midnight, Use a graphing calculator to graph the
function. Af what time(s) is the water depth 7 feet?

Explain.

high tide

MULTIPLE REPRESENTATIONS Find the average rate of
change of each function over the interval 0 < x < 7,

& y=2cosx
I

Ll

o

X 0 = | Iw

fix)= —cosx | —1

= wafy
o,
=)
[
s

REASONING Consider the functions y = sin{ —x) and
¥ = CO8—1).

a Constmct a table of values for each equation
nzing the quadrantal angles in the interval
—-2mw S X S 2.

b Grapheach function.

. Deseribe the transformations of the graphs of the
parent functions.
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61, MODELING WITH MATHEMATICS Youw are riding a 66. THOUGHT PROVOKING Use a graphing calculator
Ferris wheel that turns for 180 seconds. Your height to find a fanction of the form y = sinb.x + cos by
A (in feet) above the ground at any time I (in seconds) whose graph matches that shown below.
can be modeled by the equation

b = 85 sin {1 — 10) + 90.
Eﬂ'{ J
a. Graph the function.

b, How many cveles
does the Ferris wheel
ke in 180 seconds?

¢ What are your maxinmum
and minirmom heights?

67. PROBLEM 50LVING For a person at rest, the blood
pressure P (in millimeters of mercory )y ab time § (in

G2, HOW DO YOU SEE IT? Use ithe Et'q.'l‘h L0 AnswWer seconds) is gjmn b}' the function

each question. 8
P = 100 - 20 cos T#"

CGiraph the function, Cne ovele is equivalent (o one
heartbeat, What is the pulse rate (in he artheats per
moimite ) of the person?

#. Dwoes the praph reprezent a function of the form
Jix) = asin b o fix) = acos bx? Explain,

b Tdentify the macimum vaboe, minimoam valoe,

period, and amplitude of the function.
68. PROBLEM SOLVING The motion of a spring can
be modeled by y = A cos &, where ¥ is the vertical
63. FINDING A PATTERN Write an expression in ferms of fli‘.-'p[amn'j: nt (in feel) of the spring relative to its
the integer # that represents all the x-intercepts of the position at rest, A is the initial displacerment (in feet),
eraph of the function y = cos 2v, Justify vour answer. Fizaconsant that measures the elasticity of the

spring, and { iz the time (in seconds).

a. You have a spring whose motion can be modeled
b the Tunction y = 0.2 cos &f. Find the initial
displacernent and the period of the speing. Then

64. MAKING AN ARGUMENT Your friend states that for
functions of the form ¥ = a sin b and y = acos br,
the valees of a and & affect the x-intercepts of the
graph of the function, Is vour friend correct? Explain,

gra[h the function.
65. CRITICAL THINKING Describe atransformation of the b When a damping force is applied to the spring.
graph of f(x) = sin x that results in the graph of the motion of the spring can be modeled by the
2lx) = cosx. function y = 0.2e%% cos 44 Graph this function.

What ¢ffect does damping have on the modion?

— Maintaining Mathematical ProfiGiency s vt ismes i« poseus s s s

Simplify the rational expression, if possible.  (Seclion 7.3)
2+x—6 13 — 2x? — Dy xt—4x—5 xt—16
69, ———— o, — M. —— 72, ————
x+3 b o el e L X34 dx =5 X¥ o =20
Find the least common multiple of the expressions.  (Secilon 740
73, 2r,Hr-5) 4 t-4x+2 75 P48+ 12x+6
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9.1-9.4 What Did You Learn?

Core Yocabulary

sine, p. 462

cogine, p. 462
tangent, p, 4462
cosecant, g 462
secant, p. 462
cotangent, p. 462
initial side, p. 470
terminal side, p. 470

standard position, g 470
colerminal, g 477
radian, p. 471

sectorn, p. 472

central angle, p. 472
unit circle, p. 479
quadrantal angle, p. 479
reference angle, p. 480

Core Concepts

Section 9.1

Right Triangle Definitions of Trigonometric Functions, p. 462
Trigonometric Values for Special Angles, p. 463

Section 9.2
Angles in Standard Pogition, p. 470

Converting Between Degrees and Radians, p. 471

Section 9.3

General Definitions of Trigonometric Functions, p. 478

The Unit Circle, p. 479

Section 9.4

Characteristics of y = sinx and y =
Amplitade and Period, pr. 487

amplitude, p. 456
pericdic function, p, 4506
cvele, p. 486

period, p. 485

phase shift, p. 485
midline, p. 458

Degree and Radian Measures of Special Angles, p. 472

Arc Length and Area of a Sectoe, p. 472

Reference Angle Relationships, p. 80

Evaluating Trigonometric Functions, p. 450

COB X, p. 456

Graphing vy = asin{x — k) + tandy = a cos ix — k) + L, p. 488

Mathematical Practices

1. Make a conjecture about the horizontal distances traveled in part (¢) of Exercise 39 on page 483,

2.  Explain why the quantitics in part (a) of Exercise 36 on page 493 make sense in the context of

the situation,

i A i Study Skills

Form a Final Exam
Study Group

Form a study group several weeks before the final exam
The intant of this group 15 10 review what you have already
learned whike continuing 1o karm new matenal




9.1-9.4 Quiz

1. Inaright triangle, 15 an acute angle and sin § = :— Evaluate the other five trigonometric
functions of & (Section 2.1)

Find the value of x for the vight triangle. (Section 9.1

2. £ i2 4.
X . 27
&
X
Dwraw an angle with the given measure in standard position. Then find one positive angle
and one negative angle that are coterminal with the given angle. [(Section 9.2)
5. 40° 6. Eﬁ-‘-" 7. —960°
Convert the degree mea=ure fo radians or the radian measure o degrees, (Section 9.2)
3ar
B. — LI 10. 7¥
10
Evaluate the six trigonometric functions of & (Section 9.3)
11, A 12, A 13. &Y

14. Identify the amplitode and pericd of gix) = 3 sin x. Then graph the function and describe
the graph of g as a ransformation of the graph of fix) = sinx. (Section 9.4)

15. Identify the amplitude and period of gix) = cos 5#x + 3. Then graph the
function amd describe the graph of g as a transformation of the graph
of fix) = cosx. {Seclion 2.4)

16. You are fving a kite at an angle of 707 You have let out a tedal of
400 feet of sring and are holding the reel steady 4 feet above the groand.
{Section 2.1)
a4 How high above the groumd is the Kite?

b. A friend watching the kite estimates that the angle of elevation
tothe kite iz 85°, How far from vour friemd are vou standing?

17. The top of the Space Needle in Seattle, Washington, is a revolving, circular
restanrant, The restanrant has a radivg of 47.25 fect and makes omne coamplete
revolution in about an hour. You have dinner at a window table from 7:.00 p.u.
10 5:55 p.u. Compare the distance you revolve with the distance of a person
saated 5 feet away from the windows, (Section 2.2)
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Graphing Other Trigonometric

Functions

Essential Question what are e characteristics of the graph of
the tangent function?

SR LENIIe RN Graphing the Tangent Function

Work with a pariner
a. Complete the table for v = tan x, where ¥ is an angle measure in radians,

F| ®l =l gyl zlz|l=|=
% 3 ol [ (R 5 |9 |3 |12
¥ = tan x

2o | 3w | 3w | o | Tm| Sm | 4m | 37| S
3 3 4 & |’ - ENEN R E
¥ =1tanx

b The graph of ¥ = tanx has vertical asyroptotes at xv-valoes where tan x is nndefined.
Plot the points (x, ¥) from part (a). Then nse the asvmpiotes to sketch the graph of

¥y = lan x,
F
R
t.
= _:: : : é } Irr '-ilF } T
K] FJ .
_4-
¥
MAKING SENSE
E,F FHGBLEMS ¢, For the graph of ¥y = tan x, identify the asymplotes, the x-intercepts, and the
o

intervals for which the function is increasing or decreasing over == <x % 5

To be proficient in math,
Is the tangent function even, odd, of neifker?

you need to consider
analogous problems and

try special cases of the -
original problem inorder 0O MMUNicate Your Answer
:E f;;:tﬁrght L 2. What are the characteristics of the graph of the tangent function?

D— 3. Describe the asynptotes of the graph of ¥ = col x on the interval —'—; <X« ST
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Core Vocabulary

Previous
asymptote
pernicd
ampldude
x-intercept
transformatons

What You Will Learn

B Explore characteristics of tangent and cotangent functions,
P Graphtangent and cotangent functions.
B Graphsecant and cosecant functions.

Exploring Tangent and Cotangent Functions

The graphs of tangent and cotangent functions are related to the graphs of the parent
functions ¥ = tanx and y = ol x, which are graphed below.

(i) i
o & approaches — g - X &m:mm.lw;-jj =
x 7 [<u8|=18] =5 | 0| T |28 |15] 3

y=tanx | Undef. | =1256|=14.10 1 ] 1 14.10 | 1256 | Undef.

- tan X aggproaches —oc x tan x approachess o -
Because tanx = S0E yanx :

s X | Y= tan x |
is nmde fined for y-values at =

- I W
which ¢cos x = 0, such as |

i)
=+ _m ] 57].
TT=3

The: table indicates that the graph
has asvmpiotes at these values,
The table represents one cyvele of the

graph, so the period of the graph is -

Youn can use a similar approach

to graph ¥ = col x. Becase
P G

ot X = —— , oot x is undefined for

sin x

x-values at which sin x = 0, which

are rultiples of . The graph has

asymptotes at these values. The

period of the graph is also .

= peervced. #—

&) Core Concept

STUDY TIP

Odd multiples of g are

values such as these:

*1 2 2
T 3

23 e =2
F F)

L +5 ., T o « 27
+ 5 3 3

>

Characteristics of y = tan x and y = cot x
The functions ¥ = tanx and ¥ = ¢of x have the following characteristics,

* The domain of y = tan x is all real numbers except odd multiples of d—;
Al these x-values, the graph has vertical asymptotes.

+ The domain of y = cot x is all real numbers except multiples of .
At those x-values, the graph has vertical asymptotes,

* The range of each function is all real numbers. So, the Tunctions do not have
maxirmim or minimom valoes, and the graphs do not have an amplitode.

+ The peniod of each graph is o
* The x-intercepts fory = tanx ocour wheny = 0, 29, 227, 237, ., .

3w 57w =

[} e I CRU ]
r - 2

* The x-intercepls for y = col ¥ ocour when v = :g. o
.
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Graphing Tangent and Cotangent Functions

The graphs of y = atan bx and v = a col by represent transformations of their parent
functions. The value of a indicates a vertical stretch (g > 1) or a vertical shrink

(0= a < 1), The value of & indicates a horizontal stretch (0 < & < 1) or a horizontal
shrnk (I = 1) and changes the period of the graph.

&) Core Concept

Period and Vertical Asymptotes of y = a tan bx and y = a cot bx

The perod and vertical asyrptotes of the graphs of v = a tan b and ¥ = a cot by,

where a amd i are nonzero real numbers, are as follows.

+ The period of the graph of each function is ]ﬁ'
I

+ The vertical asymptotes for ¥ = a tan by are at odd rmltiples of Eﬁ?l

« The vertical asymptotes for y = acol by are at multiples of ]g[

e

Each graph below shows five key x-values that vou can use to sketch the graphs of
y=atanbyand ¥ = acot by for a = 0 and & = 0, These are the v-intercept, the
x-values where the asymptotes oocur, and the x-values halfway between the x-intercept
and the asymptotes. At each halfway point, the value of the function is either @ or —a.

' vk

=Y
A
=Y

ol

2B

Y

Graphing a Tangent Function

Graph one period of gix) = 2 tan 3. Describe the graph of g as a transformation of the

graph of fix) = tan.x.
: R SOLUTION
: *T: : The function is of the form gix) = a tan bx where @ = 2 and b = 3. So, the period is
Intercept: {0, 0)
' Asymgptotes: ::'=E|%[=,‘i,u.u =2 x= -%= R IR
2{3) & 2|b| 28 &

Halfway points: [L% n} = '.FT;]' 2} =] ]z. :.:I;

(%)= -2)- ()

B The graph of g is a vertical stretch by a factor of 2 and a horizontal shrink by a
factor of 3 of the graph of f.
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STUDY TIP

1
Because sec ¥ = ——

ot K

sec x is undefined far
x-values at which
cos x = 0. The graph of
¥ = sec x has vertical
asymptotes at these
x-walues, You can use
similar reasoning to
understand the vertical
asymptotes of the graph
of y = <c x

Graphing a Cotangent Function

Graph one pericd of £ix) = cot %.1 Describe the graph of £ as a transformation of the
graph of fix) = cot x.

SOLUTION

The function is of the form gy} = acot by wherc g = land b = -:-Sﬂ.llwpﬁrj:-:ljs
ww

m—T—'E'ﬂT.

I

Asymploles; r =y =

4
da
o

Halfway points: {_ﬁ.nj = ‘l !] =| : 1); g —ﬂ] = [Lﬂ —I} = | {:. 1]

P The graph of g is 2 horizontal stretch by a facior of 2 of the graph of £

Mﬂhﬁﬂfﬂ!ﬂ Pragra:s ‘E Help in English and Spanish at BighleasMath.com

Graph one period of the function. Describe the graph of g as a transformation of
the graph of its parent function.

1. gix)=tan2xy 2. g(x)= ’—cm.r ogx)=2cotdr 4, pix) = 5ian mx

Graphing Secant and Cosecant Functions

The graphs of secant and cozecant functions are related to the graphs of the parent
functions ¥ = se¢ x and ¥ = ¢s¢x, which are shown below,

;—[-"'-1""'d 28— et iod .1!'*.-.'—5
G) Core Concept

Charactenistics of y = secxand y = scx
The functions y = sec .y and v = ¢ac x have the following characteristics,

+ The domain of ¥ = sec x is all real numbers except odd multiples of ;
Al these x-values, the graph has vertical asymptotes.

* The domain of ¥ = csc x is all real numbers except nultiples of o
Al these x-valies, the graph has vertical asymptotes,

* The range of each function isy < —1 and y = 1. 5o, the graphs do not have

an amplitsce.

g The period of each graph is 2.
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LOOKING FOR
A PATTERN

In Examples 3 and 4,
notice that the plotted
paints are on both
graphs. Also, these
points represent a local
maximum on one grapgh
and a local minimum on

the other graph.

>

Tograph ¥ = a sec by or v = @ ¢&¢ by, first graph the function v = & cos iy or
¥ = o sin by, respectively. Then use the asymptotes and several points to sketch a
graph of the function. Notice that the value of & represents a horizontal siretch or

shrink by a factor ﬁfé,wﬂwperind of ¥ = q se¢ by and ¥ = a csc bx is Elf]?.

EXAMPLE 3

Graphing a Secant Function

Graph one period of gix) = 2 se¢ xr. Describe the graph of g as a transformation of the
graph of fix) = sec x.

SOLUTION

Step 1 Graph the function ¥ = 2 cos x.

The period is 27 = 27

Step 2 Graph asymplotes of g. Becanse the
asymptotes of g occur when 2 cosx = 0,

r w
gaphx = i andx = —.

Step 3 Plot points on g, such as (0, 2) and
(m, —2). Then use the asymptotes o

sketch the curve,

B The graph of ¢ is a vertical stretch by a factor of 2 of the graph of £,

EXAMPLE 4

Graphing a Cosecant Function

Graph one period of gix) = 1 cse . Describe the sraph of g as a transformation of
the graph of fix) = cscx.

SOLUTION

2

Step 1 Graph the function ¥ = — sin . The period s === X

I
Step 2  Graph asymptotes of g. Becaunse the 4

asyrrﬂntesﬂgmwhcn%slnm =0,
graphx=0x=].andx = 2,

Step 3 Plot points on g, such as (_ ?) and
-

‘ %. _%‘] . Then use the asymptotes to

sketch the curve,

B The graph of g is a vertical shrink by a factoe of % and a hoeizontal shrink by
a facior ufl of the graph of f.
W™

Monitoring Progrecs 4% Help in English and Spanish at BigldessMath.com

Graph one period of the function. Describe the graph of g as a fransformation of

the graph of its parent Duometion.
2. gx) = s 3x

G, gmzé-m:.r Togixy=2ceclx 8. gs(3) = 2secmy
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9.5 Exercises

Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check

1. WRITING Explain why the graphs of the tangent, cotangent, secant, and cosecamt functions do not have

an ampifiede.
2. COMPLETE THE SENTENCE The and functions are undefined for v-values ot which sinx = 0.
3. COMPLETE THE SENTEMCE The peried of the function ¥ = sec v is and the pericd of y = cot x s .

4. WRITING Explain how to graph a function of the formy = a sec by,

Monitoring Progress and Modeling with Mathematics

In Exercizes 5-12, graph one period of the function.
Describe the graph of g as a transformation of the graph
of its parent function. (See Fvamples 1and 2.)

5. px)=2tanx B. #ix)=3tanx

1. pix) = cot 3x B glx)=cod 2v

9, glx) = R-cvnt%x 10, gix) =4 col %x

1. glx) = %tﬁn o3 12. gilx) = 'jl.arl:w.r

13. ERROR ANALYSIS Describe and cormect the error in
finding the period of the function ¥ = cot 3.

X Fhﬂn:l:H= en
bl 3

14. ERROR ANALYSIS Describe and cormed! the cmmor
in describing the transformation of fix) = tany
represented by gix) = I tan 5x.

Avertical streteh byafactor of 5and
a hertzontal shrink by a factor of <.

15. ANALYZING RELATIONSHIPS Use the given graph to
graph cach function,

. fix) =3 sec I b fix}=4cscix
'L

—-—
l,

L 4

502 Chapter 9

16. USING EQUATIONS Which of the following are
asymplotes of the graph of ¥ = 3 tan 4x7

=T
@'1' S‘

® *=3

@ x=0 @.;=—5?"'

In Exercises 17-24, graph one peried of the function.
Describe the graph of g as a transformation of the graph
of Its parent functlon. (See Fyamples 3 mad 4

17, gxd) =3 cacx 18, gix) =2cecx
19. gix) = sec 4r 20, g(x) = sec 3x
21, gpixy = %T{.‘ X 22, mx) = l—m:a: 2
23. pix) =cse %'-_: 24, gix) = ¢cse :'1—?.::

ATTENDING TO PRECISION In Exencizes 25-28, use (he
graph to write a lunction of the form y = a tan by,

25.

|
|
I
"
=
.
|
|

27 28, | L
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USING STRUCTURE In Exercises 29-34, match the
equation with the correct graph. Explain your

reasoning,
29. gix) =41anx 30. glx)=4cotx
. px) =4csc m 32. plx) = 4 5ec mx
33, px) =pec iy 3, pix)=c¢acdy
A, 7d B.
[
1
et
- =
i | =2
I{-\
i
C.

35.

36.

X
1 -4
2 |
I

WRITING Explain why there 15 more than one tangent

function whose graph passes through the origin and
has asymydotes at v = —rand x = o

USING EQUATIONS Graph one period of each
function. Describe the transformation of the graph of
its parent function.

a gix)=secx+3

o glx) =colix — 7

b gix)=cecx—2
d. gix)= —tanx

WRITING EQUATIONS In Exercises 37-40, write a rule
for g that represents the indicate d transformation of the

graph of f.

37

38.

_ ) . . woo
fix) = cot 2x; ranslation 3 units up and < umits ket

fix) = 2 tan x; translation = units right, followed by

a hotizontal shrink by a factor of |

fix) = 5 sec (x — ); translation 2 units down,

followed by a refection in the x-axis

Section 9.5

40.

a.

42.

43.

Graphing Other Trigonometric Functions

Jix) = 4 cs¢ x; vertical stretch by a factor of 2 and a
reflection in the r-axis

MULTIPLE REPRESENTATIONS Which function has
a greater local maximum value? Which has a greater
Tocal minimmam value? Explain,

ﬂx}=%mm E. ¥

BlE4— — — —
»

5

ANALYZING RELATIONSHIPS Order the functions
from the least average rate of change to the greatest
T T

average rate of change over the interval v cx= re

-

Pl
w

|
|
|
|
1
m
z
|
|

REASONING You are standing on a bridge 140 feet
above the ground. You look down at a car traveling
away from the underpass, The distance J {in feet) the
car is from the base of the bridee can be modeled by
d = [40tan & Graph the function. Describe what
happens to f as d increases,

USING TOOLS You use a video camera to pan up the
Stame of Liberty, The height & (in feet) of the part of
the Statue of Liberty that ¢an be seen through your
Viche o carmera after time I (in secomdsy can be modeled
by b = 1Eﬂt&n%1. Graph the function using a
graphing caleulator. What viewing window did you
use T Explain,
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43,

MODELING WITH MATHEMATICS You are standing
120 feet from the base of a 260-fool bailding. You
watch your friend go down the side of the boilding in
a glass elevator,

a. Write an equation that gives the distance o (in
feet) your friend is from the top of the building as
a function of the angle of elevation 8.

b Graph the function found in part (a). Explain how
the graph relates to this situation,

MODELING WITH MATHEMATICS You are standing
300 et from the base of a 200-food BT, Your friend
15 rappelling down the cliff.

#. Write an equation that gives the distance o
(in feet) your friend is from the top of the ciff
as a Tunction of the angle of elevation £,

b Graph the function found
in prart {a).

¢ Use a graphing calculator
to determine the angle of
elevation when your friend
has rappelled halfway
dowm the cliff.

MAKING AN ARGUMENT Your friend states that it
is not possible to write a cosecant function that has
the same graph as ¥ = sec x. Is your friend comect?
Explain your reasoning,.

48. HOW DO YOU SEE ITT Use the graph to answer

aach question.

VRV

!
- -
!

|

; —y
_1--1|3.5.'

|

|

A

a. What is the period of the graph?
b. What is the range of the function?

@ Izthe function of the form fix) = acsc by or
JFix) = a se¢ bx? Explain.

. ABSTRACT REASONING Eewriles a soc i in terms

of cos by, Use vour resulis to explain the relationship
between the local maximomes and mininms of the
cosine and secant functions,

. THOUGHT PROVOKING A trigonometric equation

thiat 15 trive for all valies of the variable for which
both sides of the equation are defined is called a
frigonesnetric Wertilyv. Use a graphing calculator to
graph the function
| X X
= =l tafi= 4+ col =],

y = 5ltng +cot3)
Use your graph to wrile a trigonometric identity
invalving this function, Explain your reasoning,

. CRITICAL THINKING Find a tangent function whose

graph inlersects the graph of ¥ = 2 + 2 sin.x only at
minirmim points of the sine function.

— Maintaining Mathematical Proficiency re.coozunsipuisanet o pmis goses st iesscas

Wrile a cubic funclion whose graph passes through the given poinis.  (Seciion 4.9)
53. '_ _1|. CI_L [‘Ip G}. ';31 ['_:II- '.{:l-l _ii.]
55r {._-"'pﬁ.h l;_li.l:}:'u '.aaﬂ.:lr'._zl- I-.}

52: i_lpﬂl{_lpﬂ_hi}nﬂjpiﬂl- 3:'
54, (=1,0) (2, 03,00, (L =2

Find the amplitude and period of the graph of the function.

a6,

{Section 9.4)
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9.6 Modeling with Trigonometric

Functions

Eggential Qﬂﬁﬂﬂﬂﬂ What are the characteristics of the real-life

problems that can be modeled by mgonometnc functions?

'EXPLORATION 1 Madeling Electric Currents

[> Work with a partner. Find a sine function that models the electric corrent shown
in ¢ach oscilloscope screen. State the amplitude and period of the graph.

MODELING WITH
MATHEMATICS »

To be proficient in math,

you need to apply the

mathematics vou know

to salve problems arising
— in everyday life.

I,

Communicate Your Answer

2. What are the characteristics of the real-life problems that can be modeled by
irigonometric functions?

3. Use the Internet of some other reference 1o find examples of real-life situations
that can be modeled by trigonometric functions.
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9.6 Lesson What You Will Learn

B Interpret and use frequency.
P Write trigonometric functions.

Gﬂfﬁ Wﬂﬁﬂzﬂﬂl P Use technology to find trigonometric models,
frequency, o 506
sinusoid, o 507 Frequen c};
Previous The periodic nature of rigonometric functions makes them useful for modeling
ampliude ofcilfnling molions of repeating patterns that occur in real life. Some examples ane
penicd soum] waves, the motion of a pendulum, and seasons of the vear. [n such applications,
midline the reciprocal of the period is called the frequency, which gives the mumber of cycles

et wnit of time,

using Frequency

A sound consisting of a single frequency is called a pure loneé, An audiometer
produces pure tones (o tost a person’s auditery functions, An audiometer produces
a pare tone with a frequency fof 2000 hertz (cveles per second). The maxinmim
pressure P produced fromthe pare tone iz 2 millipascals, Write and graph a sine
roode] that gives the pressure P as a fonction of the time I (in seconds).

PRVRIN PV W )
T T oy

SOLUTION

Step 1  Find the values of a and & in the model £ = a sin &4 The maximuom pressure
is 2, g0 a = 2. Use the frequency fio find 2.

frequency = p-erli-l:d Wnite relabonship irssohang frequency and peiod
2000 = 2 Subyslatute.
™
4000 = b Multiply each sice by 27,

The pressore F as a function of time 1 is given by P = 2 sin 4000 7.
Step 2 Graph the model. The amplitude isa = 2 and the period is

: S U
foo000
The key points ane:

Intm:epts:[r:rl}}-{i. I n}={| U}EL .,:,.)
TTTRZ 20001 40000 1 '

Maximum; (1 . JL 1] = [MIH gl
4 2000 BOO0

i (2« <L ~3) = (-2 3]

M’”‘“’“mt 05 %) = (s 2}

P The graph of P = 2 sin 2000w is shown at the lefl.
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STUDY TIP

Because the graph repeats

BVEry
g, T
Tl

5

T

2

units, the period

Check

3

sla

i

Monitoring Progress 4"'3) Help In Engish and Spanish at BigideasMath.com

1. WHAT IF? In Example 1, how would the function change when the audiometer
produced a pure tone with a frequency of 1000 hertz?

Writing Trigonometric Functions

Graphs of sine and cosine functions are called sinnsalds. Cne method to write a sine
or cogine function that models a simisoid is to find the values of a, &, &, and & for

y=asinNx - M +& or y=acosbix — h)+ &

-
where |a| is the amplitude, % i the period (& > 0, ki is the horizontal shift, and & is
the vertical shift.

AR Writing a Trigonometric Function

Write a flunction for the sinsodd shown.

SOLUTION

Step 1 Find the maximom and mininum values, From the graph, the maximum
vitlae s 5 and the minirmm valee is —1.

Step 2 ldentify the vertical shift, £ The value of £ is the mean of the maximum and
rinirmim values.

_ (maxinmum value) + (minimumvalue)  5+(-1) 4
2 2 -

Step 3 Decide whether the graph should be modeled by a sine or cosine function.
Because the graph crosses the midline y = 2 on the y-axis, the graph is a sine
cirrve with no horizonatal shift. So, b =0,

&

[} Step 4  Find the amplitede and period, The peried is

oo
E =? * h=4.
The amplitede iz

2 - 2 '

The: graph is not a reflection, soa > O, Therefore, a = 3.

B The function is ¥ = 3 sin 4r + 2. Check this by graphing the function on a
praphing calculator.
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Modeling Circular Motion

Two people swing jumg ropes, &8 shown in the diagram, The highest point of the
middle of each rope is 75 inches above the ground. and the lowest podnt is 3 inches.
The rope makes 2 revolutions per second. Wrile a mode] for the height f {in inches) of
arope as a function of the tme f (in seconds) given that the rope is at its lowe st point
when i = 0.

=

75 n. aFove.around

R MHIWMF- S

tiof araam o soee

SOLUTION

A rope oscillates between 3 inches and 75 inches above the ground. So, a sine
of cosine function may be an appropriate mode] for the hedght over time.

Step 1 Identify the maximuom and mindmom values. The masi mum height of
a rope i 75 inches, The mininmum height is 3 inches.

Step 2 Identify the vertical shift, £.

= (maxinmum value) + (minimum valee) _ 75 +3 _ 39

2 2
Check Step 3 Decide whether the height should be modeled by a siné or cosine funclion.
Use the table feature of a When ¢ = 0, the height is at its minimum. 5o, use a cosine function whoss
graphing calculator Lo check graph is a reflection in the v-axis with no horizontal shift (& = 0).
your model.

Stepd  Find the amplitude and perisd.

(rmaximum valoe) = {manimmm valoe) = 75 -3 ey
2 2 =

Because the graph is a reflection in the x-axis, @ < 0. 50, a = —36. Because
a rope s rotating at a rate of 2 revolutions per secomd, one revolation is
2

completed in 0.5 secomd. So, the period is T 0.5, and b = 4m.

The amplitude is |a| =

obutions

P A model for the height of a rope is k() = 36 cos 471 + 39,

o >
Monitoring Progress ‘E}, Help in English and Spanish at BigideasMath.com
Worite a Fumction For the sinusold,

4. WHAT IFT Describe how the model in Example 3 changes when the lowest point
of a rope is 3 inches above the ground and the highest point is 70 inches above
the ground,
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Using Technology to Find Trigonometric Models

Another way o model sinisoids is to use a graphing caleulator that has a sinnsoidal
regression feature.

FANIR N Using Sinusoidal Regression

The table shows the numbers N of hoars of daylight in Denver, Colorado, on the
15th day of each month, where ! = 1 represents Jannary. Write a mode] that gives N
a5 a function of { and interpret the pericd of its graph.

t 1 2 3 4 5 f
N | 968 | 1075 | 1193 | 1327 | 1438 | 1498

5 7 8 9 10 11 12
N | 1470 | 1373 | 1245 | 11,17 | 998 9,38

SOLUTION
Step 1  Enter the data in a graphing Step2 Make a scatter plol.
calculator.
20
L1 L2 L3 1
P | ioew Rl L
: 10.75 . -
1 11.93 . ..
Ll 13227
5 14.38
¢ iy
Lit=1 ] [ G IS >
Step 3 The scatter plot appears Step4  Graph the data and the model
sinusoidal. 5o, perform a in the same viewing window.
sinnsoidal regression. ”
STUDY TIP T :
Motice that the sinusoidal yaxsiniba+cld [
regresszion feature finds a=2.764734198 i
b=.5111635715
a model of the form
e . £==1.591149599
y = asin(le + ) +d. This d=12.13293913
function has & period of %‘"’ ] E#' 12
because it can be written
acy = & sin b{x + E} +d. B The model appears to be a good fit. So, a model for the data is
D N = 2,76 sin{03111 = 1.59) + 12.1. The period, ﬁl;i?'f = |2, makes sense

becanss there are 12 months in a vear and vou would expect thiz pattern to
comtinge in following years.

Monitoring Progress "? Help In Engish and Spanish at BigideasMath com

3. The table shows the average daily temperature T (in degrees Fahrenhwit) for
a city each month, where m = 1 represents Jamiary. Write a model that gives T
a5 4 function of m and interpret the period of its graph.

1

mli1l2]3lalslel7le]leolwlnliz

T |29 (32|39 |48 |59 |68 |74 |72 |65 |54 |45 | 35

]
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9- 6 ExErCISEE Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check
1. COMPLETE THE SENTENCE Graphs of sine and cosine functions are called

Z. WRITING Describe how to find the frequency of the function whose graph is shown.

Monitoring Progress and Modeling with Mathematice

In Exercizes 3=10, find fhe frequency of the funciion, In Exercizes 13=16, write a fanction for the dnssold.
3 . (See Exaniple 2.)
3. ¥=sinx 4, y=sain3x
13, ¥ {7 .,'l
5. y=cos4r + 2 6. yv= —cos 2y [\ 'L/.\d'll /\
7. y=sin3m 3. ye= E{ET . T g \J S U
4 4 4 4 4 4
9, y=1tcs0T5 -8 10. y=3sin02v+6 (=3

11. MODELING WITH MATHEMATICS The lowest 14.
frequency of sounds that can be heard by hamans
iz X0 hertz, The maximum pressure P prodoced
from a sound with a frequency of 20 hertz is
0.02 millipascal. Write and graph a sine model that
gives the pressure P as a function of the time {
iin seconds). (See Evample 1)

12. MODELING WITH MATHEMATICS A middle-A mning 15.
fork vibeates with a frequency [ of 440 hertz (cycles
per second). You strike a middle-A tondng fork with a
force that produces a maximam pressure of 5 pascals.
Write and graph a sine maxdel that gives the pressure F
as a function of the time § (in seconds),
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17. ERROR ANALYSS Describe and correct the ermor in

18.

14.

20.

USING TOOLS In Exercises 21 and 22, the time # is

finding the amplitude of a sinusoid with 3 maxinomm me asured in months, where § = 1 represents January.
point at (2, 10) and a rinimmum podnt at (4, —6). Write a model that gives the average monthly high
temperatune £ as a function of f and inte rpret the

- 21.

X ja] = {rmaxmum value) + (minimum value)

ERROR AMALYSIS Describe and correct the ermor
in finding the vertical shift of & sinusoid with a
ek i point at 03, =2 and a mdnimmum podnt

M (7, —8). 22,

X i (maxbmum value) + (minimum valug)
2

_T+3
2
=5

23.

MODELING WITH MATHEMATICS One of the largest
sewing machines in the world has a finefieel (which
turns as the machine sews) that is 5 feet in diameter.
The highest point of the handle at the edge of the
Mywheel is 9 feet above the ground, and the lowest
point is 4 feet. The wheel makes a complete turn
every 2 seconds, Wrle a mode] Tor the height /&

(in fect) of the handle as a function of the Gime §

(in secomds) given that the handle iz at its lowest point
whent = 0, (See Exargle 3.)

MODELING WITH MATHEMATICS The Great Laxey
Wheel, located on the [sle of Man, is the largest
winking water wheel in the world. The highest

paoint of & bocket on the wheel iz 700.5 feet above the
viewing platform. and the lowest point is 2 feet below
the viewing platform. The wheel makes a complete
turn every 24 seconds. Write a model for the height fr
(in fect) of the bucket as a function of time ¢

(in secomds) given that the backet is at its lowest
point when | = 0,

Section 9.6

period of the graph. (See Example 4. )

Air Temperatures in Apple Valley, CA

t 1 2 3 4 5 6
D| 6| 63 6 | TS | B o
t 7 § 9 10 11 12
D| 99 | 9 | 9% |8 69 i

Water Temperatures at Miami Beach, FL
t l 2 3 4 3 (4
Dl N 75 75 78 Bl 83
t 7 2 9 10 11 12
D | 86 85 & &l 76 73

MODELING WITH MATHEMATICS A circuit has an
alternating voltage of 100 volts that peaks every

05 second, Write a sinusoidal medel for the voltage V
as a function of the time § (in seconds).

MULTIPLE REPRESENTATIONS The graph shows the
average daily temperabure of Lexington, Kentucky.
The average daily e mperatre of Louisville,

Kentucky, is modeled by y = —22 cos El + 57,

where v is the termperature (in degrees Fahrenheit) and
{ i% the mamber of months =ince Janmary 1. Which city
has the greater average daily temperatore? Explain.

Daily Temperature in Lexington

2
§
E
]

0 2 4 6 2 10 't
Months since January 1
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25. USING TOOLS The table shows the numbers of
emplovees N (in thousands) at a sporting goods
company each vear for 11 vears. The time I is
medsured in years, with | = 1 representing the

first vear.

t 1 : 3 1 5 @
N |208 | 227 | 246|232 20 | 175

t f B & 10 | 11
N |167 178 | 21 | 22 | 241

a. Use sinpsoidal regression to find a mode that
gives N as a function of {,

b Predict the mmber of employees at the company
inthe 12th year.

26. THOUGHT PROVOKING The figure shows a tangent
line drawn to the graph of the function v = sin.x. At
soveral points on the graph. draw a tangent line to
the graph and estimate its slope. Then plot the points
(x, m), whete i is the slope of the tangent line. What
can you conclude?

*
xl“a.. = =
Y ' The slope of the tangent
lime at (10, s 1

27. REASONING Determine whether vou would use a sine
ar cosine function to madel each sinusoid with the

y-infercopt describod, Explain your reasoning.

2. The y-intercept occurs at the maxinmum value of
the function.

b, The y-intercepl occurs al the minimum value of
the function.

¢. The y-intercept occurs halfway between the
i amd minimom values of the function.

28. HOW DO YOU SEE ITT What is the frequency of the
function whose graph is shown? Explain.

29, USING STRUCTURE During one cycle, a sinusoid
Bt m A irs
feas a moi nimmm {“1 3] and a macimuom at {71 A 3).
Write a sine function ard a cosine function for the

simizoid, Use a graphing calculator to verify that
VOUT ANSWers are correct.

30. MAKING AN ARGUMENT Your friend claime that a
function with a frequency of 2 has a greater period
than a fu nu::in:m_ with a Irmm!m:}' {:f%. Iz vour fricnd
correct? Explain your reasoning.

31. PROBLEM SOLVING The low tide ot a port s 3.5 feet
and occurs al midnight. After 6 hours, the port is at
high tide, which iz 16.5 feet,

a. Write a sinusoidal model that gives the tide depth
o (im feet) as a function of the time | (in hours), Let
I = 0 represent midnight.

b. Find all the times when low and high tide s accur
ina 24-hour period.

¢ Explain how the graph of the function you wrode
in part (a) is related to a graph that shows the tide
depth o at the port [ hors after 3:00 A,

— Maintaining Mathematical ProfiGiency vt e poses s ssers

Simplify the expression. (Section >.2)

32 AL -, P
V2 Vo — 2

Expand the logarithmic expression.  (Secfion 6.5

36, lugﬂ{flr- 37, In2v

¥ 13
=3 T
Vi0 + 3 Vi v

&

. log, 5 39, 1n“—;—

=
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9.7 Using Trigonometric Identities

Essential Question 1owcan you verify a trigonometric
identity?

I Ee L Ri[sl M  Writing a Trigonometric Identity

Work with a partner. Inthe figure, the point A¥
L, v s on a circle of radius o with center at =
the origin. (. ¥

& Write an equation that relates a, &, and ¢,

b, Write expressions for the sine and cosine
ratios of angle & i

¢, Use the results from parts {ap and (b) to
find the sum of sin®# and cos?d. What do i ;
you obasrve? -" a =

d. Complete the table to verify that the identity you wrote in part (¢) is valid
for angles (of vour choice) in each of the four quadrants,

== N =SS = =g =

I i sint cos? § sin? § + cos? §

Qll
Qul
Qv

AL EARSIFY  Writing Other Trigonometric Identities

Work with a pariner. The trigonometric ideotity yvou derived in Exploration 1 is
REASONING called a Pvthagorean identity, There are tvo other Pythagorean identitics, To derive
them, recall the four relationships:

ABSTRACTLY
To be proficient in math, tan @ = 20 a col ft = mﬂ
you need to know and cos 8 gin &
flexibly use different 1 1
properties of operations Bec @ = cos ese § = sin i
and objects.
D a. Divide each side of the Pythagorean identity you derived in Exploration 1

by cost 0 and &i rplify. What do you observe?

b, Divide cach side of the Pythagorean idenbity you derived in Exploration 1
by sin& and simplify. What do you observe?

Communicate Your Answer
3. How can you werify a trigonometric identity 7
4. Iz sin & = cos & a rigonometric idemtity 7 Explain your reazoning,

5. Give some examples of trigonometric identities that are different than those in
Explorations 1 and 2.
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What You Will Learn

B Use trigonometric identities to evaluate trigonometric functions and
simplify trigonom etric expressions.

Gﬂfﬁ ?ﬂﬁahtlﬂr!-_; B Verify trigonometric identities.
trigonamelrs dentity, p. 574 ) . . .
Praidiiis Using Trigonometric Identities
unit cirche Recall that when an angle & is in standard ¥
position with itz terminal side intersecting
the unit clrcle at (x, ¥), thenx = cos & and : cosd, sinf) = {x, ¥)
¥ = sin ¢ Because (x, ¥} is on a circle el B

centered at the origin with radins 1, it —

- .
STUDY TIP follews that kJ i
MNote that sin’ ¢ represents yig yli=]

in @) z
{(sin &)° and cos* 8 and ¥

rapresents (cos ). D

cost @+ gint g =1,

The equation cos® #+ sin® # = 1 is tmee for any value of #. A trigonometric equation
that iz mee for all values of the variable for which both sides of the equation are
defined is called a trigonometric identity. In Section 2.1, yon used reciprocal
identities o find the values of the cosecant, secant, and cotangent functions, These
and oaher fundamental rigonometric identities are listed bebow.

G) Core Concept

Fundamental Trigonometric ldentities
Reciprocal Identities
| I 1

cEC f = —— BEC B = = ——
sin cos - tam £

Tangent and Cotangent Identities

gini it cas i
cos sin £

fan & =

Pythagorean Identities

gin® # +cost =1 I +tan? fl = sec? @ 1 + eal® 8 = cae @

Cofunction Identities
sin{” = :i} = cok §f m%% = ;,rj = gin { mn[;%" = ﬂ;l = ¢ol ¢

i

- -

Negative Angle Identities
gim{—f = —gin & cos—) = cos @ tani =& = —tan &

In this section, you will use trigonometric identities o do the following.
*  Ewaluate wigonometric functions.
*  Simplify rigonometric eXxpressions,

+  Verify other trigonometric identities.
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EXAMPLE 1

Finding Trigonometric Values

Given that sin & = %and% < & < w, find the values of the other five trigonometric
functions of 6.
SOLUTION

Step1 Findcos &,

sin® 8+ cos? @ = | Wnite Pythagorean identity,

['-'-}i + cost it =1

4
prs B
z Sl e 5 for sin

ifr—l-(ﬂ1 VR | | MR
cost g = 3 Sublrar 5] M £ 2,
cost ff = 2 Sarnglity
25
q
cosff= % 3 Take seiare root of eadh side,
cos = —é Because &is in Quadrant 11, cos & is negative.

5
Step 2 Find the values of the: other four irigonometric functions of & using the values

of sin & and cos &
4 _3
gim & 5 ons i & 3
t . iy S i L o i T i * T -
W s 3 3 THRTEeT L 4
5 L3
SR g el 19
{:s-:ﬂ—m{} ;'4._'1 mﬂ_cmﬂ__é_ 3
3 5

EXAMPLE 2

Simplifying Trigonometric Expressions

Simplify (a) tan{ > ~ & |sin #and (b) sec ftan’ & + sec £,

SOLUTION

a. tan{%r - ﬁ'}sjn & = col #zin 8 Cofunction sdentity
= {::"%g] (zin &) Cotanmgent idenhity
= o0g i Semplify

b, séc ftan® 8 + sec @ = gec Wsect 8 — 1) + sec
=sec’ f# — sec @ + sec @

= gec? @

Pythagorean wennity

Distribative Property
Simiplify

Monitoring Progress 4'3}) Help in English and Spanish at BigideasMath.com

1. Giwnﬂwtmﬁ—%amiﬂ: 8= % findd the waloes of the other five

irigonomettic functions of &
Simplify the e xpression.

2. sinxcoly sCx

Section 9.7

3. cos ! —cos fsin® @

tam x C&¢ X
4 —

et
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LOOKING FOR
STRUCTURE

To verify the identity, you
must introduce 1 — sinx
inte the denominator.
Multiply the numerator
and the denominator by
1 = sinx 50 you get an

516 Chapter 9

equivalent expression, D

Verifying Trigonometric Identities

You can use the fundamental sdentities from this chapter (o verily néew Figonomelric
identities. When verifying an identity, begin with the expression on one side. Use
algebra and trigonometric propertics to manipulate the expression until it is identical
to the other side.

SEALSNIEN Verifying a Trigonometric Identity

Yo | -
Verify the identity % £ =1 = sin? g,

SOLUTION
P - ¥
ﬁ;xﬁfﬁj = Ef: — sm;'I’"F Write as separate fractions,
1 }’-‘ .

= ] = e lity.
1 {sec 5 Simmgeli by,

=1 —cost @ Reaprocal denniy

= gin* { Pythagorean idenity

Notice that verifving an identity is not the same az solving an equation. When
wverifving an identity, vou cannot assume that the two sides of the equation are equal
becanse you are rying to verify that they are equal. 5o, you cannol nse any properties
af equality, such as adding the same quantity Lo each side of the equation,

Verifying a Trigonometric Identity

Verify the identity sec x 4+ tanx = ﬁ
1 —snx
SOLUTION
secx +tanx = - + tan x Reaprocal sdentity
LS
w1 g 0K Tangent ideniity
CO6Y COBX
_1+sinx Al frachions
CO08 X

_l4zinx 1—sinx
eln L — &y

Multiply by ::—::_:i
_ 1 =sintx

= TRl = Ei“_[]-l Sirvepliby rueeraton

cost X
. thagodean ilenah
cosx(l — sinx) i '
COE T :
- Sirnpli by,
1l —s5mx phly

Mﬂﬂﬂﬂriﬂg Fl‘ﬂgt‘&#g 41?!} Help in English and Spanish at RigideasMath.com
Verify the identity.
5. col{ &) = —cot & 6. cec® x(l — sin?x) = cot® x

T.cosxcscxtany = 1 B. (lan*x + 1ijcos* x — 1) = —lan®x

Trigonometric Ratios and Functions



9.7 Exercises

Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check

sec{— ) = —sec i

1. WRITING Descrbe the difference between a trigonometric identity and a trigonometric equation.

2. WRITING Explain how to use trigonometric identitics (o determine whether seci =) = sec 8 or

Monitoring Progress and Modeling with Mathematics

In Exercizes 3=10, fnd the valoes of the ofher five
trigonometric functions of & (See Foaomple 1)

3, sinﬂ--;—.D{-S'{E

2
. T I
; = —— & =
4. sing mrc: -:'2
5. tauq?=—3.-f-:;:f-:c-r.-
T2
2
E‘ 1.‘{!{!:"—-5.-?_—{5'{'1?
In
T. cogff= —%.w{ﬂ-ﬂf
B. w&'3.3F:ﬂ¢I#
g, ma;—a,%"{ﬂ:h
10, m&=—§.ﬂ¢&{%"’

In Exercises 11=20, simplify the ¢ xpression.
(See Examiple 2.)

11. simxcoly 12, cos 1 4+ Lan® &
13, A - jq, Co8'¥
©ocos( =) coté y
o T - ) o
i« L 16. sinf T — 8 sec
’ CECX ! |-. 2
47, €87 X —cotlx qg, Soslxtanii-x) -~ 1
© sin{ —x)cot x : CO6* X
¢ 2 -
'3 |
| I————— T
cEE @

: )

sec ¥ sinx + n.os.l:_f - x)

20. . oy
1+ secx

ERROR ANALYSIS In Exercises 21 and 22, describe and
correct the error in simplifying the expression,

21.
x 1—sing=1—[1+ cos? )
=1—1—cos’t
= —gos” §
22.
X oozt
#ny siny
— c0e X
sin’ x

In Exercises 23=30, verify the identity. (See Examples 3
eiried 4. )

23, sinyesex = | 28, tam desc foeos =1
25, cm{% 5 :s::l col ¥ = Ccosx

Y 1 _ .3
26, SI“{E .1]':3!1.1' 20X

- “““{E - ‘4:"* 1 s J

. E= % 3 COEd X
1 — gin{ —&) Lam” X
[ +cosx gin X
249, : “+ =2ee0x
RN X | 4+ cozx
ginx
| J————————.t - R
1 — cos(—x)

31. USING STRUCTURE A function fis odd when
Ji—x) = —flx). A function fis ¢ven when
JSi—x) = fix). Which of the six trigonometric
functions are od? Which are even? Justify vour
answers using identities and graphs,

32. ANALYZING RELATIONSHIPS As the value of cos &
increases, what happens Lo the value of sec @ Explain
VOUE reasoning.
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33, MAKING AN ARGUMENT Your friend simplifics

35.

an expression and obains sec x tanx — sinx. You
simplify the same expression and obiain sin x tan® x.
Are your answers equivalent? Justily your answer.,

HOW DO YOU SEE IT? The figure shows the unit
circle and the angle £,

& I gin & pogitive or negative? cos &7 tan &7
b In what quadrant does the terminal side of — §1ie?

¢. Is sin(— &) positive or negative? cos( — M7
tan( — &7

B
0, |
__\_\‘-51
\I'l
- - =
k-/ i
Y

MODELING WITH MATHEMATICS A vertical gromon
(the part of a sundial that projects a shadow) has
height /1. The length s of the shadow cast by the
gnoman when the angle of the Sun above the horizon
is & can be modeled by the equation below, Show that
the equation below is equivalent o 5 = & cot &,

o o

36. THOUGHT PROVOKING Explain how youn can use a

trigonometric identity to find all the values of x for
which ginx = cog x.

3T

38.

39,

40,

DRAWING CONCLUSIONS Static friction is the amount
of force necessary to keep a stationary object on a

Mat surface from moving,. Suppose a book welghing

W pounds 15 lying on a rarmg inclined at an angle .
The coefficient of static friction u for the book can be
found using the equation aW cos & = Wsin &,

a. Sodve the equation for o and simplify the reslt.

b Use the equation from part {a) (o determine what
happens to the value of & as the angle @ increases
from OF 1o 907,

PROBLEM SOLVING When light traveling in a medium
(such as air) sirikes the surface of a second medinm
(such as water) at an angle &, the light begins to

travel at a different angle &5, This change of direction
is defined by Snell's law, n, sin &, = n, sin &,, where
ity and e are the indices of réfraction for the two
mediums. Snell’s law can be derived from the equation

" " \

yeot? f + 1 3 Voot i, + 1 - :ﬂm: iy

air: n,

@ Simplify the equation to derive Snell’s law.

b What iz the valoe of n, when &, = 55°, @&, = 35",
andn, = 27

e If & = &, then what must be true about the
values of iy and 1,7 Explain when this situation
wonkd oecur,

WRITING Explain how transformations of the
graph of the parent function f(x) = sinx support the

cofianction identity sin{ = r}:] = cos

USING STRUCTURE “erify each identity.
a. In|sec 8| = ~In|cos #
b lnjtan #) = losin & — lo|cos 8|

_Maiﬂtaiﬂiﬂg Mathematical Proficiency = cwoewnstiouisamed n pracus grases ang tessons

Find the value of x for the right triangle.

41, 42,
1" 13/ 1«
F

(Seciion 9.1

43.
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Using Sum and Difference Formulas

CONSTRUCTING
VIABELE ARGUMENTS

Te be proficient in math,

you need to understand

and use stated assumptions,
definitions, and previously
established results, D>

Essential Question 1owcan you evaluate trigonometric

functions of the sum or difference of two angles?

(FALEeLERIel RN Deriving a Difference Formula
Work with a pariner.

a. Explain why the two triangles shown are congruent.

¥
r {easia — B, sinda — B

.
1

-:7 =y il.';‘:‘

3

b Use the Distance Formula to write an expression for o in the first anit circle,
. Uz the Distance Formmula to write an expression for & in the second anit circle,

d. Write an equation that relates the expressions in parts (b) and {c). Then simplify
this equalion to obtain a formula for cos(a — &),

AR Lol Deriving a Sum Formula

Waork with a partner. Uss the difference fornmila vou derved in Exploration 1 1o write
a formula for cosda + B)in terme of sine and cosine of @ amd & Hind: Use the fact that

cos{a 4+ ) = cosla = (=#)].

SN Lol EN Deriving Difference and Sum Formulas

Work with a partner. Use the formulas vou derived in Explorations 1 and 2 to write
forrmlas for sinja — By and sinia + &) interms of sine and cosine of a and &, Hink
Lge the cofunction kentitics

sin{'E' - ﬂ} = ¢cosa and c-::s-gé —a) = gima
and thee Tact that

..us!{% - n} + f:l = sinja — &) and sinfa + &) = sinfa — (—b)].

Communicate Your Answer

4, Hew can you evaluate trigonometric functions of the sum or difference of
bwo angles?
2. #&. Find the exact valoes of zin 757 and ¢os 75" using sum formulaz. Explain
VOur reasoning,

b, Find the exact valoes of sin 757 and cos 737 using difference formmul as.
Compare vour answers to those in part (a).
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9.8 Lesson What You Will Learn

B Use sum and difference formulas to evaluate and sim plify trigonom etric

expressions.
Gu'rﬁ ?ﬂﬁ&hﬂlﬂrﬁl P Use sum and difference formulas to solve trigonometric equations and
Previous rewrite real-life formulas.
lrate-::
Using Sum and Difference Formulas
In thiz kesson, you will smdy formmlas that allow you to evaluate trigonometric
fumctions of the sum or différence of two angles.
&) Core Concept
Sum and Difference Formulas
Sum Formulas Diifference Formulas
gindg + M) =sinacosh 4 cozasind | sinfa — ) =sinacosh — cosasink
cosla + 8 =cosacosdh —sinasind | cosia — 8 =cosacosh + sinasink
tam a + tan & tana — tan b
t o L t - ) B e
L = ! I = tana tan & pis ) I -+ tan a tan &
In general, ginda + B) # zsina 4 zin b, Similar statements can be made for the other
trigonomeiric functions of sums and differences.
SN Evaluating Trigonometric Expressions
Fimd the exact valee of (a) sin 157 and {b) tan ‘i—;
SOLUTION
Check a, sin 15° = sin(6)" — 45%) Subsonde 60" — 45" for 157,
SThiIES) = zin 6 cos 45 — cos 60° sin 457 Dilference foomuda for sine
-2588190451 V3 {ﬁ‘ 1 [
e o | T} Evaluats
(Jeer=-Jizyrra -
. 1904 e 4
2588190451 _ V6 2 Simplify
4
s VE =2 o
b The exact value of sin 157 is T Check this with a calculator,
Tar T . L L
tanlin/ 12} Ifall%1I + lan E
-3 732050808 = —- Sum formuda for tangent
" 1 — tan = tan =
=2=J(3) 3004
=3.732050808 V3 4+ 1
= — Evaluate,
1 = -UIr3 L) I
= =72 =3 Sampdily

P The exact value of tan Tl—: is =2 = %3, Check this with a calculator.
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ANOTHER WAY
You can also use a
Pythagorean identity and
guadrant signs to find
sin @ and cos b,

>

EXAMPLE 2

Using a Difference Formula

i with

Find cosi{a = b} given that cos a = —gwilh T A< ':‘Tﬂandsinb= i3

Ocbhel
2

SOLUTION
Step 1 Find zin g and cos b,

Becanse sinlk = 1%. and & iz in
Cuadrant I, cos e = E,.‘-Euhm-m

Because cog a = —-j—lamiﬂisin
Quadrant 11, sina = —%, at

shown in the figure. in the figure.

i
EL )

Y

Step 2 LUse the difféerence forrmula for cosine (o find cos(a — &).

cos(a — By = cosa cos b 4+ sina sin b [ fleremoe formula bor coane

= —%(%) + [—%](15—3] Evaluate,

_ 63 "

=5 Samph iy
B The value of cosia — b) is g;

EXAMPLE 3

Simplifying an Expression

Simplify the expression cos(x + mh.
SOLUTION

cos(y + = cosxcos = ginxsin SuEm foamiuka for cosine
Favalusatie,

Samphify

(ons XM —1) — (sim 20

—COEy

P i)
Monitoring Progress 43’? Help in English and Spanish at BigideasMath.com
Find the exact value of the expression,

™
4. cos —

12
o

= e

E tauj—ﬂ

12
3. Find sin{a — &) given that sin a = ﬁ—withﬁ ca< Zandcosh =
S

17 2
with 7 < Ir < -

Simplily the ¢ xpression.

1. sin 105 2. cos 157

6. sinix + ) 1. cosix = 2 8. tan(x — )
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ANOTHER WAY

You can also solve the
equation by using &
graphing calculatar. First,
graph each side of the
ariginal equation. Then

use the intersect feature
to find the x-value(s)
where the expressions
— Are equal.
air T A \
e’ | H
- £ ! . h- :
"hﬁ -
o kS

Solving Equations and Rewriting Formulas

SN Solving a Trigonometric Equation

Solve sin[x +'—;}+ S:ill.l:.!r— §}= 1 for 0 = x < 24T

SOLUTION
sin{.r + l::] + sinf_.r - %T:] m | Wirile equation
8in x cm;; + cos s.-in; + siny cos 13—' — Chs Y sln; =1 Llsa forrmulas.
-%ﬂn.:: + %ns.‘r + Es'm X—- T?"E-Dﬁ.'l.' =] Evaluate
siny = | Sampliby

P Intheinterval 0 £ x < 2+, the solution jsx = E

SN Rewriting a Real-Life Formula
The index of refraciion of a transparent material is the ratio of the speed of light in a

vacuum to the speed of light in the material. A iriangular prismy, like the one shown,
can be used to meamwe the index of refraction using the fornmla

&in E
- I
For e = 60°, show that the formula can be rewritlen as n = Tj - % col %
SOLUTION
ﬁdn(g + II"*} :
R o= -—E Write fomnuda mrh% %E 30,
sin 5

s-ing-:milﬂ" +-|:i::sgsin r

= = - = Sum formuda for aine
Bin 5
93]+ ot

(3'“1 21 T\ /3

= 3 Evvalua b
gin =
2

Ban? Loos?

- 2 HT = . 2 Write as separake bractions,
&in E &in E

1T

= = + El:!-li 3 Simeph By

Hﬂﬂﬂ'ﬂrfﬂg Prﬂgrﬁﬂﬂ' 41?" Help in English and Spanish at BigldeasMath.com

9. Solve m{% &= :} = sin[.r + ;—?J = 1for(d s x < 2
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9.8 Exercises

Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Concept Check

of an angle.

1. COMPLETE THE SENTENCE Write the expression cos 1307 cos 407 — sin 1307 gin 40° as the cosine

2. WRITING Explain how fo evaluate tan 75" vaing either the sum or difference formula for tangent.

Monitoring Progress and Modeling with Mathematics

In Exercises 3-10, find the exact value of the ex pression.
(See Example 1.

3. tan{—=15% 4. fan 195°
S & L e
>. sin ﬁjf B. sin=1657)
7. cos 105° 8 cos 'l‘f
174 . T
9. tan =3 10. sm[l % |
In Exercizes 11=16, evaluate the expression given
that cosa = 4 with 0 < g < = and sinb = 13 with
] 2 17

3 : ,
— < b« 2w (See Example 2.}
-3

1. simle + &) 12, sinjg = i)

13, cosia — &) 14, cosia + B
15. tania + &) 16. tania — &)

In Exercizes 17=21, simplify the expression.

{ Sad E-.'wur]_.'hl:i' 1}
18. cos{x — 7

19. cosix + 2) 20. fanix — 27)

17, taniy + =)

20, sinfx - 27 22. tanfx + 7}

ERROR ANALYSIS In Exercises 23 and 24, describe and
correct the error in simplifying the expression.

23, =
tan x = tan —

X sanl s TR

a4 T

1 4+ tan x tan—
4

_tanx+ 1
1+ tan x

=1

Section 9.8

24.

™ o o
x ﬂ{l 4] SN — GoE X = oS X

Ve

=1'r—2c:-m;x-—ﬁlﬂx
2 2

=%{ﬂﬂ5]’— 5in x)

25, What are the solutions of the equation 2 sinx — 1 =0

forQ < x < 27?

{Hﬂ] -:r." FE\:' -:|.-
3 B
2m S

i bl N =

"'-t-:] -3 m’ tl

26. What are the solitions of the equation tanx + 1 =0
ford < x = 247

3
® I ® %
’ S T
© = D =

In Exercises 27-32, solve the equation for 0 < x < 2m

(See BExample 4.)

27, Elll{.i + ;J =

% 28, tanf —§}=c}

29, -;:1.&.1"1.+3;:| —u;:m:{_r - E} =1

30. sinlx + = ) + sinfx - E] =0

3. tanix + w) —tapiw - 3} =0
32, sinfx +mMtemx+m=0

33. USING EQUATIONS Derive the cofunction kdentity
sm{g = -'.’-} = ¢os i using the difference formmla

for sime.

Using Surm and Difference Formulas 523



34,

25.

XS

MAKING AN ARGUMENT Your friend claims it is
possible to use the difference fornmla for tangent to

derive the cofunction identity tan[%r = ﬁ} = ¢ot 8.1

vour fricnd correct’? Explain your reasoning.

MODELING WITH MATHEMATICS A photographer
is at a height & taking aerial photographs with a
35-millimeter camera. The ratio of the image length
W to the kength NA of the actual object is given by
the: formmula

WO _ 35tan(é —1) + 35tant
NA fitan &

where & is the angle between the vertical line
perpendicular to the ground and the line from the
camera to point A and 1 is the Gl angle of the film,
WIE'“QI =45, %ﬁw that the formula can be rewrilien
as NA WL+ tan 0 (See Exampie 5. )
MODELING WITH MATHEMATICS When a wawve
travels through @ tant string, the displacement y of
cach point on the siring depends on the time § and the
point’s pozition x. The equation of a standing woane
can be obtained by adding the displace ments of 1wao
waves traveling in opposite directions. Suppose a
standing wave can be maodeled by the formmla

¥ 2mt 2w '2omt | 2mx
y=acoo 7 - I acaf 4 I

When [ = 1, show that the formmla can be pewrifien as
¥y= —ﬂmsITm-

MODELING WITH MATHEMATICS The busy signal on
a touch-tone phone is a combination of two tones with
frequencies of 480 hertz and 620 hertz. The individual
tones can be modeled by the equations:

480 hertz: y, = cos 90wt
620 hertz: y; = cos [ 24071

The sound of the busy signal can be modeled by
¥ ¥ Show that y, + ¥ = 2eos 1100 cog 1408

38,

a9,

HOW DO YOU SEE IT? Explain hiow touse the figore

b0 solve the ﬂfﬂﬂﬁﬂﬂﬁi!{.‘f‘kg) "ﬂn(fﬁx}=ﬁ
for 0 < x < 2.

ALY

fix} = 51r1{x + .-;]

MATHEMATICAL CONNECTIONS The figure shows the
acute angle of intersection, & — &, of two lines with
glopes iy and L.

LY ¥ o=k + by

a Usze the difference fornmla for tangent fo write an
equation for tan (& — &) in terms of my and #t,

b, Use the equation from part (a) (o find the acute
angle of intérsection of the linesy =x — 1 and
)1_ Ui V3

2=V3

I
}_(ﬁ—z

THOUGHT PROVOKING Rewrite each function. Justify
VOUT answers.

&, Write sin 3x a8 a function of sin x.
b, Write cos 3x as a function of cos 3,

e Write tan 3x a5 a function of tan x.

'_Mﬂiﬂﬁiﬂiﬂg Mathematical Prﬂﬁﬂiﬁ'ﬂﬁf Resiewing what you leamesd i prevous grades and 12asos

Solve the equation. Check your solutionds).
Sl gt 12 ,3_8
L Sl ™ ETITE

(Section 7.5)

2-3_ 10

p ey g

+ 3
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9.5-9.8 What Did You Learn?

Core Yocabulary

frequency, p. 506
simpsnid, p, 307
irigonometric identity, p. 574

Core Concepts

Section 9.5

Characteristics of y = tan x and ¥ = col x, p. #4985

Period and Vertical Asymptotes of y = a tan by and ¥ = a cot by, p. 499
Characteristics of y = sec xand ¥ = cac x, p. 300

Section 9.6

Frequency. p. 506

Writing Trigonometric Functions, g 5307

Using Technology to Find Trigonometric Models, p. 509

Section 9.7

Fundame ntal Trigonometric Identitics, p, 514

Section 9.8

Sum and Difference Forrmulas, p. 5320
Trigonometric Equations and Real-Life Formulas, p. 522

Mathematical Practices

1. Explain why the relationship between & and & makes sepze in the context of the situation
in Exercize 43 on page 503,

2. How can you use definitions to relate the slope of a line with the fangent of an angle in
Exercise 39 on page 5247

e mm————————— Performance Task - -

Lightening the Load

You need to move a heavy table across the room. What i the easiest
way to move it? Should you push it? Should you te a rope around one
leg of the table and pull it? How can trigonometny help you make the
right decision?

Toexphore the answers 1o these guestions and more, go to
BigideasMath.com
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.
c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com

Right Triangle Trigonometry (pp 461 465

Evaluate the six tvigonome tric funclions of the angle £
From the Pythagorean Theorem, the length of the hypotemise is
hyp. = V&! + 8¢
V100 : ¢
= 10

(3

Uzing adj. = &, opp. = 6, and hyp, = 10, the values of the siX trigonometric functions of & are:

i 5 ady. 3 4 ATy T
}—Eli__=_ i':IS-J——-!— Bl WL La H:EI£=_=_
. D 5 . 10 S "X adl. § 4
e =EH."L_£=§ —h' '=£:I=§ = H:ﬂ&:E:i
i e viat o e P e e

1. Inaright triangle, & is an acute angle and cos & = .i Evaluaite the other five rigonomedric
functions of &

2. The shadow of a tree measnres 25 feet from its base. The angle of elevation to the Sun is 317,
How tall is the tree?

m Angles and Radian Measure (op J65 470)

Convert the degree measure to radians or the radian me asure to degrees,

T4
a 110 b F
[ aradians | T Tn mn |
110F = 1mﬂ.gms{|1m¢ - - :[admns[ A
11+ )
. L = 105
E

3. Find ope positive angle and one negative angle that are coferminal with 382",

Convert the degree measure (o radians or the radian me asure to degrees,
3

3 TN
4 3

&, 30° B 2u5° .

8. A sprinkler system on a farmrofates 14907 and sprays water up o 35 meters, Draw a diagram that
shows the region that can be imigated with the sprinkler. Then find the area of the region.
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m Trigonometric Functions ﬂfAny Angf& (o, A7 7- 454)

Evaluate csc 2107,
The reference angle is & = 2107 — 180 = 30, The cosecant function is megative in
Quadcant IT1, socsc 2107 = =cac 3° = =2,
Evaluate the six trigonometric lanctions of &
8. 10. 11. Ay
{(-4.6
i} I
- =
e
i k_/
¥ L ¥
Evaluate the function without using a caleulator,
12. tan33° 13. sec(—405°) 14, sin 1;' 15, sec “:

Graphing Sine and Cosine Functions pp 285 404

: =10
Identify the amplitude and period of gix) = = sin Zr. Then graph the function and describe the

graph of g as a transformation of the graph of fix) = sn x.

amd & = 2, 5o, the amplitade js

Pk |

The function iz of the form @iz} = o sin by, wherea =

a=%am]ﬂ::|xﬁmiis%=27:=f. k¥
1 o 05
Intereepts: |'.LLI;;|I; . -n.{:l] = |50 (m 0)
. {1 Vo fmod
Maxinmim: 1_4 . T, 3_.1 - {4. :_I
oo 3 1V (3w ]
Minimume {:i . T, _EJ = | : ?I L
P The graph of g is a vertical shrink by a factor -:&fi and a horizontal shrink by a factor of ‘
of the graph of f.

Identify the amplitude and period of the function. Then graph the function and desceribe the
graph of g as a transformation of the graph of the parent function.

16. pix}=5cdsy 1. glx) = 6 sim mx 18. g(x) = %m_r,_h-

Graph the function.

19, gix) = cos(x + m + 2 20. gix) = —sinx — 4 21. gix) = 2sinlx + %]
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m Graphing Other Trigonometric Functions (pp 297 504)

. Graph one period of gix) = 7 cod mx, Dieseribe the graph of g as a transfomation of
the graph of fix) = cof x.

The function is of the form g(x) = acot by, where a = 7 amd I = w. So, the perod i %l = E
Intercepts: 1—— LJ] = [E' "..'I.] —E _|
f
Asymptotes: x = 05 ﬁ = E ory=1

Halfway points: LJT n} = I:;: T.} = | TI;

32, ~a) =(32, -7) = (3. 7]

P T graph of g is a vertical stretch by a factor of 7 and a horizontal shrink by a
factor of i of the graph of £
m

b. Graph one period of g(x) = 9 sec x. Describe the graph of g as a transformation of
the graph of fix) = sec 5.
Step 1 Graph the function ¥ = 9 cos 1.

; LI . A
I'he period i5 = = 2.

Step 2 Graph asyvmptotes of g, Becanse the

% |

asympiotes of g occur when 9 cosx = 0,

graph x = ; = — *mvdr—j—f

- L

Step 3 Plot the points on g, such as (0, 9) and
{7, —9). Then use the asymptotes to
sketch the curve,

B The graph of g is a vertical stretch by a factor of 9 of the graph of .

Graph one period of the function. Deseribe the graph of g asa tramsformation of the Zraph
of s parent function.

22. p(x) = tan ,|—|.1 23, zixi=2colx 24, 2(x) =4tan Imx

Graph the funetion.

25, gplx) =5cecx 26. g£(x) = sec %_:r
1 i
27. plx) = 5 sec mx 8. glx) = 3 C8C EJ.'
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m Modeling with Trigonometric Functions (pp 505 572

Step 1

Step 2

Step 3

Blep 4

29,

Wrife a Munction for the sinnsold shown,

Fimd the mascimmum amd mindrmom valhees, From
the graph, the maxirmm value is 3 and the mini monm
value 15 —1.

Identify the vertical shift, &, The value of & iz the
mean of the maximomm and minimmim vahes.

= (maximum vale) + (minimom valvey 3+ (1) _ 2 I
2 2 2

Decide whether the graph shoald be modeled by a sine or cosing function. Because
ihe graph crosses the midline ¥ = 1 on the y-axis and then decreases to its mininmm value,
the graph iz a sine curve with a reflection in the x-axiz and no horizontal shift. So, i = 0,

Find the amplitode and period.

¥
The peciad is 27 = 27 S0, b = 3.
The amplitnde is

Ll (meimiem valoe) — (minirum value) 3 — (1) _
~ *:-

Becanse the graph s a reflection in the x-axis, a < 0. So,a = =2,

P The functionisy = =2 sin 3r + 1,

Write a fumction for the sinusold.

31.  You put a reflector on a spokes of your bicvcle wheel. The highest point of the reflector
is 25 inches above the ground, and the lowest point is 2 inches, The refloctor makes
I revolution per second, Write a model for the height frdin inches) of a reflector as a
function of time [ (in zeconds) given that the reflector is af its lowest point when | = 0.

32. The table shows the monthly precipitation £ (in inches) for Bismarck, North Dakeda,
where | = 1 represents Fanuary. Write a model that gives P as a function of £ and

interpeet the period of its graph.

4

P

05|05 |09 | 152226 (2622|0613 l:]l.]'|'[.'l.-1-

1l2)3[a]s|6|7|s8]9|[1w|nfr
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Using Trigonometric Identities oo 512 518)

14
Vertfy the 1dentity ¥ = o 0—sin 6
5 © oA g

ol csct i — 1
b = Pythagerean ideniity

cEC chc 0
T
CaCt 1
==l e Wiate as sepatate fractions
cecl? cacd
1
=ope fl — —— Sirmpdily
cEC
= ¢oe @ — 50 & Reaprocal idennry

Simplify the e xpression.

23, cotlx — cot?xecoslx 34 Amex-r limox— 1

35, mq% - x]lan v

tan x
Verify the identity.
95, SESIEX o eoeix 3r. IEH{E - x}n:'r:l_' r=cscty — |
] + tan*x 2

m Using Sum and Difference Formulas (op 510-529)

Find ithe exact value of sin 1057,

sin 1057 = zin(45" + 60" Subsimme 45 + 60 for 1057
= zin 45" cos &1 4 cos 437 sin 60 Sum formala for sine
1-'.‘:" | "-"E "-"..E
=t 4 i Evaluate
V2 4+
Wl L Sarnplily
. |
-
P The exact value of sin 105° is = e
Find the exact value of the e xpression.
38. sin75° 39, tan(-15°) 40. cos —

12

41. Find tan(a + &), giventhat tana = }T“'ith T < 3T'-’arll;:l tan b = ;Witht'l < b < ;

Solve the equation for 0 5 x < Zm

J Tk | L )
42. c{ﬂt_'r 1 -_::_.l 5 Cﬂqll' B T'Tﬂr' =] 43, tanix + ) + ..;.ng.[_r E’ =)
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Verify the identity.

coslx +sintx 1+ sinx CoEY . ) -
—_—— — = OiEC X 2. + - = 2EeC 3. coslx+ —| =sinx
I 4 tan‘x C08 X 1 + sinx 1 i

4. Evalnate sec—300°) without using a calculator.

Wrte a function for the sinusoid.
5.

Graph the function. Then describe the graph of g as a transformation of the graph of its
prarent funcetion.

7. Bix) = 4 tan 2x g, gix) = 2 oos iﬂ- 3 a, 2ix) = 3 c8C T

Convert the degree measun: (o radians or the radian measure to degrees, Then find one
positive angle and one negative angle that are coterminal with the given angle.

10. —5C° 1. '*q“ 12. ":-"_f

13. Findihe arc kength and area of a sector with radius r = 13 inches and cenfral angle & = 407

Evaluate the =x trigonomeiric lunctions of the angle &
14. Av 15. |

16. Inwhich quadrant docs the ferminal side of & lic when cos & < 0 and tan & > 07 Explain.

17. How tall is the building? Justify your answer.

18. The table shows the average daily high temperatures T iin degrees Falre nheit) in : bt drawn 0 scale
Baltimore, Maryland, where m = | represents January, Write a model that gives T as
a Mupction of moand interpret the period of its graph.

m| 1 2 3 4 3 i T B | 9 | 11 | 12

T |41 |45 | 9 |65 |74 83 | 87 Sﬁ-'TE 67 | 36 | 45
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1.

2. 'Which rational expression e presenis the ratio of the perimeter to the area of the

532

Which expreszsions are cquivalent to 17

tan X sec X COR X gin’x + costy

playground shown in the diagram?
4
R =
11
(B 1dx
1

o 1
M =

2

E]

The chart shows the average monthly temperatures (in degrees Fahrenheit) and the
gas usages (in cubic feet) of a houschold for 12 months.

a, Use a graphing calculator to find
trigonometree models for the average
temperaturns ¥, a5 a function of time and
the zas usage ¥4 (in thousands of cubic
feet) as a function of time. Let § = 1
reprezent January.

b, Graph the two regression equations
in the same coordinate plane on your
graphing calculator, Describe the
relatiopship between the graphs,

ms?q_;—?x}lan?.r E_I)MI
il =X} V2
January February March April
IFF 21°F 15°F 2TF
20,000 fit 27,000 ft* 23,000 ft* 22,000 fit
May Jure July August
35°F 49F 62°F T8°F
21,000 ft? 14,000 fit* 8,000 ft* 0,000 ft*
September October November | December
TI°F 63°F 55°F 4rF
13,000 it 15,000 i* 19,000 it 23,000 ft

Evaluate each logarithm using log; 5 = 2,322 and log, 3 = 1 585, if necessary.
Then order the logarithmes by value from least (o greatest.

a log 1000 b log, 15
e Ine d. log, 9
e log, 5; L log, 1
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5. Which function is et represented by the graph?
(A) y=5sinx

. -
f_-E_.l y= ."'n.:n.r.[? .:':I

6. Complete each siatement with < or > 2o that each statemem is tne.

a0 3 rachans X E
b tan & 0 A i
(N 45

i

7. Use the Rational Root Theorem amd the graph to find all the real 2eros of the function
flxy =23 = 3% = 13x = 6.

8. Your friend claims — 2107 is coterminal with the angle Hﬁw Is your friemd correct?
Explain your réasoning.

9, Company A and Company B offer the same starting annual salary of 520,000,
Company A gives a 31000 raise each year. Company B gives a 4% raise ¢ach year.

a,  Write rules giving the salaries a, and & for your nth yvear of e mployvment
al Company A and Company B, respectively. Tell whether the sequence
represented by cach mile iz aritfonelic, peometric, or reilker.

b, Graph each sequence in the same coordinate plane.
¢ Under what conditions would von choose to work for Company B?

d. After 20 years of employment, compare your tolal carnings,
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