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Maintaining Mathematical Proficiency

Evaluating Functions
Example 1 Evaluate the function y = 2x? — 10 forthe values x = 0, 1, 2, 3, and 4.

Input, Output,
i 2x? — 10 v

L 2(00* = 10 10

! 2(13% — 10 §

227 - 10 | 2

2(3)1 = 10

24y — 10

Copy and complete the table to evaluate the function.
2 y=5+1 3. y=—4r+ 24
F .9 X

o

10

Solving Equations
Example 2 Solve the equation 45 = 5(3)".

: 53 Wiate onginal squation
5(3)
l_ . Divacke eadh sde by 5.
Sampralty
lake lags of mady side

':3-||r|| II i Ill'

Solve the equation. Check your solution(s).

4 Tx+3=3 5. - =4[5 6. 216 =3(x+ 6)
16 12/
. ] (3 _ 27
. T4 16= 144 8. x-8=17 . | =
4 8
. ABSTRALCT REASONING The graph of the exponential decay function fix) = & has an
asymptole ¥y = 0. How is the graph of fdifferent from a scatter plod consisting of the points
(LBY, (2, 8+ BY, (3,8 + B + B, .. ?How is the graph of f similar?

Dynamic Solutions available at BigldeasMath.com




) Core Concept

408

Mﬂﬂl Eh‘lﬂﬂﬂa I | Mathematically proficient stiudents consider the available tools when
Practiﬁag Foriving a maifemuniical profyen,

Using Appropriate Tools Strategically

o

Using a Spreadsheet

To use a spreadshect, it is common to write

one ¢ell as a unction of another cell. For instance,
inthe spreadsheet shown, the cells incolumn A
starting with cell A2 contain fanctions of the cell
inthe preceding row. Also, the cells in column B
contain functions of the cells in the same row in

column A.
%

Using a Spreadsheet

You deposit 31000 in docks that earn 153% interes compounded annually, Use a spreadsheet to
find the balance at the end of each year for § vears. Describe the type of growth,

SOLUTION

You can enter the given information into a spreadsheet and generate the graph shown. From the
formmla in the spreadsheet, you can see that the growth pattern is exponential. The graph also
appears Lo be exponential.

M@ =8 i s Lo g —
W= W LA e L R |

AT B | Stodk Investment

Year Balance $3500,00
$1000.00
$115000%—{ g3 = p7+1.15 |
$132250 | - '
$1520.88
$1749.01
L2011.38
$2313.06
2206002

£ 30040 (il

5250000

$ 200000

Balance (dollars)

F1500.00

0 =i Ot B L R =3

| $3059.02 $1000.00

% E," l'.u|u:- uim -:ninin‘.a r-.:lI—r

Monitoring Progress
Lise a spreadsheet to help you answer the question.

« A pilot flies a plane at a speed of 300 miles per hour for < hours, Find the total distance
Fowwn at 30-minute intervals, Describe the pattern,

. A population of 60 rabbits increases by 25% each year for 8 years. Find the popalation at
the end of each year. Describe the type of growth.

. An endangered population has 300 members. The population declines by 1095 cach decade
for 50 years. Find the population at the end of each decade. Describe the type of decline,

. The top eight munners finishing a race receive cash prizes, First place receives 3200, zecond
Mace receives 5175, third place receives 3150, and 20 on. Find the fifth through eighth place
prizes. Describe the type of decline.

Chapter 8 Sequences and Series




Defining and Using Sequences

and Series

CONSTRUCTING
VIABELE ARGUMENTS

To be proficient in math,
you need to reason
inductively about data, D

Eggential Qﬂ&ﬂﬁﬂﬂ How can you write a rule for the ath term of

a sequence?

A sequence iz an ordered list of npombers, There can be a limited number or an
infinite nomber of ferms of a sequence.

fermns @l & sequenie
Here is an example.

LALI ..., =2 ...

UL ENIIsL'RE Writing Rules for Sequences

Work with a pariner. Match each sequence with its graph. The horizontal axes
represent o, the position of cach term in the zequence, Then write a mile for the
nth term of the sequence, and vse the ke to find a,,.

1 49 16 25
5.5 £ %389 X A e
L2535 4.53, 7., b B.635,.5,.3.51,... T ririr b RE
25 16941 I |
i 2 e e Y TR . £4.2.1,=.
PR S5 8.4.21.3
B ool B. :
A |7 -1 - 7
— -
C 0 0 ¥
-1 L . 7 -1 7
1 =
E g F 3
Iy X 7 -1 i T

Communicate Your Answer

2. Howr can you write a rale for the sth term of a sequence?

3. What do you notice about the relationship between the terms in (a) an arithmetic
sequence and (b) a geometric sequence? Justify vour answers,

Section 8.1 Defining and Using Sequences and Series 409



8.1 Lesson

Core Vocabulary
sequence, p 410

terms of a sequence, p. 410
seres, p 12

summation natation, p 412
sigrma notation, o 12
Previous

domain

fange

410 Chapter 8

What You Will Learn

B Use sequence notation to write terms of sequences.
P Write a rule for the nth term of a sequence.

B Sum the terms of a sequence to obtain a series and use
summation notation.

Writing Terms of Sequences

G Core Concept

Sequences

A sequence iz an ordered list of maimbers, A finide sequence is a function that has
a limited mumber of terms and whose domain is the finite 2et {1, 2.3,.. ., n}. The
valoes in the range are called the terms of the :equence.,

Domain: 1 2 3 4 ... =R Relatrer poation of each term
Y oY v ¥ .
Range: a, a4 4z 4y a, Terms of the sequence

An infinile sequence is a function that comtinues without stopping and whose
domain is the st of positive intepers. Here are examples of a finile ssquence and

an infinite sequeénce.
Finite sequence: 2, 4. 6, 8 Infinite sequence: 2, 4.6, 8, ...

A sequence can be specified by an equation, or rude. For example, both sequences

o abeove can be described by the ik 4, = 2n o fig) = 2n.

The domain of a sequence may begin with O instead of 1. When this is the case, the
domain of a finite sequence isthe st {0, 1, 2,3, .. ., n} and the domain of an infinite
sequencs becomes the set of nonnegative integers, Unbess otherwise indicated, assime
the domain of a sequence begins with 1.

Writing the Terms of Sequences

Wrile the first six terms of (@) a, = 2n + 5 and (b) fin) = (-3~ L.

SOLUTION

aa=2)+5=7 151 1 B f(1) = (-3} -1 =1
aG=22+5=9 7rel term fi2) = (=3}~ = =3
=23 +3=11 3rd term fi3={-3¢p~-1=9
a=2(@+3=13 dth term fid) = (=3) ~t= =27
a. =25 +5=15 Sth term fi5)=(-3F-t=81
a; = 2@+ 5 =17 Gth term fity={-3¥""'= -243

Hﬂﬂ-ﬂ'ﬂ'l"iﬂg Frﬂgrﬁﬂﬂ' ‘T Help in English and Spanish at BigideasMath.com
Write the first six terms of the sequence,

l.a=n+4 2. finy=(-2p-1 3 a =

Sequences and Series



>

STUDY TIP

When you are given only
the first several terms of
a sequence, there may be
mare than one rule for
the nth term. For instance,
the sequence 2,4, 8, . ..
can be given by a_ = 27
—ara,=nf-n+2,

COMMON ERROR

Although the plotted

points in Example 3 follow

a curve, do not draw the
curve because the sequence

is defined only for integer
values of n, specifically
n=1,234556and7, D

Writing Rules for Sequences

When the terms of a sequence have a recognizable pattern, vou may be able to write a
rule for the sth term of the sequence,

AR Writing Rules for Sequences

Describe the pattern, write the next term and write a male for the mth term of the
sequences {a) —1, —8, —27, —64, ... and (b)) 0, 2,6, 12, . ..

SOLUTION
a. You can write the terms as (— 13, (=20, (=3¥. (—4), .. .. The next term
isa; = (—5¥ = —125. A rube for the nth term is a, = (—r).

b, You can write the termes as O{1), L{2), 203), 3(4), . . .. The nextferm is
[i5) = 4(5) = 2. Amle for the nth term is fin) = (n — 1jn.

To graph a sequence, ket the horizontal axis represent the pogition numbers
(the domain) and the vertical axis represent the terms (the range ).

FHALIIEEN Solving a Real-Life Problem

TSt Layer

Yiou work in a grocery store and are stacking apples in the shape
of a square pyramid with seven layers. Write a mle for the
namober of apples in each layer. Then graph the sequence.

SOLUTION

Step 1 Make a table showing the nurber of fruit in the first three layers.
Let a, represent the number of apples in layer i,

Layer, i 1 2 3
Number of ‘
apples, a,,
= 3
Step 2 Wrile a mile for the mimber of apples in cach S
layer. From the table, you can see that a, = n”, 'i . INEEENEER
Step 3 Plot the points (1, 1), (2, 43, (3, 9), {4, 16), X LY o B e e o |
{3, 25}, (6, 36), and {7, 49). The graph is w T T 1T .| |
shown at the right. 3 ey
IE‘ T . +
5 IFREEEE
':'G-: s € 'n
Layer

. )
Monitoring Progress 4’;:? Help in Engish and Spanish at BigideasMath com

Deseribe the pattern, write the next term, graph the first five terms, and
write a rule for the ath term of the sequence.

4. 3,5,7.9, ... 5 3,8 1524, ...
B 1, =24 -8 .. A LS101T, ..

B. WHAT IF? In Example 3, sappose there are nine lavers of apples. How many
apples are in the ninth layer?

Section 8.1 Defining and Using Sequences and Series 411



READING

When written in
summation notation, this
series is read as "the sum
of 2i for values of i from
1tod4”

Writing Rules for Series

&) Core Concept

>

Series and Summation Notation

When the terms of a sequence are added topether, the resulting expression is a
series, A series can be finibe or infinite.

Finite series: 2+ 44+ 6+ 8§
Infinite series: 2+ 4+ 64+84+---

You can use summation notation Lo write a series. For example, the two series
above can be written in summation notation as follows:

4
Finite series: 2+ 44+ 6+ 8= 2.2

Infiniteseries: 2444+ 6+8+4 - =22
i=]
For both series, the index of sumwmation is [ and the lower Bmil of summation
iz 1. The upper limif of surumation is 4 for the finile series and <0 (infinity) for the
infinite serics. Summation notation is also called sigma notation because i uscs

the mppercase Groek letter sigma, written Z.

FHNCIRN  Writing Series Using Summation Notation

Write each series using sammation notation.

| s

& 254+ 5+T5+ -+ 250 b,

[
-
| b
4
| 4=

[
—

SOLUTION

. Notice that the first termn is 25(1), the second iz 25(2), the thind 15 25(3), and the
last is 25100, So, the terms of the series can be written as:

a,= 25, where i = 1,2,3,..., 10
The Tower limit of sommeation i 1 and the upper limit of sommation is 10,

10
P The summation notation for the series is 225/,

b. Motice that For each termu the derominator of the fraction is 1 more than the
mimerator. 5o, the terme of the series can be wrillen as:

= ;‘ ] =
a; J_+1.1.=rlaer¢: L, 234, ...
The lower limit of summation is 1 and the upper linot of summation is infinity.

i

ke

P The summmtion notation for the series is

] s

]
—

g 3 o
Monitoring Progress 4"1' Help In English and Spanish at BigideasMath.com
Wrile the series using smmation notation,
B 54104154 <-4 100 1.

M. 64+36+216+ 1206+ --- 12. 5+6+ T+ -+ 12

412 Chapter 8 Sequence: and Series



The index of symmation for a series does oot have to be i—any ketter can be used,
COMMON ERROR ﬂs;?ﬂ;ﬁ;ms not have to begin at 1. For instance, the index begins at 4 in
Be sure to use the correct
lower and upper limits of
summation when finding
the sum of a series, D

F AN Finding the Sum of a Series

Find the sam =3 + ).
T

SOLUTION
2
I3+

=d

G+ + 3+ +GF+H+3+TH+3+89
19 + 28 + 39 + 52 + 67
= M5

For series with many terms, finding the sum by adding the termes can be tedions.
Below are formmlas vou can use to find the sums of three special types of series.

&) Core Concept

Formulas for Special Series

A
sumofntermsefl: =1 =n
i=]

Sum of first n positive integers: i = ’—J":"i;—lr!

(L] &

"
Sum of squares of first n positive integers: =i = il ”éh i)
i=]

.

FEANISRNN Using a Formula for a Sum

How many apples are in the stack in Example 37

SOLUTION

From Example 3, vou know that the ith term of the series is given by a, = %, where
f=1,23...., 7. Using sumneation notation and the third fornmla listed above,
vou can find the tolal number of apples as follows:
[
=] & &
P There are 140 apples in the stack. Check this by adding the mumber of apples
in each of the seven layers,

Monitoring Progress ‘E' Help in English and Spanish at BigideasMath.com

Fincl the smm,
5 7
13. & W, - 1)
=1 =3
14 3
15. =1 16. >k
=1 =]

17. WHAT IF? Suppose there are nine layers in the apple stack in Example 3. How
many apples are in the stack?

Section 8.1 Defining and Using Sequences and Series 413



Exercises

8.1

Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check

1. VOCABULARY What is another name for summation nofation?
Z. COMPLETE THE SENTENCE In a scquence, the numbers are called of the sequence,
3. WRITING Compare sequences and serics.
4. WHICH ONE DOESN'T BELONG? Which does mot belong with the other three?
Explain your reasoning.
) 5
e & 1+4+ 9+ 16+ 25+ 36 Er.”
=] (]

Monitoring Progress and Modeling with Mathematics

In Exercizes 5—14, wrile the first six terms of the

sequence. (See Example 1.}

27. FINDING A PATTERN Which mle gives the total
murmber of squares in the sth figure of the pattern
showwn? Justify your answer,

3. G,=n+2 6 a,=6-n
1 a,=n! B. fim=n?+2 .
9. fin)=4"1 10. a, = —n* B [ [ |
a N 1 2 3 4
. a,=r*=35 12. a, =(n + 3)*
_ 5 = (A a,=3n-73 (B) a,=4n—5
13. fin) = i 14. fim) = T 1
H+1
ﬂj ﬂ\:l =1 {:E'] iT“ — "{Tj
In Exercizes 15-26, describe the pattern, write the next =

ferm, and write a rule for the gih term of the sequence,

(See Example 2.) 28. FINDING A PATTERN Which mile gives the total
15. 161116 mumber of green squares in the ath figure of the
T R o A ST pattern shown? Justify your answer.
18, 1248, I
1 31,38, 43,3.4 ... | B
18. 9 168 24.6.324, ... 1 2 -l#
19. 58,42, 26,1, —06. .. ”
A a, =nt-1 (:E'Ja:ﬂ=%
20, -4.8 —-12146,... -
: C =4 (I a, =2a+1
R | 5 7 L) a,=dn ) a,
M oo p- 22, W‘if_u‘ﬂ' i ;
0 N 14 6B
3. 5o 8. nivw
. TR Y, T I 26, 12,4292 162, ...
414 Chapter 8 Sequence: and Series



29. MODELING WITH MATHEMATICS Rectangular tables ERROR ANALYSIS In Exercises 51 and 52, describe and
are placed together along their short edges, as shown correct the error in finding the sum of the series,

in the diagram. Write a rale for the number of people
that ¢an be seated around n lables aranged in this
mannet. Then graph the sequence. (See Example 3.)

20. MODELING WITH MATHEMATICS Anemplovee at a

construction cormpany ¢arns 533,000 for the first year 53.

of e mplovment, Emplovess at the company receive
raizes of 32400 each vear, Write a mule for the salary
of the emplovee each vear, Then graph the sequence.

In Exercises 31=38, write the series using summation
nedation. (See Lxample 4.)

M T+I04+ 134164+ 19
32. S+ 11+ 17 +23+29
33, 4+ T7+12+12+
M4 -1+2+T7T+14+-+-
35. gt b

26. '+;i+l_:1--§+---

3 -3+4-5+6-17

55.

38, 2% =F+ 16 =32

In Exercises 3950, find the sum. (See Eraagples 5
ctrial &, )

LE

19, 40,

-l
i

b=
£

42,

]
b

a.

i Ma :!'Il Ma.
ke

ful
1
=
-
H
-

43,

a
J

A
i
;*

|
&
3
i b
&
|
g

Sl bk
He
H -
EHS
=
= | ==
—

45.

&

47,

2

a
H

RN Y o i

—
oz

49,

%,
g

J
—
(=
a

J

.

52.

16
S (3n—-B)=-2+1+4+T+10
a=1

=20

o
9=4{++‘1]|[2 =4 4 1)
=120
(5]
=30

PROBLEM SOLVING You want Lo save 3500 for a
schodd trip. You begin by saving a penny on the first
day. You save an additional penny each day afier that,
For example, vou will save two pennies on the second
dav, three pennies on the thied day, and 50 on,

a How much money will you have saved after
100 days?

b Use aseries (o determine how many davs it takes
voul fo save 5300,

MODELING WITH MATHEMATICS
Your begrin an exercise program.
The first week vou do 25 push-ups.
Each weck you do 10 more
push-ups than the previous
week. How many push-ups
will you do in the ninth week?
Instify vouar answer.

MODELING WITH MATHEMATICS For a display

at a sports sore, you are stacking soocer balls in a
pyramid whose base is an equilateral triangke with five
lavers. Write a mle for the nnmber of soccer balls in
each layer. Then graph the sequence.

-
L | T tirst layes

Section 8.1 Defining and Using Sequences and Series 415



56. HOW DO YOU SEE IT? Use the diagram to determine 59.
the sum of the series. Explain your reasoning.

1434547404 -+ (2n—- 1) =?

olojolelg] -
0 ojolo|o

1

=

USING STRUCTURE Determine whether cach
staterment is troe. If so. provide a proof, IT not, provide
a counterexample.

a. Eu:ml- = ¢ i”.

i=] =]
b %{ﬂi + b)) = ial + E:!:"-
T = =1
e E.Iaeb, = E.ﬂ".Elb'
il. E[ﬂ.ﬂ‘ = [Eq]
i=]

dm=]

60. THOUGHT PROVOKING In this section, you learned
57. MAKING AN ARGUMENT You use a calculator o ;
1635 the following fornmlas.
evaluate 2, I becanss the lower limit of summation L]
i=3 1=n
is 3, not 1. Your friend claims there 15 a way to use the Ei
fornmla for the sum of the first n positive integers. Is 5 nln 4 13
vour friend comect? Explain, Xi= 3
i=1
58, MATHEMATICAL CONNECTIONS A regular polygon i;-: _ min 4 D2 + 1)
has equal anghe measures and equal side kngihs, For il 6
aregular n-sided polygon (n 2 3). the measure 4, of Write a formmala for the sum of the cubes of the first
an interior angle is given by a, = l-gm':; =2k i positive integers.
2. Write the firsd five terms of the sequence.
. 61. MODELING WITH MATHEMATICS Inthe puzzle called
b Wirike arule for the sequence giving the sum 7, of the Tower of Hanoi, the object is to use a series of
the measures of the interior angles in each regular mioves Lo take the rings from one peg and stack them
#-sided polygon. in order on another peg. A move consists of moving
¢. Use your rule in part {b) to find the sum of the exactly one ring, and no ring may be placed on top
interior angle measures in the Gugpenheim of a smaller ring. The minimum nomber a, of moves
Muszcum skylight, which is a regular dodecagon. required to move n rings is 1 for 1 ring, 3 for 2 rings,
T for 3 rings, 15 for 4 rings, and 31 for 5 rings.
e “ 4
8igll ale |
ol
Step 1 Step 2 Step 3 End
a. Write a male for the sequence.
. b, What is the minimum number of moves required
L 6 rings? T rings? 8 rings?
Guggenheim Museumn Skylight sttt DR
— Maintaining Mathematical Proficiency ccoewatiouismned npross g and tessons

Solve the system, Check your solution,

6. Zx—y-—-31=6
X+ y+ 47 =—1
—-=8

{heciion 1.4)

63. 2x—2+z=5

-+ + 2= -1 r—2=1

r—dy+51=4

64. Ix—3y+1=4

y+i=2

416 Chapter 8 Sequence: and Series



Analyzing Arithmetic Sequences

and Series

Essential Question towcan yoll fecognize an arithmetic
sequence from its graph?
In an arthmetic s quence, the difference of consecutive terms, called the comumon

difference, is constant, For example, in the arithmetic sequence 1,4, 7, 10, .., the
commion difference is 3.

SAHe L EAllel /BN Recognizing Graphs of Arithmetic Sequences

Work with a pariner. Determine whether cach graph shows an arithmetic sequence,
If it does, then write a rube for the sth teom of the sequence, and vse a spreadzheet

tor fined the sum of the first 20 terms. What do you notice about the graph of an
arithmetic sequence?

) I S . -
2 el L L L L] b [ 144
| Lo | | 1 1 | . I
M s ! (o] [ S | 1 12
} gt | |
-+ ] (- g - |
- | 4 |
| - - — . - |
L ]
..... - | L
= = "
T F i i i ™ Y 2 4 G |n
¢ F L AEEEE d 1]
12—t i3 [
....... l F
B 1 F B B 8
-.-‘l'-- e O | ey SR e ) R
g =11t 4 ¥ 1 S S
...... 1% | | |
I ¥ 1 2] &6 |n Y121 401¢ .0

F el EAIsFS  Finding the Sum of an Arithmetic Sequence

Work with a pariner, A teacher of German mathematician Carl Friedrich Gansz

-
-

REASONING (1777-1855) asked him to find the sum of all the whole mimbers from 1 through 100,
ABSTRACTLY To the astonishrment of hiz eacher, Ganss came up with the answer after only a few
To be proficient in math, moments. Here is what Gauss did:
you need to make sense 1+ 3 4 3 4 aee 4 100
of quantities and their 100 + 99 4+ OfF 4 .- <+ | 100 > 101 _ 00

relationships in

problem situation: 101 + 101 + 101 + - + 101

Explain Gauss's thought process. Then write a formmla for the sum S, of the first =
termes of an arithmetic sequence. Verily your formula by finding the sumes of the first
20 termes of the arithrmetic sedquences in Exploration 1. Compare Your answers 1o those
vou oblained using a spreadshect.

Communicate Your Answer

3. How can you recognize an arithmetic sequence from its graph?

4, Find the sum of the terms of cach arithmelic sequence.
a L4 10,...,30] b 1,2.34,...,1000 o 2468, ...,80

Section 8.2 Analyzing Arithmetic Sequences and Series a7



8.2 Lesson What You Will Learn

P Identify arithmaetic sequances.
B Write rules for arithmetic sequences.

Gﬂfﬁ vmmhr{?‘ B Find sums of finite arithmetic series,
arithmetic sequence, o 4718
Spme flﬂﬁf;&' i ; e Identifying Arithmetic Sequences
TN uc 58 O« B |
: P In an arithmetic sequence, the difference of consecutive terms is constant. This
Previous constant differe nce is called the common difference and is denoted by 4.

lerear fumction

Netoraz SEAURBN Identifying Arithmetic Sequences

Tell whether each sequence is arithmetic.
a =9 -25,1219, ... b. 3, 15,9.3.3....

SOLUTION

Find the differences of consecitive terms.,

ad=-a==1=(-9N=7

f; —a,=5—-{(-2)=17

ay—a;=12-5=7

iy =—ay= 9 =-12=7

P Each difference is 7, so the sequence is arithmetic,
b.a,-a, =15 =23 = =8

@y —a, =9 —15=—6

@ —a;=5-9=-4

g =a,=3=5=<=1

P The differences are not constam, so the sequence is not arithmetic,

Monitoring Progress 4?" Help in English and Spanish at BigideasMath.com
Tell whether the sequence i3 arthmetic. Explain your reasoning.

1. 2,5.8 11, 14, .. 2. 15,9,3.=3,=9,... 3. 8,4,21,4

Writing Rules for Arithmetic Sequences

&) Core Concept

Rule for an Arithmetic Sequence
Algebra The nth termof an arithmetic sequence with first term a, and common
difference o is given by
a=a;+{n-1
Example The nth termof an arithmetic sequence with a first term of 3 and a
commeon difference of 2 is given by:
a=3+n-12 o008 =2n+1

L

418 Chapter 8 Sequence: and Series



COMMON ERROR

Inthe general rule for
an arithmetic sequence,
note that the commeon
difference & is multiplied

by n—1, notn. D

ANALYZING
RELATIONSHIPS

Motice that the points lie
on a line. This is true for
any anthmetic sequence.
5o, an anthmetic sequence
is a linear function whose
domain s a subset of the
integers, You can also use
function notation to write
sequUences:

fin) = =3n + 12. D

FVANINN  Writing a Rule for the nth Term
Wirite a rule for the mih term of each sequence. Then find a, ..
a. 3.8 13 18, .. b 55 47,39, 31, ...
SOLUTION

4. The sequence is arithmetic with first lermay = 3, and common difference
d =8 =3 =3 50 amile for the eth term is

a=a +(n—1yd Wnite general mule.
=%4+(n—1)5 Substitute 3 for a, and 5 for &
= Sn - 2. Simplify.

P Anleisa, =351~ 2, and the 135th term is ayy =3(15) -2 =73

b, The sequence is adthmetic with first terma, = 55, and common difference
d =47 — 55 = —8._ 50, amle for the nth term is

a,=a,+(n- 1) Wite general mile,
= 55 + (g = L} -8) Substitute 55 for 2, and — 8 tor &
= —8n + 63, Sienphiy.

h- Anile is 4, = —8n + 63, and the 15th lermisa,; = —8(15) + 63 = —57.

Monitoring Progress 4’3:' Help in English and Spanish at BigideasMath com
4. Write a rule for the ath term of the sequence 7, 11, 15, 19, .. . Then find ..

SYNTEINEN  Writing a Rule Given a Term and
Commeon Difference

One term of an arithmetic sequence is g, = =43, The common difference isd = =3,
Write a rule for the nth term. Then graph the first 2ix terms of the sequence.

SOLUTION
Step 1 LUse the general rale to find the first term.

a,=a, +(n—1)a Wiite gemeral e
@y =ay + (1% — 1)d Substibute 19 for o
-45 = a, + 18(-3) Substimte — & fora,, and — 3 for d
0 =a Solve fora,,
Step2  Write a rule for the sth term.
a,=a +(n— 1d Write qeneral mule
=04(n —1H-3) Substitute 9 for &, and —3 for g,
= =3n+ 12 Simiphify,

Step 3 Lse the mile to create a table of values for
the sequence. Then plot the points,

n 1 2 3 4 5 i

e 9 |l 6| 3o |3 -6
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Check

Uz the male to verify that
the Tih term is 17 and the
Jath berm iz 93.

a;=47)—11=17 v
a,, =4(26) — 11 = B v

Writing a Rule Given Two Terms

Two terms of an arithmetic sequence are a; = 17 and ., = 93. Write a male for the
sih ferm.

SOLUTION

Step 1 Write a systermn of equations nsinga, = a + (n = | . Substitute
26 for o to write Equation 1. Substitute 7 for » to write Equation 2.

A= 4 (26— 1)d WP 93 =q + 254 Equation 1

a=a,+{7-1)d W 17=a+ & Equatsen 2
Step 2 Solve the system. 76 = 194 Subtract.
4 =g Sodve for o
93 =g, 4+ 1304} Substiture for o in Equation 1,
-7 =4, Sobve fora,,
Step 3 Write amule forer,. a,=a, +i{n— 1)} Wte general rule.
= =T g =1H Substitute for &, and o
=dn =11 Samplaty

Monitoring Progress 413} Help in English and Spanish at BigideasMath.com

Write a rule for the ath ferm of the sequence. Then graph the first six ferms of
the sequence,

5. a, =50,d=7 6. a, = 71,4, = 26

Finding Sums of Finite Arithmetic Series

The expression formed by adding the terme of an arithmetic sequence is called an
arithmetic serles. The sam of the first o lerms of an aithmetic seres is denobed by 5.
To find a rule for 5, vou can write 5, in twvo different ways and add the results.

5, = a4, + {a, +d) +(a +2d)+ - +a,
5, =iy + @, —d) g, —2d)+---+a
o= t+a)+m+a)+ia+a) +---+ig +a)

.
[a, +a ) added n bimes,

You can conclude that 25, = nfa, + a,), which keads to the following result.

&) Core Concept

The Sum of a Finite Arithmetic Series
The s of the first o terme of an arithmetic series is

In words, 5, is the mean of the first and ath terms, moltiplied by the number

of terms.

.
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STUDY TIP

This sum 5 actually a
partial sum. You cannot
find the complete sum

of an infinite arithmetic
series because its terms
continue indefinitely.

Check

Use a graphing calculator to

check the sam.

sumiseqi3n, 6,.1.1

2)}

234

>

AN Finding the Sum of an Arithmetic Series

Fal)
Find the sam =3 + 7).

=1

SOLUTION
Step 1 Find the first and last termes,
ay =23+ T =10 ld=nmiby first term,
&y, = 3(20) + 7 = 67 Idenuty last term.
Step2  Find the sum
i
= 2f1[ﬂ1 5 ﬂ:] Verite nule for 5,
=m[‘”j“‘?} Substitute 10 for &, and 67 lor a,,.
= T70 Sumplily,

Solving a Real-Life Problem

You are making a house of cards similar to the one shown,

a. Write a rule for the nmmber of cards in the mth row
when the top row js row 1,

. st rovwy

b, How many cards do vou need o make a howse of
cards with 12 rows?

SOLUTION

a. Starting with the top row, the mymber of cards in the rosws are 3, 6, 9, 12, .. .,
These nurobers form an arithmetic sequence with a first term of 3 and a commeon
difference of 3. So, a rule for the sequence is:

a, =ay+ (n— 1 Nrite general nule.
=3 +(n=133 Subistibate 3 for a, and 3 for o,
=3n SumipHiky.

b, Find the sum of an arithmetic series with first terma, = 3 and last term
dyy = 3{12) = 36

Sz = Q{M%} = 11{3 ";3"'5'] = 934

P So, von need 234 cards to make a house of cards with 12 rows.

Monitoring Progress 4% Help in English and Spanish at BigideasMath.com

Find the smm.

(] 12 il
7. .91 8. 2 (Tk+2) 9, ¥ (—dn + 6)
=]

=} =]

10. WHAT IF? In Example 6, how many cards do yon need to make a house of cards
with eight rows?
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8.2 Exercises

Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check

secuence 15 calbad the

1. COMPLETE THE SENTENCE The consiant differemce bebwesn consecutive terme of an arithmetic

2. DIFFERENT WORDS, SAME QUESTION Which is different™ Find “both™ answers.

What sequence consists of all the positive odd numbers?
What sequence starts with 1 and has a common difference of 27

What sequence has an sthterm ofa, = 1 + (n — 1)27

What sequence has an nth termof a, = 2n + 17

Monitoring Progress and Modeling with Mathematics

In Exercizes 3-10, tell whether the sequence is
arithmetic. Explain vour reasonbng, (See Ecample [

3000, L == =T... & 18 60 -6 =1 ...

5. 5,813,20,2,... 6 3,59152,...

7. 36,189,323, ... 8. B8L,27,9,3.1,..,
1 3 3.3 1. 15T 3

g- E-.E-. 1.;.?.-.. 10-. E-.E-.E-E_-E-....

1. WRITING EQUATIONS Write a mle for the arithmetic
sequenes with the given description.

@. The first term is =3 and each term iz & less than
the previons term

b, The figst term ds 7 and each term is 5 moee than the
previous term

12, WRITING Compare the terme of an arithmetic
sequence when d = Oto when d < 0.

In Exercizses 13=20, write a rule for ihe sih term of the
sequence. Then find &y, (See Example 2.)

13. 12,20, 28,36, ... W 7L, ..
15. 51.48,45.42, ... 16. 86, 79,7265, ...

17, <L 5%l 18 -2, -3 -

1% 231507, -01,... 20, 11.7.108,929.9, ...

422 Chapter 8 Sequence: and Series

ERROR ANALYSIS In Exercises 21 and 212, describe and
correct the error in writing a rule for the gth ferm of
the arithmetic sequence 22, 9, —4, =17, =3, ...

45 Usea, =22 and d= —13.
X ., =dy +nd
f8,=22 + n{="13)
A =22 —13n
22.

differenca s =13,
Ad,==12 +(n—=1)22)
a.=—35+22n

x The first termis 22 and the commoen

In Exercizses 2328 wrile a rle for the ath term of the
sequence. Then graph the firsl sx terms of the sequence.
(See Example 3.)

3. a,=43,d=5 24, ay;=42%d=4

35, myg=—2d=-1 6. ay=—35d=—3

5. d= —

27, -ﬂl 1

28, ﬂ:i

~25,d = -}

29, USING EQUATIONS One term of an arithmetic
sequence isa; = —13. The common dilference
is —&. What is arule for the nth term of the sequence?

B a, =51+ 8 B a, =35+ En
L a,=51-8n (D a, =35-8n



30. FINDING A PATTERN Cne term of an arithmetic
sequence isa,, = 43, The common difference
iz 6. What ig another term of the sequence?

(A} a3 =-—11 (B} a,=-53
@ a, =13 @ a;=-47

In Exercizes 31=238, write a mile for the gih term of the
arithmetic sequenoe. (See Evample )

N a; =41, a,=9%

32. ;;=58a,=M

33, q;= =8 = —62
24, a,=-154a,=-78
35, a4y =594, = -7
36. a3 = =3B, a=-73
7. a; =12 a8, =12

38, a3=%ay=15

WRITING EQUATIONS In Exercises 39-44, write a rule
for the sequence with the given terms,

35, 40,

Mo led 11T 4. [T 111
w=RNEn {4, 10he
| ] L €4 5)® I
(3.2 | | L]
~+——'-+ g ﬁ.‘-‘f |
I l.__'_-l | | *{ L
I )| 27
TG, —a) oEEEEEY
{1, =5}

_5.1 I:h1r*

43,

a, | 25 | 29| 33 | 37 | 4]

| - EFEENFEAERN
31 340 47 a5 35

45, WRITING Compare the graph ofa, =31+ 1,
where 1 s a positive integer, with the graph of
fix) = 3x + 1, where x is a real number,

Section 8.2
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46. DRAWING CONCLUSIONS Describe how doubling
edch term in an arithmetic sequence changes the
commeon difference of the sequence. Tustily
VOUT A15WET.

In Exercises 47-52, find the sum. (See Exvample 5 )

] 6
47. X2i-3 48, >4+ 7)
i=] =]

31
50, -3 —4i)

=]

33
49, 36— 20)
=]

41 3]
51, 2(—-23+ 01 52. (—4.1 + 04i)
=1 =]

NUMBER SENSE In Exercises 53 and 54, find the sum of
the arithmelic sequence.

53. The first 19 terme of the sequence @, 2, =5, —12, .. ..
24, The first 22 terms of the sequence 17, 2.1, =7, .. .

55. MODELING WITH MATHEMATICS A marching
band &5 arranged in rows. Thee first cow has three
band members, and cach row after the firsd has
twn mere band members than the row before it,
(See Examgle 6.)

. Write a rule for the nomber of band members in
the atth pomy,

b How many band members are in a formation with
BV FOWS?

56. MODELING WITH MATHEMATICS Domestic bees
make their honeycomb by starting with a single
hexagonal cell, then forming ring after ring of
hexagonal cells around the initial cell, as shiown,
The number of cells in secessive rings forms an
arithmetic sequence.

o & @

Initial 1 ring 2 rimeps
cedl

A Write arule for the number of cells in the #th ring,

b How mamy cells are in the honeyoomis after the
ninth ring is formed?

423



7.

59,

MATHEMATICAL CONNECTIONS A quilt is made

up of strips of cloth. starting with an inner square
sarrotnded by rectangles to form successively larper
aquares. The inner square and all rectangles have a
width of 1 food, Write an expression using summation
notation that gives the sum of the arcas of all the strips
of ¢clodh used to ma ke the quilt shown, Then evalpate

the expression.

HOW DO YOU SEE IT? Which graph(s) represents an
arithmetic sequence? Explain vour reasoning.
« (BCTTTIT & (BT TTTT

—_—,
1

141 gn
G |
] | |
- -
2 R
FHHHH
a.. . — 11
| E-..“. - ! o

MAKING AN ARGUMENT Your fricmd belicves the
sum of a series doubles when the common differe nce
of an arithmetic series is doubled and the first term
and number of terms in the series remain unchanged.
Is your friend correct? Explain your reasoning,

60,

61.

62.

63,

65,

THOUGHT PROVOKING In number theory, the
Dirichiet Prime Number Theorem states that it a and &
are relatively prime, then the arthmetic sequence

datba+ba+ib,...

contains infinite by many prime nambers. Find the first
10 primes in the sequence when a = 3 and b = 4,

REASONING Find the sum of the positive odd integers
less than 300. Explain vour reasoning.

USING EQUATIONS Find the value of n.

n L]
a S+ =544 b B(-4-1)=-1127
i=] =]

d (-3 - 4i) = —507
i=3

o, (7 + 12i) = 455

=5

ABSTRACT REASONING A theater has i rows of seats,
and cach row has 4 more seals than the row in front of
it. There are ¥ seats in the last (pih) row and a tofal of
¥ 2eats in the entire theater. How many seats are in the
front o of the theater? Write vour answer in terms
of i, x, and y.

CRITICAL THINKING The expressions 3 = x, x,
and 1 = 3x are the first three terms in an arithmetic
soquence. Find the valoe of x and the next term in
the sequence.

CRITICAL THINKING Cne of the major sources of our
knowledge of Ezyptian mathematics is the Ahmes
papyruz, which is a sceoll copied in 16530 B.C. by an
Egyptian scribe. The following problem is from the
Ahroes papyrus.

Divide [0 hekals of barley among 10 men so Hal
the common difference s 31 of a hekald of barley.

Ulze what wou know about arithmetic sequences and
series to determine what portion of a hekat each man
should peceive.

— Maintaining Mathematical Proficiency =z s o s s s s e

Simplify the expresdon, (Section 5.2
7 -

(18 T 67, 3=
{ 0 )m

68. |— 69. (517 .54
\1 ¢ *

Tell whether the function ve presents exponeniind growtlh or exponentiad decay, Then graph the

fumction.  (Seciion &.2)
T0. y= 2 M y=e ik 72, y=3e* 73, y= 08
424 Chapter 8 Sequence: and Series



Analyzing Geometric Sequences

and Series

LOOKING FOR
REGULARITY IN
REPEATED
REASONING

To be proficient in math,
you need to notice when
calculations are repeated,
and look both for
general methods and

far shortouts,

Essential Question towcan VOul fecognize a geometric
sequence from its graph?

In a geometric sequence, the ratio of any ferm to the previoos termy, called the
cotimion ralle, is constant, For example, in the seometric sequence 1, 2,4, 8, ...,
the common ratio iz 2.

A leLEAIsl/ME Recognizing Graphs of Geometric Sequences

Work with a parimer. Determine whether each graph shows a geometric sequence,
If it does, then write a mile for the rth term of the saquence and use a gpreadshect to
find the snm of the frst 20 terms, What do you notice about the graph of a geomelric
sequence?

e |
2 |.:'.“" O - b. 1}‘5‘; 1
. 2
;! # | -
i =ttt q -
- Gl t L]
FIBEENS 28,
--'-If 2 q ] ¥l 2 4 | &n
1
C ”A‘Tn. | d .I':."-"
F | 2
. L 4 -
.
! . L i
. l ! o |
i L i | - —
- | 4 .
3 |
R
¥ | 2 I | &n ¥ ] 21 4] 6n

EXPLORATION 2

Finding the Sum of a Geometric Sequence

Work with a partners You can write the sth term of a geometric sequence with first
termm ay and conmmnod ratio - as

g =yl
50, you can write the sum &, of the first n terms of a geometric sequence as
S =aq+artari+ari+---+aro-l.

Rewrite this formmla by finding the difference 5, — 5, and solving for 8, Then verify
vour rewritten Tormula by finding the strme of the first 20 terms of the geometnic sequences
in Exploration 1. Compare your ansvers to those you obdained using a spreadshed.

Communicate Your Answer

3. How can you recopnize a peomelric sequence from its graph?
4. Find the sum of the terms of each geometnc sequence.
a 1,2,4.8,.._, 8192 b, 0.1, 001, 0,000, 00001, _. ., 10717
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8.3 Lesson What You Will Learn

P Identify geomaetric sequences.
B Write rules for geometric sequences.

Core vmmh ry- B Find sums of finite geometric series.
geamelne sequence, p 426
I raki i = = -
"f;:r:‘j“ j ? ﬁef 42 45 Identifying Geometric Sequences
n TE2TNIC 8 o B
N g In a geometrc sequence, the ratio of any term to the previous term is constant.
Previous This constant ratio is called the common ratio and is denoted by r.
exponential function
properties of exponents - . . .
L SN  Identifying Geometric Sequences

Tell whether each soquence is seometric.
a. 6 12, 20,30, 42, ...
b. 256,04, 16,41, ...

SOLUTION

Find the ratios of consecutive terms.

Enzzl.;zz ﬂ?:mzﬁ uﬂﬂz_.:!.:':j ﬂ":ﬂgz'?
1 i iy 12 3 iy 2 a, M5

P The ratios are not constant, so the sequence is not geometric.,

=1 hto 1 o P S z

= - — T m— —

1
a, 256 4 a 64 4 a; 16 4 a, 4

B Eachratiois 1, so the sequence is geometric.

. = 2
Mon Eiﬂrmg F‘rﬂgmﬂﬂ ‘1}*’ Help in English and Spanish at BigldeasMath.com

Tell whether the sequence is geometric. Explain your reasoning.

1. E?.?.E.L%.... 2.2.6,24,120,720,... 3. —-L2 -4.8 16 ...

Writing Rules for Geometric Sequences

&) Core Concept

Rule for a Geometric Sequence
Algebra The sth termof a geometric saquence with first terma, and common
ratio r iz given by
a, = a1
Example The nth term of a peometric sequence with a first termof 2 and a
commen ratioof 3 is given by:
a, =23y -1
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COMMON ERROR

Inthe general rule for a
geometric sequence, note
that the exponent is

n—1,notn. D

ANALYZING
RELATIONSHIPS

Motice that the points lie
on an exponential curve
because consecutive terms
change by equal factors.
30, a geometric sequence
inwhich r> 0andr = 1

is an exponential function
whose demain is & subset

of the integers. D

EXAMPLE 2

Writing a Rule for the nth Term

Wirite a rule for the mth term of each sequencs. Then find a,,
8 5.15.45,135,... b. B8, —44,22 —11,...

SOLUTION

La

a: The sequence is geometric with first lerma, = 5 and commeoen ratio r = — = 3,

-:.-I

S0, a male for the rth term is

a, = ayre!

= Sy~ 1,

Wiite general nde

Sulstatute 5 for &, and 3 forr.,

P Anleisa, =53 -, and the 8th term is a; = 53)* -1 = 10,935,

b, The sequence is geometric with first ferma, = 88 and common ratio

£ :5"?" = —%. So, a rule for the ath term is
a, = a;r® -1 Wnite general rule.
] B=1] 1
=RE{ -;} . Substitute 88 fora, and §1urr.

1'|_|'I—]

P Anleisa, =ss{—;} :

. Ly 1
, and the Bth term is a, = EE{ —-i} =T

Mon H'ﬂriﬂﬂ Prﬂgrﬁfﬂ ‘ﬁj Help in Engish and Spanish at BigldeasMath.com
4. Write a mle for the nth term of the sequence 3, 15, T5, 375, . . .. Then find a,.

EXAMPLE 3

Writing a Rule Given a Term and Common Ratio

O term of a geometric sequence is a, = 12. The common ratio is £ = 2, Write a mle
for the ath term. Then graph the first six terms of the sequence.

SOLUTION
Step 1 Use the general male to find the first term.

a, =a,r" =} Write general nie
a, =art-1 Substitute 4 for o
12 = a,(2F
1.5 =a,

Step 2 Write a nule for the sth term.

Substiute 13 fora, and 7 for r.

Sobye for .

a,=ar" ! Wiite general nule
= L5xp-1 Substtute 1.5 for &, aned 7 for v
Step 3 Use the rule to create a table of valoes for T
the sequence. Then plot the points. [ [ 1 | [ | L
¢ I R ) R L i i w
&, | 15| 3 6 12 | 24 | 48 1' Lot .. -;:
|y [2]4]én|
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Check
Usze the rule to verify that the

2nd termis 12 and the 5th ferm

is —T08.
ay = =3H=4p =1
= -3{~4) =12 v
g = =4y -1
= —3(256) = — 768 /
428

FENAUIIRE N  Writing a Rule Given Two Terms

Two terms of a peomeiric sequence are 4, = [2 and a; = =763, Write a mle for the
sih ferm.

SOLUTION

Step 1  Write a system of equations using a4, = a,7" = . Substitute 2 for 2 to write
Equation 1. Substiuts 5 for m (o write Equation 2.

ay = ayrt =) * 12 = ayr Equation 1
dy = ayrs ~1 ‘- -768 = a,r Eeuation 2
Step 2  Solve the system, }; = a, Sobve Equation 1 for a,,
—-765 = %{r'j Substiste for &, in Eoquation 2.
—-T68 = 12r° Smipliby.
-4 =r Sobve for r.
12 = a,(-4) Subsnutute for ron Equation 1
-3 =g, Sobe for a,,
Step3 Write arule fora,. a,=a,r" ! Wnite general nde.
= —3—4" 1! Substiae for a; and r,

Hﬂﬂﬂﬂriﬂﬂ Prﬂﬂrﬂﬂﬂ' ‘ﬁ} Help in English and Spanish at BiglideasMath.com

Write a mule for the sth term of the sequence, Then graph the first six terms of
the sequence.

Joa,= =96 r= =1 6. a,=12.a,=3

Finding Sums of Finite Geometric Series

The expression formed by adding the terms of a geomeiric sequence is called a
geometric series. The sum of the first 7 terms of a geometric series is denoded by &,
You can develop a mle for 5, as follows,

S" = d +ﬂ|i"'+ﬂ-|.l"?+ﬂ'||"3 4w +4!3I'|?""_"

£ = — = =g L P S =7
s, = ayF — ayrs — ayr- iy r ar®

=T, =a;+ 0+ 0 + 0 -+ 0 = iyt
SJl=r=aq(l = rY

When r # 1, you can divide each side of thiz equation by 1 — r to obtain the following
rule for 5.

&) Core Concept

The Sum of a Finite Geometric Series
The sum of the first o terms of a peometric series with common ratio r # 1 is

. ]._l"'JE
$*=E1(l—r}'
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PN Finding the Sum of a Geometric Series

10
Find the sam = 4{3)% - 1,

E=]
SOLUTION
Step 1  Find the firsd term and the comimon ratio,
Check gy =43) 1= 4 Identify first term.
Use a graphing calculator to s :
b iy r=3 Idemily common ratio.

Step2  Find the sum
sumiscq{d=3n{x-1

% {1 — 10
#X.1,.100) ey Fis =gy l 11 —rr ' Winte rule bor 5,
'] — 310}
=4 : -~ : } Substitute 4 bor &, aned % lor v
= 118,096 Samgehi by,

FEALIGENN  Solving a Real-Life Problem

You can caleulate the monthly payment M (in dollars) for a loan using the formula
L

2

where L is the loan amount {in dollars), { is the monthly interest rate (in decimal form),
and £ is the term (in months). Calculate the monthly payment on a 5-vear loan for
$20.000 with an annual interest rate of 6%.

USING SOLUTION
TECHNOLOGY Step 1 Substitute for L, and 2. The loan amoont i = 20,000
Storing the value of is L = 20,000, the monthly interest rate & E f | J.
1+HJ'5 helps minimize i8i= n—l{f = (1005, and the térm is i=t\1 + 0.005
mistakes and also assures = 5[13;,' = &0,
an accurate answer. : 5 s :
Rounding this value to Step 2 Notice that the denominator is a geometric 1/1 .4:959*35““”5&
0.995 WS“T;;;; ;‘;"""'F series with first term —-— and common K¢ 1-R~600/{1-R)
payment o a4,
D» atio l_!ﬁj Use a calculator to find the Souog L TE55607
i i it 384, 65603046

P So, the monthly payment is $386.66.

Monitoring Progress 4@’ Help in En@ish and Spanish at BigldeasMath.com

Fimnd the sum.
3 1% T

7. o gk=1 g, S 6=21 9, ¥ =1&0.50 "
=] =] =1

10. WHAT IF? In Example &, how does the monthly payment change when the
annual interest rate is 5%7
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8.3 Exercises

Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check

called ths

1. COMPLETE THE SENTENCE The constamt ratio of consecutive lerms in a geomelric sequence is

2. WRITING How can you determine whether a sequence is geometric from its graph?
3. COMPLETE THE SENTEMCE The sdh term of a peometric sequence has the forma, =

4. VOCABULARY State the rule for the som of the first i terms of a geomeiric series.

Monitoring Progress and Modeling with Mathematics

In Exercises 5=12, tell whether the sequence is
peormeelric, E-:pl:lll your reasening. (See Exammple 1)

5. 96.48,24,12, 6, ... 6. 729,243, 81.27.9,...
7 2,4,68.10,... 8. . 5,20,35,50,65,...
8, 02,32 -128.51.2, -24.8,...

10. 03, -15,75 3751875, ...

1 'y F 1
N s wsae

12, et L L

13. WRITING EQUATIONS Write a mule for the geometnic
sequenoe with the given description,

a. The first term is —3, and each termis 5 times the
ey IoaIs le .

b The first term is 72, and ach term is ; Lirries the
previous term,

14, WRITING Compare the werms of a geomeiric sequence
whenr> [towhen0 < r< 1.

In Exercizes 1522, wrile 4 rule Cor the ath term of the
sequence. Then find a4 (See Example 2.)

15. 4,20, 100, 500, . .. 16. 6, 24, 96,384, ...

17. 112,56,28,14,... 18, 375,75.15.3,...
19. 4,692, ... 20. 2,355, ..
M 13 =39 117, =351, ..

22, 1.5, -715.375, -187.5, ...

430 Chapter 8 Sequence: and Series

In Exercizes 23=3), wrile a rile for the gih term of (he
sequence. Then graph the first six terms of the sequenoe,
(See Exantple 3.)

23 gy =4, =12 B ay=rLr=3
25. @y =30,r=3 26. a,=64,r=1
2N ay=-—192.r=4 28, a;=-300,r=35
29, 4, =3,r= —Ig 3. a.=1,r= —%

ERROR ANALYSIS In Exercises 31 and 32, deseribe and
correct the error in writing a rule for the nth term of
the gemmetric sequence for which a; = 48 and r = 6.

31. lﬂﬂ_:a_lrﬂ
X 48 =a,6°

a
5=

.= 3(6)

2,= ra,y -1

X 48 =6a,)* '
B=a,
a,=e(g)y

32.

In Exercizes 33=40, write a muile for the mth term of the
geometre sequence, (See Examgle 4, )

33; -ﬂ-z EE.H:‘ — J.T‘.:lr: 3‘4. 'ﬂl = 1]... 'ﬂd = SE

35. o, =—6a;=—486 36. g4, = -10, 0, = —6250

3. aa=6d ;=1 38 @y =1a, =49

39, m,= -T2 8, = —=

5 0. a;



WRITING EQUATIONS In Exercises 41-46, write a rule
for the sequence with the given terms,

o [T 42,
At
'_E_q —
146 1 .{Jf l“-:';l
81— éf‘} s E?-'

?3 | f{'l_l.-"l_ﬂ--:'
71 1 . el 11 1 1 |
| .[1J5:I | [ | i1 1 3 1 1
H -1 pH——117
e 25 | ] j 2.17) |
N EEFERED) i 'i{ﬂ-.ﬂ,f_a;
af 0625 3. 3)e L
2| 4] |n W lz21aln
45. n z 3 4 5 ]
a, | -12 | 24 | -48 o9 | —192
46. | 4 2 3 4 5 6
a; | - | & | -189 | 367 |—-1701

In Exercises 47-52, find the sum, (Se¢e Example 5.)

4 )
a1 Sey- a8, >7¢4y -
=] i=]

w 24

. 35l

50. 25{%)
52. E:E —%}'

NUMBER SENSE In Exercises 533 and 54, find the sum.

33, The fird ¥ termes of the geometric sequence
—12, =48, =192, =768, .. .

54. The firat 9 terms of the geomelric sequence
—14, —42, —126, —37%, .. .

55. WRITING Compars the graph of @, = 5(3)* ~ !, whore
1 is a positive integer, to the graph of fix) = 5 « 321,
wherne x is a real number.

Section 8.3

56. ABSTRACT REASONING Use the rule for the sum of a
finite peometric series to write each polynomial as a
rational expression.

a l+x+x2+x+ x4
b 3r + 657 + 1237 + 240

MODELING WITH MATHEMATICS In Exercizes 57 and 58,
use the monthly payment formula given in Example 6.

57. You are buying a new car. You take oul a 5-year loan
for 515000 The annual interest mte of the loan 15 49%.
Calculate the monthly payment. (See FExample 6.)

28, Wou are buving a new house, You take out a 30-vear
martgage for H200,000, The annual interest rate of the
loan is 4.5%. Cabculate the monthly payment.

59. MODELING WITH MATHEMATICS A regional soccer
toarmament has 64 panticipating teams, In the first
round of the tournament, 32 games are plaved. In each
sicoessive round, the mmber of games decreases by
a factor of Lt

. Write a mle for the nomber of games played in the
ath round. For what values of i does the mle make
sense? Explain.

b, Find the tofal number of games plaved in the
regional soccer tournament.

60. MODELING WITH MATHEMATICS In a skydiving
formation with & rings, each ring after the first has
twice as many skydivers as the preceding ring. The
formation for & = 2 is shown.

— —

a, Leta, be the pumber of skydivers in the nth ring.
Write a nale for a,.

b Find the todal number of skydivers when there are
four rings.

Analyzing Geometric Sequences and Series 431



61. PROBLEM SOLVING The Sierpinski carpel is a fractal
created using squares. The process involves removing
sraller squares from larger squares. First, divide
a large square inlo nine congruent squares. Then
remove the center square. Repeat these steps for cach
smaller square, as shown below, Assume that cach
sick: of the initial square is 1 unit long,

Stage | Stage 2

Stage 3

#. Leta, be the total momber of squares removed at
the nth stage, Write a nale for a,. Then find the
total number of squares removed through Stage 8.

b. Let iy, be the remaining area of the original square
after the ath stage. Write a mle for & Then find
the remaining area of the original square after
Stape 12,

62. HOW DO YOU SEE IT? Match cach sequee noe with its

graph. Explain your reasoning.
] =1
R I IO{E)
T

Aobdd 114 1]

boa, = 1002y -!

B [T

.1"?. - T ST

12

63. CRITICAL THINKING Cn January 1, you deposit 52000
in a retirement acconnt that pays 5% annual interest.
You make this deposit each January 1 for the next 30
vears, How much money do you have in your account

irmmediatelv after vou make your last deposit?

THOUGHT PROVOKING The first four iterations of the
fractal called the Kook snowfake are shown below,
Find the perimeter and area of each iteration. Do

the perimeters and areas form geomedric sequences?
Explain your reasoning.

65.

o,

AN §

MAKING AN ARGUMENT You and vour friend are
comparing two loan options for 4 $165,000 honse,
Loan 1 is a 15-vear loan with an annoal interest
rate of 3%. Loan 2 is a 30-vear loan with an annual
interest tate of 4%, Your fricnd ¢laims the total
amount repaid over the lean will be kess for Loan 2,
Iz vour friend comect? Justify your answer,

CRITICAL THINKING Let £ be the amount of a loan
iindollars), § be the monthly interest rate (in decimal
form), § be the term {in months), and A be the
monthly payment (in dollars),

a. When making monthly pavments, you are paying
the koan amount plus the interest the loan gathers
each month. For a 1-month loan, | = 1, the
equation for repayment is il +§) — W =0,
For a 2-month loan, § = 2, the equation is
[L41 + i) — M](1 + i) — M = 0. Solve both of
these repavment equations for L,

Use the pattern in the equations you solved in pan
{a) to write a repayment equation for a f-month
loan. (M L iz equal to M times a geometric
series. ) Then solve the equation for M.

¢ Use the mile for the sum of a finite geomsiric
series o show that the formmla in pat (b) is

equivalent o

" i
.52 L(] - {1+ ::ﬂ)'

Usze thiz formula to check vour answers in
Exercises 37 and 58,

- Mai Hhi” iﬂg Mafhﬂmaﬁﬂal Prﬂfiﬁiﬂ-ﬂ ﬂ-’f Badewng what you leamed in presious grades and lessons

Graph the Punciion. State the demadn and range,

(Saciion 721

1 2
67 fir)=—1 68. glx)==+3
1 3
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8.1-8.3 What Did You Learn?

Core Yocabulary

sequence, p. 410 siyma notation, p. 412 o meiric soquence, g 426
terme of a sequence, p. 410 arithmetic zequence, p. 418 common ratio, p. 4256
geries, p. 412 common difference, p. 418 genelric eries, p, 428
summation notation, p. 412 arithmetic series, p. 420

Core Concepts

Section 8.1

SEqUences, p, 410

Serics and Summation Notation, p, 412
Formalas for Special Series, p 413

Section B.2

Fule for an Arithmetic Sequence, p. 418
The Sum of a Finite Arithmetic Series, p, 420

Section 8.3

Rule for a Geomelfric Sequence, g 426
The Sum of a Finite Geometric Series, p. 428

Mathematical Practices
1. Explain how viewing each amrangement as individoal tables can be helpful
in Exercise 29 on page 415.

2. How can vou nse tools to find the sum of the arithmetic series in Exercizes 335 and 54
on page 4237

3. How did understanding the domain of each function help you to compare the graphs
in Exercise 55 on page 4317

pr Study Skills = = = = = = m e e e e e e e e —
Keeping Your
Mind Focused

+ Before doing homework, review the concept boxes and
examples Talk through the examples out loud

o Complete homework as though you were also prepanng
for a quiz. Memonze the different types of problems,
Tormulas, rules, and 5o on




8.1-8.3 Quiz

Describe the pattern, write the next term, and wirite a rule for the aih term of the
Sequence. (Section 8.1

R R TR [ o [ 2. =510, -1520 ... gt Tt AL AN

Write the series using summation notation, Then find the sum of the series. (Section &.1)

1 2.3 7
A 1+2Z+3+4+--+15 5 0+-+=++---+= 6 9+ 16+25+ -+ 100
1+ 2 1 s+t3+3 2 + |
Write a rule for the ath term of the sequence. (Seciions 8.2 and 5.9)
. : i P
7. e || 8. | .3#'". (5, B}e—| %, *(1, 1)~
! . ! L - -
i (3, 1.25) 4 1n
{'tl '1',--'] 1 HuEEEEER (2,575 ]
[ ol ] I —1 | - —_— | - r e
|40, 1) [l g 1L =3
3 H——4(2, 0.5) ——H1, 0.5 ——— 1" =5 ]
- ..[LU‘:!.!;}- 2 -‘ ":.t_.ri'} E t—t L
e —l | | = ! |
112 T an L8 Te ] N O
¥ 1 1] Y1zl Y T
Tell whether the sequence s aritharelle, geomeiric, or peifher, Write a rule for the gth term
of the sequenoe. Then find ag, (Seciions 5.2 and 5.3
3.6, -1, 8 1111 P
10 13,61, =5, 11. g Y2 ), =39 =2, ..
13, Ome term of an arithmetic sequence is ays = 19, The common difference is & = 7, Wrile a
rule for the ath terno. Then graph the first zix terms of the sequence. (Sechiva §.2)
14, Twoterms of a peomelric sequence are a; = —50and a, = —6250. Write a e for the
pih term, (Secion §.3)
Find the sum. (Secions 5.2 ard 8.3)
s 4 12 'Il:1-J
15 ¥ (3n+ 5 16, > 11{-3)-2 17. ‘E—-lf;}
=] k= T e

18, PFieces of chalk are stacked in a pile. Part of the pile is shown. The
bottom row has 15 pleces of chalk, and the top row has & pleces of
chalk. Each row has one less piece of chalk than the row below it. How
many picces of chalk are in the pile? (Section 8.2)

19, You accopt a job as an environmental engincer that pavs a salary
of 345,000 in the first vear, After the first vear, vour salary increases
by 3.5% per year. (Sechion 8.3)

#. Write a rale giving your salary a, for your nth year of employment.
b.  What will yvour salary be during your fifth year of employment?

. You work 10 vears for the company. What are your tolal earnings?
Justify vour answer,
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Finding Sums of Infinite

Geometric Series

USING TOOLS
STRATEGICALLY

To be proficient in
math, you need to use
technological toals,
such as a spreadsheet,
to explore and deepen
your understanding

— of concepts,

>

Egsential Qﬂ&ﬂﬂﬂﬂ How can vou find the sum of an infinite

peomelric seres?

EXPLORATION 1

Finding Sums of Infinite Geometric Series

Work with a partner. Enter each geometric series in a spreadsheel. Then nse the
spreadsheet to determine whether the inlinite geometric serics has a hnite sume [T
docs, find the sum. Explain your reasoning, (The figure shows a patially completed

spreadshect for part {a).)
Fodadn § oo A | H |
S S 7 1 i
= | 2 0.5
OB HH S e D 3] 3] 025
3 8 7 3 4| 4 0.125
L BN Ry L= | 5 0.0625
A A S TR | 6] 6/ 003125
5,25 135 | 625 a1 .
d g et | LR Rt | 8
d. 1 tat16 e T3 gl 9
e 144,16, 61 256 %J 10
5735715 635 =1 2]
gy a8 100 858 13| 13|
; 10 100 1000 10,000 14] 14 |
15| 15
|16 | Sum

EXPLORATION 2

Writing a Conjecture

Work with a pariner. Look back at the infinite geometric series in Exploration 1.
Write a conjecture about how yvou can determine whether the infinite geometric series

ay + ar+ .|':|'|.I"“! i nlr‘ fowons

has a finite sum,

EXPLORATION 3

Writing a Formula

Work with a partner. In Lesson 8.3, vou learned that the sum of the first n temms of @

peomelric series with first berm a; and common ratio r # 115

i1 -
5, “‘l-. = o)

When an infinite geometric series has a finite sum, what happens (o r® as n increases?
Explain your reasoning. Write a fornmla to find the sum of an infinite peomelric series
Then verify your Formuila I'_'u:.r checking the sumes you obtained in Expl-:u':n.iml 1.

Communicate Your Answer

4. Hoeww can you find the sumof an infinite geometrc series?
5. Find the sum of each infinile geometric seres, if it exists.
a1+ 01+ 001 + 0001 + 00001 + -+ b 2+

lad |

Section 84

Finding Sums of Infinite Geometric Series

16 ,
27

b=l -]
=1

43!



8.4 Lesson

Core Vocabulary.
partial sum, o 436
Previous

repeating decimal
fraction in simphest form
rational numbiar

436 Chapter 8

What You Will Learn

B Find partial sums of infinite geom etric series.
P Find sums of infinite geometric series.

Partial Sums of Infinite Geometric Series

The sum 5, of the first 1 terms of an infinite zeries is called a partial sum. The partial
sums of an infinite peomeliric series may approach a limiting value,

EXAMPLE 1

Finding Partial Sums

Consider the infinite peometric serics

1 1 1 1 1
bt P 1% S L N P
2 4 & & 32

Find and graph the partial sums § forn = 1, 2, 3, 4, and 5. Then describe what
happens to 5 as i increases.

SOLUTION
Step 1 Find the partial sums.

y i
|'.'l =..=ﬂ_5
HE
1 1 =
32 — E + E ='D:|r..‘|
T
Sz—2+4+s k3 :f.-dl. IIIIIIIIIII
RN TN B | 755 FE Y S I 5 ) R S M R
S mzt gyt gm0 ol L TeTY
E!E 1 1 1 i .......
Sﬁ_-i+l+l.q.i+i==[:|lg'lr B e
- 2 4 £ 18 32 ':":'.
Step2  Plot the podnts (1, 0.5), (2, 0.75), T
(3, OBR), (4, 0.94), and {5,097). O O P |
The graph is shown at the right. ':!?
B Fromthe graph, 5, appears to approach | 1 || 1 | 2 2 | & & "
1 as n increases. |, o 1 S R A [

Sums of Infinite Geometric Series

In Example 1, you can understand why 5, approaches 1 as n increases by considering
the tule for the sum of a finite geometric series.

SN )

L1l —r

l_il

]
Az IncTeases, {%} approaches 0, 50 5 approaches 1. Therefore, 1 is defined to be the

sum of the infindte geometric series in Example 1. More penerally, a8 n increases for
any infinite peometric series with commeon ratio r between — 1 and 1, the valoe of 5
approaches

Sequences and Series



G) Core Concept

[> The Sum of an Infinite Geometric Series

UNDERSTANDING The: sum of an infinite geometric serics with first erm a4, and common ratio r is
MATHEMATICAL given by

TERMS

Even though a geometric
series with a common
ratio of |r| < 1 has

intfinitely many terms, the
— saries hat a finike sum.

Find the sum of each infinite geometrc series.

o - . >, 9 1
307y -0 B 14+3+94+27+-- -t o — o ee
L:EI:' J “ 4 16 64

SOLUTION
a. For this series, a, = 30.7)" = = 3 and r = 0.7. The sumof the series is

i
8= : _1 = Formda ber sum of an mfinate geomems semes
= 1 —-‘D.'.:' Substitute 3 for 3, and 0,7 for r,
= . Simiplily
D b. For this serics, a, =lEndﬂ;=3-.‘”in,1.|1:¢mmmnrdjuiar=%=3.
STUDY TIP Because |3| 2 1, the sum does not exist,
For the gecmetric series 3
in part (b), the graph of the ¢ For this series, a; = | and g, = 7 S0, the commen ratio is
partial sums 5, for 3
n=12734>75 andb are ) 3
shown. From the graph, it = =B =T
appears that as n increases, =
the partial sums do not The sum of the series is
approach a fixed number. a
5= Feormida For sum of an infinate geomeimic semes
At 1—=rF
: . Substimte 1 for a, amd —i for r.
()
& 4
0| s 0 7 = ; Simpdity
-5

Mﬂﬁﬂ'ﬂl’iﬂﬂ PI'DQ ress ‘% Help in English and Spanish at BigideasMath.com

1. Consider the infinite geometric serics

2.4 # 16 LY
§+E+Ts+mﬁ+ﬂﬁ+ :

Find and graph the partial sums § forn = 1, 2, 3, 4, and 5. Then describe what
happens to 5, ag n increases.

Find the sum of the infinite geometric series, if it exists

3 _1}““ 3 [EJ“" I S S Lo
E.EI( : 3.%34 4. 3 5 115+ +

Section 8.4 Finding Sums of Infinite Geometric Series 43



Solving a Real-Life Problem

A pendulum that js released to swing freely travels 15 inches on the first swing, On
each suecessive swing, the pendulom travels 809 of the distance of the previous
swing. What is the total distance the pe ndulum swings?

aad g Moo, L G é o
L i [ -4 5 e
o _‘.' L -"I

18 1840, 8) 18{0 8} 180 &)

SOLUTION
The total distance traveled by the pendubam is given by the infinite peometric serkes
18 + LB(0.8) + 18080 + 18(08)0 + - - -,

For this serics, a; = 15 and r = (8. The sum of the series is

5 I_'ﬂl_ Formuda for sum of aninfinite geometric senes
-

18

P

Substitute 18 bor &, and 0.8 for £,

1 —08
REMEMEBER e Sl
Because a repeating
decimal is a rational P The pendulum travels a total distance of 90 inches, or 7.5 feet.
nurn ber, it can be written
a
& o WIRIE S afd Draie FYNININ  Writing a Repeating Decimal as a Fraction

integers and b +# 0.
D Write 0.242424 . . . a5 a fraclion in simplest form.

SOLUTION
Write the repeating decimal as an infinite geometric series.

0242424 . . . = 0.24 4 00024 + 0.000024 + 000000024 + - - -
00024

For this series, a) = 024 and r = YR 001, Next, write the sum of the series.
a .
5 = T Formuda tor sum of an infinite geometnc series
o Nl Substitute .24 for &, and 007 for r.
1 — 001
_ 024
=550 Simphily,
24 ”
e wynk tienk
59 nte as a quotient of integers
&
= — Sy
33 i

Monitoring Progress 4@ Help in English and Spanish at BigidaasMath.com

3. WHAT IF? In Example 3, suppose the pendulum travels 10 inches on its first
swing, What is the total distance the pendulom swings?

Write the repeating decimal as a fraction in simplest Torm.

6. 0335... 1. Q2T ... 8. 0.131313...
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3 " 4 EKE'T:'EES Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Core Concept Check
1. COMPLETE THE SENTENCE The sum 3, of the first 7 terms of an infinite series is called

ain)

o
2. WRITING Explain how to tell whether the series > a,r ™! has a sum.
i=1

Monitoring Progress and Modeling with Mathematics

P
In Exercises 3=6, congdder the infinite geomel ric series, 16. 4 + % . x % + ?'71
Find and graph the partial sums §, forn = 1,2, 3. 4,
and 5. Then describe what happens (o 5§, asn increases,
{See Example 1.) X For this serlas, 2, = 4 and r= % = E
3 Lylydt 1 5 =
2618 547 162 i
d,1.1.1.1 Because | = | > 1, the seres has no sum.
4. —+-+-+—-+—+--- ’
536 B 2
5, g4 12436 108 324
57515 s :
I e I > 17. MODELING WITH MATHEMATICS You push your
2 E CT A TY: + 1296 YOounger cousin on a tire swing one tme and then
allow your cousin to swing freelv, On the first swing,
In Exercises 7=14, find the sum of the infinite geometric your cousin travels a distance of 14 feet. On each
series, i it extsts. (See Example 2.) sUCOesRive swing, vour cousin travels 75% of the
= P 3y distance of the previous swing. What is the total
7. 2.8 I:l] B. { distance your cousin swings! (See Example 3.}
l:"I
SR 25y -1 P \ J : f
. 2305 0. 323 Q_0O Q_0O O_C
6, 18 54
LU - S Bt 14 14(0 75) 14{0 75)2
12, =§-2-3-2
" T . R 18. MODELING WITH MATHEMATICS A company had
£ 2 125 a profit of $350,000 in itz first year. Since then, the
13 3+ 2 * 13 33 EE company s profit has decreased by 12% per year.
I 5 50 500 Assurming this trend continee s, what is the tofal proft
W gyt —5Ft-- the ¢ ] k th [ its lifotime’
5 3 5 27 ompany can make over the course of its lifetime:
Justify vour answer,
ERROR ANALYSIS In Exercises 15 and 16, describe
and correet the error in finding the sum of the infinite In Exercises 19-24, write the repeating decimal as a
sevnelrie series. fraction in simplest form. (See Examgple 4.)
n—1 ¥
15. El‘?] 19, 0222 .. 200 D444
21, 0la6léle, .. 22, 0623625625, ..
_ 7
X Eortiie aeries o, = LA P, 23, 32323132 ... 24, 130130130130 . .
S= i o g PR _2
BoE=TT f1 e B 25. PROBLEM SOLVING Find two infinite peometric

serics whose sums are cach 6. Justify your answers,

Section 8.4 Finding Sums of Infinite Geometric Series a3



21

. HOW DO YOU SEE IT? st 0T

The graph shows the partial
s of the geomeiric sorjes
a4+, Fa,+aF---

L]
What is the value of > a,?
Explain. L

SyBmpsEEy

MODELING WITH MATHEMATICS A radio station has
a daily contest in which a random listener is asked

a trivia question. On the first day, the station gives
$500 to the first listener who answers cormectly. Chn
cach suecessive day, the winner receives 0% of the
winnings from the previous day. What is the tofal
amount of prize money the radio station gives away
during the contes?

THOUGHT PROVOKING Archimedes used the sum
of a peometric series (o compute the area enclosed
bw a parabola and a straight line. In “Cuadramre of
the Parabola,” he proved that the area of the reglon
is % the arca of the inscribed triangle. The first term

of the series for the parabola below is represe nted
b the area of the blue tdangle and the second term
is represented by the area of the red triangles, Use
Archimedes’ result to find the area of the region.
Theen write the area as the sum of an infinite
PEOIMELric SErkes.

29, DRAWING CONCLUSIONS Can a person mnning at

30.

.

20 feet per second ever ¢atch up to a tortoise that mns
10 feet per second when the tortoise has a 20-Toot
head start? The Greek mathematician Zeno sad no.
He reasoned as follows:

& The parson will keep
: : halving the distance
: but wl“ never catch

10 ft

20 ft

Leoking at the race az Zeno did, the distances and the
times it takes the person to o those distances both
formo infinite geometric series. Using the table, show
that both series have finite sume. Does the person
catch up tothe tortoise? Justify your answer.

Distanos (ft) | 20 10 5 25
Time (sed I 05 | 025 |02

MAKING AN ARGUMENT Your friend claims that
0999 . _ . isequal to 1. Is your friend cormect? Justify

YOuE answer.

CRITICAL THINKING The Sierpinski irnangie is a
fractal created using equilateral trianghes. The process
imvolves removing smaller iriangles from larger
triangles by joining the madpoints of the sides of the
larger triangles as shown. Assume that the initial
triangle has an area of | square fool.

Ay 4 4

Stage 1 Stage 2 Stage 3

2. Leta, be the total area of all the triangles that are
remaved al Stage n. Write a rule for a,.

Lo
b, Find > a,. Inferpret your answer in the confext
n =]
of this situation.

— Maintaining Mathematical Profigiency s onewtouieams o prosons s s essons

Determine the type of unction represented by the table.

321 x _3_ _2 _'I u I 33r

¥ | 05 | 15 | 45 | 135 | 405

Determine whether the sequence is arithmetic, geometric, or neither.

I, =1, =1L3IL17.

{Seciion 6.7

0 4 5 12 LG

=T 1 =1 2 2 -1

35 0 -1, =3 -=7 —15 ...

(hections 8.2 and &, 5)
36, 135 405 1215 3645, ...

440 Chapter 8
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Using Recursive Rules with

Sequences

Essential Question towcan you define a sequence recursively?

A recursive rule gives the beginning termis) of a sequence and a recursive sgualion
that tells how a, is related to one of more preceding ferms.

SR LENIIs RN Evaluating a Recursive Rule

Work with a pariner. Use each recursive mle and a spre adsheet to write the first
81X e of the Sedquence. L‘I.asuif:.r the sequence as anthmelic, peomelne, or neither.
Explain your reasoning. (The fgure shows a partially completed spreadshect for

part (a).}
Lo =Ta,=a,_,+73 A B [
bhay=5a,=4a,._.,—2 1| n_ nthTerm
2 1 T (243
o =la,=2a,_; 3 2 0+ ] e
day = 1,4, = 3@, -g;- 43
e o =3 a,=a,_;+1 [&] &
:l:-l:l'|=-|.|l'l_,r=!|-l':|“_|_l 1:-': E
1
B =40, = i, _
ATTENDING TO R
PRECISION e B SRS e = M ¥ Mt
To be proficient in math,
you need to communicate AL ENI[e Il Writing a Recursive Rule

precisely to others,
L\,- Work with a pariner. Write a recursive mule for the =equence, Explain

VOUE reasoning.

2 36912 15,18.... b. 18, 14,10, 6,2, -2,...
e 36,12 24, 48,96, ... d. 128, 64,32, 16,8, 4, ...
e 5, 555,5.5,... . ,1,2,3358%...

SN ENIle LI  Writing a Recursive Rule

Work with a partner. Write a recursive nile for the sequence whose graph iz shown,

a, ) h, 3

Communicate Your Ancwer
4. Heww can you define a sequence recursively?

5. Write a recursive rulke that is different from those in Explorations 1-3. Write
the first six terms of the sequence. Then graph the sequence and classify it
as arithmetic, peometric, of neither.

Section 85 Using Recursive Rules with Sequences a41



8.5 Lesson What You Will Learn

P Evaluate recursive rules for sequences.
P Write recursive rules for sequences.

Gﬂfﬁ vmmhr{?‘ B Tranzlate between recursive and explicit rules for sequences,
l explicit rule, p. dd2 B Use recursive rules to solve real-life problems.

recursie rnile, p 442

Evaluating Recursive Rules

5o far in this chapter, vou have worked with explicit rules for the sth termof a
sequence, such asa, = 3n — 2and a, = 7(0.5)". An explicit rule gives a, as a
function of the termy’s position number 22 in the sequence.

In this section, vou will learn another way (o define a sequence—Dby a recursive rale,
A recursive rule gives the bezinning termiz) of a sequence and a recirsive egualion
that tells how a,, is relsted to one of more preceding terms,

FEALIINR N Evaluating Recursive Rules

Write the first six terms of cach sequence.

a a,=la,=a,_,+4 b. {1} =L fin) =3« fin — 1)
SOLUTION
=1 Isttesm b fil) =1

G =M+d=]l+4=5 indd term A =3:fA1)=3(1)=3
a=a,+4=5+4=9 3rd e f3)=3.fi2)=3(3)=9
G=a:+4=9+4=13 Ath 1eam f=3.f(H=3("=1
a,=a;+4=13+4=17 Sthiem Ji3) =3 fid) =327) = §l
Gy =a,+4=17T+4=21 d6thtem Fi6) =3« f(5) = 3(81) = 243

2 B
Monitoring Progress ‘i’:'* Help in English and Spanish at BigldeasMath.com
Write the first six terms of the sequence.
lLa=3a,=a,.,-7 2. a, = 162, a, = 0.5a,

A fM=1finy=fin-1)+n 4. ay=4a,=2a,_,-1

Writing Recursive Rules

In part (a) of Example 1, the diferences of consecutive terms of the sequence are
constant, so the sequence is arithmetic, In part (b), the rafios of consecutive terms are
constant, 5o the sequence is geometric. In general, rules for anthmetic and geometric
seduendces can be written recursively as follows.

&) Core Concept

Recursive Equations for Arithmetic and Geometric Sequences
Arithmetic Sequence
ay = a, _y + d, where d is the common difference

Geometric Sequence

L a, = r=d, .y where risthe common ratio

442 Chapter 8 Sequence: and Series



AN  Writing Recursive Rules
Write a recursive ube for (a) 3, 13, 23, 33, 43, . .. and (b) 16, 40, 100, 250, 6235, .. ..

SOLUTION
LUse atable to organize the terms and find the paticrn,

COMMON ERROR

n 1 2 3 4 5

A recursive eguation
for a sequence does not a, | 3 13’ 3|34
include the initial term. R R O S
To write a recursive rule +10 +10 +10 +10
for a sequence, t_he initial The sequence is arithmetic with first termaer, = 3 and common difference o = 10.
term (s} must be included. _ _

D a, =d, .+ 4d Recursive equation for arithmetic sequence

=g _,+10 Subsutste 10 for g,

.- A recursive mile fnrlh:anu:mtisa] =3 g =a . t10

o Y ESERERIRE

a, | 16 | 40 | 100 | 250 | 625
AN AN A X

% -5 % =Tk
Xy My Az o
3 z

The sequence is geometric with first lerma, = 16 and common ratio r = %
B = Flly 1 Recusrsmee equation for geomein: sequence
5

= il . Substitute - for v,
STUDY TIP £l .
The sequence in part {a)
of Example 3 is called the
Fibonacei sequence. The

sequance in part (b) lists FEIEEN Writing Recursive Rules
factorial numbers. You

will learn more about Write a recursive rule for each sequence.
factorials in Chapter 10.
D:» & L1555

.- A recursive mule for the sequence isa, = 16, a, = %a“ .

b L, 1,20.24,.:.
SOLUTION

a. The terms have neither a common difference nor a common ratio. Beginning with
the third term in the sequence, each term is the sum of the two previous lerms.

P A recursive mule for the sequence isa, = La, = La, =a, _, +a

=1

b, The terme have neither a common difference nor a comamon ratio, Denote the
first termby a, = |. Notethata, = 1 =1 «a, =2 =1.a,a4,=6=3 . a,
and 50 on,

h- A recursive mile for the sequence isay, = La, =n+a, _;.

Monitoring Progress 4E' Help in English and Spanish at BigideasMath.com
Write a recursive rule for the sequence,

5. 2. 14, 98, 686, 4802, . .. B19 1T, =5,
Lo11,22,33,44, 55, ... . 8. 1,224,832, ...

Section 85 Using Recursive Rules with Sequences a43



Translating Between Recursive and Explicit Rules

SN N Translating from Explicit Rules to Recursive Rules

Write a recursive rule for (a)a, = —6 + Snand (b)a, = —SI:I%}M " I-
SOLUTION

a, The explicit mle represents an arithmetic sequence with first term
a4y = =&+ B(l1) = 2 and comrnon difference 4 = 8.

g =ty .y +d Recursive equeation for anthmedic sequenoe
a=a,.,+8 Subrstitute 3 for o

P Arccursive rule for the sequence isa, = 2 a, = a, _, + 8,

b. The explicit mie represents a geomelric saquence with firsl terma, = —3{% =3

aml comimon ritio r = >
fly="F=d,_ Recursave eoquation for geometric sequence
o |
a, = =a, _, Substitute for r

P Arccursive rule for the sequence isa, = =3, a, =%ﬂ.._p

SEALGREN  Translating from Recursive Rules to Explicit Rules

Write an explicit nule for each sequence,

Ay = =5, =20 =2 boay=10a, =24, .,
SOLUTION
a. The recursive mile reprosents an arithmetic soquence with first terma, = —5 and
common difference d = = 2,
a, =a4 +in =14 Expliait pule for anthmelic sequenace
g, =—-5+(n—14—-2) Substitute —5 for g, ard — 2 for 4.
a,=—3— I Seinphiy.

P Anexplicit rule for the sequence isa, = —3 — 2n.

b. The recursive mlke represents a peomeric sequence with first terma, = 10 and
COMmmen ratio F = 2.

@, =g re Expliat mule for geometng sequence
a, = 12y —1 Subystitute 10 for 2 and 2 for r.

P Anexplicit rule for the sequence isa, = 102)" ~ 1,

. . H
Monitoring Progress ‘ﬁ' Help In English and Spanish at BigideasMath.com
Write a recursive rule for the sequence.

9. a, =17 -4n 10. a, = 163y =!
Write an explicit rule for fhe sequence.
M. ag=-1a=6a,.,+16 12 oy = 2.4, = —0a,

dada Chapter 8 Sequence: and Series



Solving Real-Life Problems

A IINRN Solving a Real-Life Problem

A lake initially contains 5200 fish, Each year, the
popalation declines 307% due to fishing and other
canses, =0 the lake is restocked with 400 fish.

2. Write a recursive mile for the mumber a, of fish
at the start of the nth year,

b, Find the namber of fizh at the start of the
fifth vear.

¢, Describe what happens to the population
of fish over time,

SOLUTION

a. Wrile a recursive rale. The initial value is 5200. Because the population declines
0% each vear, TO% of the fish remain in the lake from oné year to the next. Also,

400 fish are added cach vear, Here is a verbal model for the recursive equation,

Fish at Fish at New

start of =07« start of b fish

year n yearn — 1 added
i, =07 » a8, .1 + 400

P Avrecursive mile isa, = 5200, a4, = (0.7w, _, + 400,

b. Find the nunober of fish at the start of the fifth year. =200 =
Enter 5200 (the value of a,) in a graphing calculator. Y kns+400
Then enter the mle 040
1228
T 5 Ans + 450 2E50. 4
2261712
to find a,. Press the enter button three more Uimes to
find a; = 2262.
B There are abomt 2262 fish in the lake at the start
Check of the fifth year.
Sel a graphing calcalator (o 153 .
: 3334178
sequence and dot modes. ¢ Drescribe what happens to the population of fish over 1313 13T 034
Graph the sequence and use tirme. Contime pressing enter on the calculator, The 1333 333747
the Trocs Tt Prom e screen at the right shows the fish populations for : gﬁ i EE
graph, it appears the sequence vears 44 1o 50, Observe that the population of fish 1333 133476
appmar:hes 1333, approaches 1333, T33E 335433
U=, TeUla=1Fek00 .- Ower time, the population of fish in the lake

stabilizes at abowt 1333 fish,

\
u] 5 o
a7 5 i = 135 5. 353,

Mon Hﬂ!’iﬂﬁ Prngreﬂ ‘ﬂ Help In English and Spanish at BigideasMath.com

13. WHAT IF? In Example &, suppose 75% of the fish remain cach year, What happens
o the population of fish over time?

Section 85 Using Recursive Rules with Sequences a45



Modeling with Mathematics

Yo bormoaw H150,000 at 0% anmual imerest compounded monthly for 30 vears., The

REMEMBER v

In Section 8.3, you used
a formula invalving
a geometric series to

-

payment for a
=similar laan,

Z

Dv monthly payment is $809.33.

Find the balance after the third payment.

Dhse to rounding in the calculations, the last payment is often different from the
original payment, Find the amount of the last payment,

calculate the monthly SOLUTION

Understand the Probem Yoo are given the conditions of a loan. You are asked 1o
find the balance after the third payment and the amount of the last payment,

Make a Plan Becanse the balance after cach payment depends on the balance
after the previous payment, write a recursive male that gives the balance after gach
pavment. Then nse a spreadsheet to find the balance after each pavment. rounded to
the mearest cent.

Solve the Problem Because the monthly imercst rate is ﬂl% = (0,003, the balance

increases by a factor of 1.005 cach month, and then the payment of $5%9 33
is subtracted.

Balance after Balance befors
pay = 1 .005 » payment —  Payment
] = 1005 - o - 500,33

L

[fze a spreadshest and the recursive rule Lo find the balance afier the third payment
and after the 359th payment.

A B

1 | Paymaent numblrlﬂllln-l:l after pl:.'mmtli

2 T | Tiagss0 87 | B? =Round(1.005* 150000 — 854,33, 7}
En 2 : 14570058 | B3 =Round{1.005" B2 — 899.33, 2)
4 | 3 | ides4e76 | -
354 357 ' 2667 38
EE=] 156 ' 178139 .
A6 a5 : #0007 B350 = Round(1 005 B359— 899,33, 2)

P The balance after the third payment i $149,549.76. The balance afier the
350th payment i SR00.97, 20 the final payment is 1 Q0OS(890.97) = S805.42,

Look Back By continuing the spreadzheet for the 360th payment using the
original monthly payment of 589933, the balance is —3.91.

361 360 | -3.01 | B361 =Round(1.005" E360- §99.33, 2)

This shows an overpayment of 53,91, 5o, it is reasonabl; that the last payment is
389933 - §3.91 = $89542.

Monitoring Progress ‘@ Help in English and Spanish at BighieasMath com

14. WHAT IF? How do the answers in Example 7 change when the annual interest rate

is 7.53% and the monthly payment is 1048827

ad6 Chapter 8 Sequence: and Series



3 " 5 Ex‘Er C|5E5 Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE A recursive _ tells how the smth term of a sequence is
related to one or more proceding Lermes.

2. WRITING Explain the difference between an explicit mbe and a recursive rule for a séquence .

Monitoring Progress and Modeling with Mathematics

In Exercises 3=10, write the firsf slx terms of the 25, 26,
sequence. (See Evample 1.)
3. ﬁ| =1 4- fll: =1
.|1“=.:1|1_.|+_'i .:11=ﬂ,1_:—ﬁ
5 fiy=4 6 A= I!ﬂ
Jiny =2fin = 1) fir) =5 fin= 1) ERROR ANALYSIS In Exercises 27 and 28, describe and
correct the error in writing & recursive rule for the
T oa=1 8. o =1 _ sequence 5,2, 3, =1, 4, ...
'ﬂl =‘||!!|—'.}E:_i =|;.'ﬂ|—.}.._lﬂ
1 | L =1 37,
9. Ay=3fl)=4 X Beginning with the third term In
fimy=fin—-1)—fir-2) the sequenca, each term a. equals
8, _ =4, .50 arecursive rula
10. f(1)=2f(2)=3 Is glvenby
fin)=fin— 1) fin —2) A =8y — Wy,
In Exercises 11-22, write a recursive rule for the
sequence, |(See Fyamples 2 and 3.) 28,
1. 21,14,7.0,-7,... 1 3,43,32,21,10, ... x Eeginning with the second tarm In
the saquence, sach terma, equals
12. 3 1248, 192 768, ... 14 &4 —12. 36, — 108, ., .. A, _ g — o 50 arecursive nidels
glven by
15. 4,15, 0.3 0.0 16 18152229, #=5a. =0 =5
17, 2.5 10,50, 500, ... 18. 3.5, 15 75 1125, ...
19. 1,4.5,9.14,... 20, 169 7,25, ... In Exercizes 29-38, write a recursive mle for the
sequence, {See Example 4.)
2. & 12,36, 144,720, ... 22 =3, =L Z 6 11,..
29. a, =3+ 4dn M. a, == =8in
In Exercises 23<16, write a recursive rule for the .
sequence shown in the graph. M. a,=12- 101 32. a,=9-35n
23. 33, a, =111y 34, a, =76
35. a, =25 =000 3. a4, = =14+ 03n
1{1 }" sl I J
37, a,=—--|= 38. = (5P 1
%=-3l3 =37

Section 85 Using Recursive Rules with Sequences a47



39.

REWRITING A FORMULA
Your have saved 382 to
bary a bicvele. You save
an additional $30 each
month. The explicit mle
a, = 3ln + 82 gives the
amount saved after

it months, Write a
reciifaive fiile for the
amount you have saved
it months from now,

REWRITING A FORMULA Your salary is given by the
explicit uk a, = 350000104y = ', wihers i is the
mumber of vears you have worked, Write a recursive
mile for your zalary,

In Exercises 41-48, write an explicit rule for the
sequence. (See Exanple 5.}

N yy=3a,=a, =682 ay=16a,=a,_,+7

43,

45,

a5,

417,

49,

50,

52,

448 Chapter 8

dl=—z.4:3|'_,,=:'lﬂn_1 4‘\--&":!3.{]‘“:4{‘“_1
4 =—la=a,_;+2l1
I!Il - _4|lﬂ'_,= — D.ﬁﬁ'ﬂ"_|

i

_ _ _ 1
&y =38, =48, , 3

48. a; = —5.,4, = ;4

w =]
REWRITING A FORMULA A grocery storte @manges
cansz in a pyramid-shaped display with 20 cans

in the bottom row and two fewer cans in each
subsequent row going up. The number of cans in
each row is represe ated by the recursive male a, = 20,
a, =a, _, — 2. Write an explicit rale for the number
of cans in ron o

REWRITING A FORMULA The wvalue of a car is given
by the recursive rule a, = 25,600, a, = 0.86a, _,,
whene 1 is the number of years since (he car Was new.
Write an explicit rule for the value of the car after

i YCars,

. USING STRUCTURE What is the 1000th term of the

sequence whose first term isa; = 4 and whose nth
lermisa, = a, _, + 67 Justify your answer.

& 4006 B 5998
€ 1010 (D) 10000
USING STRUCTURE What is the 87 3rd term of the

sequenee whose first term isa; = 0,01 and whoss mih
termiz a, = 10La, _ 7 Jusdify your answer.

(A 58.65 (B 873
T 108 (D) 58645938

Sequences and Series

a3,

55.

56.

PROBLEM SOLVING An online music service initially
haz 30,000 members. Each vear, the company loses
209% of itz current members and gains 5000 new
members. (See Examgple 6.)

[ Beginning of first year [
TTIRRRTTNN e

| Beginning of second year
PERRRRARR AR RRARAOANS
LT:;:IJHD Iief;:rﬁej 45,000 members

Hey.ﬁ= SO00 members f’=p|r| i= leave

a. Write a recursive rule for the number a, of
members at the start of the sth vear.

b, Fimd the mumber of members af the stat of the
fifth year.

¢. Describe what happens to the number of members
over Lime.

PROBLEM S0LVING You add chlorine to a swimming
pool. You add 34 cunces of chlorine the first week and
16 ounces every week thereafter. Each week, 40% of
the chloring in the pool evaporates.

14 or of chiorine 16 oz of chlorine

are added are added
F&. #eﬂ-ﬁm o
b F ‘|" chilce ine has
S o evaporated
First week Each successive week

a, Wrile a recursive nile for the amount of chiorine
in the pool at the starl of the nth week.

b, Find the amount of chlorine in the poaol af the sart
of the thind week.

¢. Describe what happens to the amount of chlorine
in the pool over time.

OPEN-ENDED Giive an example of a real-life sitnation
which vou can represont with a recursive mle that
does not approach a limdt. Write a recorsive rule that
repre sents the sitnation.

OPEN-ENDED Give an example of a sequenos in
which each term after the third term iz a function of
the three terms preceding it, Write a recursive mile for
the sequence and find its first eight terms.



37. MODELING WITH MATHEMATICS You borrow 61.

58.

60,

F2000 at 9% anmoal interest compounded monthly
for 2 years. The monthly payment is $91 37,

(4ee Lxaniple 7. )
a, Find the balance after the fifth payment.
b, Find the amount of the Tast payment.

MODELING WITH MATHEMATICS You borromw
S10.000 to build an extra bedroom onto your house .
The loan is secured for 7 years at an annual inferest
rate of 11.5%. The monthly payrment is 5173 86,

. Find the balapee after the fourth payment.
b Find the amount of the last payment.

COMPARING METHODS In 1202, the mathematician
Leonardo Fibonacct wrote Liber Abael, inwhich he
proposed the following rabbit problenc

Begin with a pair of newborm rabbils, When a pair
af rabbiis is iwo monihs old, the rabbils begin
provducing a new pair of rabbils each month
Assunte none of the rabbits die.

Month | 2134|506
Pairs at start ;

A
of month : ! - 313 8

This protem produces a sequence called the
Fibonacci sequence, which has both a recursive
fornuila and an explicit formula as follows,

Recurdwe:a, = l.a, =1, 4, =a, _,+a, _,

; 1+'u"§r_L(1—*E
B

Explicit: f, = Fﬂ( 3

Usze each formula to determine how many rabbits
there will be after one vear, Justify your answers.

USING TOOLS A town library initially has 54,000
books in itz collection, Each vear, 2% of the books are
loat or discarded, The libcary can afford to purchasze
1150 pew books each vear,

a. Write a recursive rule for the number a, of books
in the libeary at the beginning of the nth vear.

b Use the sequence mode and the dof mosde of a
graphing calculator to graph the sequence, What
happens to the number of books in the library over
tirme? Explain.

Section 8.5

6.

"
. },na! 63.

DRAWING CONCLUSIONS A tree farm initially has
Q000 rees. Each vear, 107 of the treas are harvested
and 800 seedlings are planted.

. Wiite a recursive mibe for the mumber of trees on
the tree farm at the beginning of the mth year.

b, What happens (o the number of trees after an
extended period of time?

DRAWING CONCLUSIONS You sprain your ankle
amd your doctor prescribes 325 milligrams of an
anti-inflarmmatory dmg every § hours for 10 days.
Sixty percent of the drug iz removed from the
Moodstream every B hoors,

. Write a recursive ke for the amount of the drg
in the bloodstream after # doses.

b The value that a drog level approaches after an
extended period of time iz called the mainfenance
fevel, What iz the mainte pance level of this dmg
given the prescribed dosage?

¢. How does doubling the dosage affect the
maintenance level of the dmg? Justity
VOUr answer.

FINDING A PATTERN A fractal tree starts with a single
branch (the trunk). At each stage, each new branch
from the previous slage prows bwo more branches,

as shown,
Slage 1 Stage 2
Slage 3 Sage 4

f. Ligt the number of new branches in each of the
first seven stages. What type of sequence do these
nuarders foom?

b Write an explicil rule and a recursive rule for the

gequence in part {a).

Using Recursive Rules with Sequences 449



64,

B35,

66,

67,

THOUGHT PROVOKING Leta, = 34, Then write the
terme of the sequence nntil you discover a pattern.

1
8, 1= it
A R

Do the same for @, = 25, What can you conclude?

if o, iz even
if a, is ockd

MODELING WITH MATHEMATICS You make a

500 down payment on a 53500 diamond ring. You
borrow the rermaining balance at 10% annual interest
componnded monthly. The monthly payment is
$213.59. How long doss it take to pay back the loan?
What is the amount of the last paymend? Justify

YOI answers,

HOW DO YOU SEE IT? The graph shows the first six
terms of the sequence a; = p, @, = m, _ -

&1, p)

= E -
5
a. Describe what happens to the valies in the

SEUCTICE 35 K INCreases.

b Describse the set of possible valoes for r. Explain
YOI PC ARG,

REASONING The rule for a recursive sequence is
as follows.

A1) =35, fi2) = 10

Jimi=4+ Hn=-1)—fin—12)

a. Write the first five terms of the sequence.

b Use finite differences to find a pattern. What type
of relationship do the terms of the sequence show?

¢ Write an explicit mule for the sequence,

68,

69,

MAKING AN ARGUMENT Your friend says it is
impossible Lo write a recorsive rle for 4 sequence
that iz neither arithmetic nor geometric. [s vour friend
correct ? Justily your answer.

CRITICAL THINKING The first four iriangular mimbers
T, and the first four square mmbers 5, are pepress nted
by the points in each diagram.

A A A
HIEL

2. Write an explicit mle for sach sequence.
b Write a recursive mile for each sequence.

¢ Write a mule for the aquare numb<rs in terms of
the riangnlar nombers. Draw diagrams to explain
wiry this rulk is tre.

CRITICAL THINKING You are saving money for
retirement. You plan to withdraw $30,000 at the
beginning of each year for 20 years after vou retire,
Based on the type of investment you are making, you
can expect Lo earn an annual réturm of 3% on your
savings after you retire.

a. Leta, be yvour balance i years after retiring. Write
a recursive equation that shows how a,, is related
o a, _ 1.

b Solve the equation from part (ah fora, _ .
Find a1, the minimum amount of money you
should have in vour account when you retire,
(Hind; Let aag = 0,)

— Maintaining Mathematical Proficiency riceoswatouicamed o procus grades and iessens

Salve the equation. Check vour solution.
. VI42=7

73 YT+ 16=10

The variables x and y vary inversely, Use the given values to write an equation relating x and y.

Then find y when x = 4.
5. x=2y=9

(Section 7.1

{Section 3.4

72. 2vx -5=15

M. 2T -13=-5

76, y=-4y=73

77. x=10,y =32

450 Chapter 8
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8.4-8.5 What Did You Learn?

Core Yocabulary

partial sum, p. 436
explicit male, p, 442
recursive nile, g 442

Core Concepts

Section 8.4
Partial Sums of Infinite Geometric Serjes, p. 436
The Sum of an Infinite Geometric Series, p. 437
Section 8.5

Evalnating Recursive Ruales, p, 442
Recursive Equations for Arithmetic and Geomeltric Sequences, p. 442
Translating Between Recursive and Explicit Rules, p. 444

Mathematical Practices

1. Describe how labeling the axes in Exercises 3-6 on page 439 clarifies the relationship
between the quantities in the problems.

2.  What logical progression of arguments can you use Lo determine whether the staterment in
Excrcise 30 on page 40 is tme?

3. Describe how the structure of the equation prezsented in Exercise 40 on page 4458 allows
you Lo determine the starting salary and the raise you receive each year.

4. Does the recursive mle in Exercise 61 on page 449 make sense when n = 57 Explain
VOUT FEasOTIng.

pmmmmmm e e m————- Performance Task - - - -

Integrated Circuits
and Moore’s Law

In April of 1965, an engineer named Gordon Moore noticed how quickly the
size of electronics was shrinking He predicted how the number of transstors
that could fit on 2 1-inch diameter circuil would incresse over ime In 1965,
anly 50 transistors fit on the circut A decade later, sbout 65,000 transistors
could fit on the arcuit Moore's prediction was accurate and 5 now known
a5 Moores Law What was his prediction? How many transistors will be
able to fit on a 1-inch circuit when you graduate from high schoaol?

T explore the answers 1o this question and maore, go 1o
BigideasMath.com

451



.
8 c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com

Defining and Using Sequences and Series (o 400 116)

-
Find the sum >, (i = 3.
i=1
4 -
TR -HN=( -+ (B -+ - +@2-3)
=-2+1+6+13

= |&

1. Describe the pattern shown in the figure, Then write a role for
the sith layer of the fignre, where 1 = 1 represents the top laver.

Write the series nsing summation notation.
L T+1I04+13 4440 LS 1 B o ol ol o i RCEE

Find ihe sum.

45

4. 39 =i 5. %
12 5 3 3
6. Bt b,
=] =] =

Analyzing Arithmetic Sequences and Series (oo 91/-4920)

Write a rule for the mth term of the sequence 9, 14, 19, 24, . . . Then find a, .

The sequence is arthmetic with first lerma;, = 9 and common difference & = 14 — 9= 5.
S0, a mile for the mth tenm iz

Q,=a i =1 Wnte general rule,
=84 (n=1)5 Substitute 9 for &, and 5 for &
= 3n + 4 Simipli by,

P Anileisa =51+ 4 and the 14th termisa,, =5(14) + 4 =74.

8. Tell whether the sequence 12, 4, =4, =12, =20, .. . is arithmetic, Explain your reasoning.

Write a rule for the sth term of the arithmetic sequence. Then graph the first siv terms of
the sequence,
9, L8140, .. 1M a,=42.d=73 . a;=-12, 8, = 30

5

12. Findthe sum > (2 + 30).
i=]

13. You take a job with a starting salary of $37.000. Your emplover offers vou an annual raise of
$1500 for the next 6 years. Write a rube for your salary in the smth year. What are your total
earnings in 6 years?
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m Analyzing Geometric Sequences and Series (op 405 432

&
Find the sum > &3¢~ 1,
i=1

Blep 1 Find the first term and the common ratic,
a4, =63 ~1=6 Identily furst teom.
r=73 Identtly Comim o rabio.

Step2  Find the sum

8 = :I.Ill —L ] Wite rube for 5.
1=
] - 38
= )I'\l = Substifute & fof & aned 3 for
= ] 9680 Simgelihy

Se(UEence.

5

)
18. Find the sum 3, 5(-2) - 1.

i
e

m Finding Sums of Infinite Geometric Series (oo 435 240}
= (4y—1
Find the sum of the series >, I.,T:} , I it exist=
i=1"+

5 3 : 4 4 3 ; i
For this series, a4, = 1 and r = = Because |E| < 1, the sum of the series ¢xists.

The sum of the séries is

fr]
5= I_I_r Formula For the sum of an infinite geometng senes
| q
= — Substitute 1 for a, and — for r.
1 ]
'| o
5
=5 Simgdiby,

! : ] - - 1: 71 | 1

19, Conzider the infindte seometric setieg 1, ==, —. =—. — .
R 916 64 256

sums 3 fore = 1, 2,35, 4, and 3, Then descnbe what happens Lo 5, as n increases,

20. Find the sum of the infinite geometric series —2 +

-

=
faid
ml"'

B | =

21, Write the repeating decimal (L1212 . .. as a fraction in simplest form.

Chapter B Chapter Review

14. Tell whether the sequence 7, 14, 28, 36, 112, . . . is geometric. Explain vour reasoning.

Write a rule for the ath term of the geomet e sequence. Then graph the first six terms of the

15.25,10,4.2.. .. 16. @ =162 r= =3 17. @ = 16, a; = 256

... Find and graph the partial

+ - - - if it exists.
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m Using Recursive Rules with Sequences (oo 207450

a. Write the first six terms of the sequence a, = 46,02, =a, _, = &
g = 46 st term
a4y =a,—8=46 —8 =38 Zrel term
a4 =a,—8=38 -8 =30 3rd temn
=gy =8=3=-8=]12 Ath term
G=agy—E=l—-8=H4 S1h term
=g, -E=14-8=48 Gih temm

b. Write a recursive rule for the sequence 6, 10, 14, 15, 22, .. .

Sz a table 1o organize the termes and find the pattern.

nl12]3a]a]s]

a,| 6 [10]14] 18] 2 |

--4.'--1 --{ --q
+4 +4 +4 +4

The sequencs is arithmetic with the first term ay, = & and common difference d = 4,

a,=a,_,+4d Recursive equation for arithmenc sequence
=d,.7+4 Subsstiite 4 for o,
P A recursive rule for the seuence isay, = 6.4, =a,_, +4.

Write the first six terms of the sequence.
22, ay=T.a,=a,_,+11 23, oy =64, = | 2 fiM=4finh=fin—-1)+2n

n

Wrile a recursive rule for the sequence.

& 16

25, 9.1‘].-1.-3;.-@.... 26 2.2.4,12 48, ... 27 .34, -1, 5,...
: 3 =1
28, Write a recursive mile fora, = lﬂj[E] 3

Write an explicit rule for the sequence.
]

2 ag=—da,=a,_,+26 I a=8%a =—-5a,_, 3. ay=25,a,:= ;n.,_,

32, Atown's population increases af a rate of about 4% per year. In 2010, the town had a
population af 11,120, Write a recursive rule for the population F, of the town in year n.
Letn = 1 mepresent 20010,

33. The numbers 1, 6, 15, 28, . . . are called hexagonal numbers because they represent the
mimber of dots used Lo make hexagons, as shown, Wrile a recursive rule for the
#th hexagonal number.

R R
o

i.' -l :.h
" l-Hh- ! .:-i !
NG gy
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Find the sum.

e | b a
};,‘I{m— 13) 2. }:,‘1:1? 3. :;_,"‘Izm.:s;'*-'- 4. }_1;4{—:4;--1

Determing whether the graph represents an arithmetie sequence, geomelric sequence, or
neither. Explain your reasoning, Then write a rule for the ath term.

T ST i P
5. b. i' | 1. ."'_, i) 14, 55
| - - Il-lu__'_l._-' i Ll
i2 [h.l.lul | .|| 0.4 L] W .
- | | ! 2530 |
. ! L
513, 4 Fozks? id
4, - } ‘._1- '1,! |
=————= - i
“if 2 4 |n - F a )
Write a recursive rule for the =equence, Then find a,.
8. -ﬂ|=31.r=:|_. 9 a,=2+Tn W 2,0,-3,-T.-=1% ...
1. Wrile a recursive mle for the sequence 5, —20, 80, —320, 1280, . . .. Then wrile an
explicit rule for the sequence using your recursive mile,
12. The numbers a, b, and ¢ are the frst three terms of an arithmetic sequence. 1s & half of the
surn of a and <7 Explain your reasoning,
13. Use the pattern of checkerboard quibts shown.
n=1a,=1 n=2a,=2 n=3,a,=5 n=4a,=8
a. What does n represent for each quilt? What does a, represent?
b, Make atable that showsnand g, forn = 1,2, 3,4, 5, 6,7, and &,
. Use the mlea, = ; + %[l - {=1)Jtofinda, fen=1,23,4,567, and 8
Compare these values to those in vour table in part (b). What can vou conclode?
Explain.
14. [hring a bascball season, a company pledges to donate $5000 to a charity plus $100 for
cach home mun kit by the local team. Does this sitoation represent a sequence or 4 series?
Explain vour reasoning.
15. The length &, of the first loop of a spring is 16 inches. The lengih £ of the

second loop is 0.9 times the kength of the first loop. The length £; of the third
oo is 0.9 imes the length of the second loop, and so on. Suppose the sprng
has infinitely many loops, would its length be finite or infinite? Explain, Find
the kength of the spring, if possible.

T i
TE{0 % In

100 9 in
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8 Cumulative Assessment

1. The frequencies (in heriz) of the noles on a pians form a geometric sequence, The
frequencics of G (labeled ) and A {labeled 10} are shown in the diagram, What is
the approximate frequency of E fat (Jabeled 4)7?

(A 247 Hz o
(B 311 Hz
':I} 330 Hz 1[3 | 5| 6&[8]|10412

r 5
307 HY A0 Hz

(@) 554 Hz

2. You take ot a loan for 516,000 with an interest rate of 0.75% per month. At the end of
gach monmth, vou make a payment of $300,

& Write a recursive mule for the balance a, of the loan at the beginning of the
nih month,

b How musch do you owe at the beginning of the 18th month?

. How long will it take to pay off the loan?

d. If you pay 5350 instead of $300 each month, how long will it take to pay off
the loan? How much money will you save? Explain.

3. The table shows that the force F (in poands ) needed Lo loosen a certain bolt with a
wrench depends on the length £ {in inches) of the wrench's handle, Write an equation
that relates & and F. Describe the relationship,

Length,f | 4 & 0 | 12

Force, F 375 [ 250 | 150 | 125

4, Opder the functions from the least average rate of change to the greatest average rate
of change on the interval 1 £ x = 4, Justify vour answers,

A, fix) = 4Vx + 2 B. xamd y vary inversaly, and
¥y =2whenx =5.
. D.
X X
1 -4
2 =]
3 2
1 5
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5. Armunning track is shaped like a rectangle with two semicircular ends, as shown.
The track has § lanes that are cach 1.22 melers wide. The lanes are numbered from
1 to & slarting from the inside lane. The distance from the center of a senmocirck: Lo
the inside of a lane is called the curve radivs of that lane. The curve radius of lape 1
iz 36.5 meters, as shown in the figure,

Mot drawn o seMe

a. 15 the sequence Tormed by the curve radil arithmetic, geometric, or neither? Explain.
b Write arile for the sequence formed by the curve radii.

¢, World records must be set on macks that have a corve radinz of at most 50 meters in
the outside lane. Does the track shown meet the requirement? Explain.

6. The diagram shows the bounce heights of a basketball and a baseball
dropped from a height of 10 fect. On each bounce, the basketball bounces
to 36% of its previous height, and the baseball bounces to 30¢% of its previous
height. About how rmuch greater is the todal distance traveled by the basketball
than the total distance traveled by the bascball?
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@A) 1.34 feet (B 2.00 feet
(T 2.68 fest D) 5.63 feel

7. Classify the solutions) of each equation as real numbers, imaginary numibers, or pure
imaginary numbers, Justify your answers.

a x+V-16=0 b (11-2)—(-H+E=8+x e - 14=-20
d ¥*+Xx=-3 e. Xt =16 L x**-5x-8§=0
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