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Maintaining Mathematical Proficiency

Adding and Subtracting Rational Numbers

: 3
Example 1 Find the sum -3
Kewnite using the LED {east common denomnator)

Winte the sum of the mumeratons

@er the commesn dencaning

Adkid

Example 2

Ak the opposite of

¥ ne the sum of the numerators
e the commesn dencimma

Al

Simiphiby

Evaluate.

Simplifying Complex Fractions

1
Example 3  Simplify :

b
1
EY
i

| b

Rewmie the gquotent

Tl | ==
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Fudiply by the redprocal of :l

D0 | T o] e o | e
.| ®
= hn B | L

f'.'||||r||l|'r ihse muEneratons and denominatons

Siengali By

Simplify,

7 e

=
I

. ABSTRACT REASONING For what value of 1 is the expreszion l nnde fined? Explain
VOUT Feas0ning. .

Dynamic Solutions available at BigldeasMath.com




Mﬂﬂl Eh‘lﬂﬂﬂal | Mathematically proficient students are careful about specifying wiils of
Practiﬁag measure and clarifving ke relationsfip between quantifies in a probiem.

Specifying Units of Measure

) Core Concept

358

Converting Units of Measure

To convert from one unit of measare to another unil of measure, vou can begin by
writing the pew units. Then multiply the old units by the appropriate conversion
factors. For example, vou can convert &0 miles per hour to feet per second as follows,

J ) i !
[ old ks i T - { my uinits |
o 1 i ¥

60mi LW 1t 5280t _ 3

I GOmn Gsec lmi @ G0sec
bt | |

BCC

e

SEALNRE Converting Units of Measure

You are given two job offers. Which has the gréater annual incomme?
¢ 345,000 per year
¢ 322 per howr

SOLUTION

Chne way Lo answer this question is to convert 522 per hour to dollars per vear and then
comprare the two annual salades. Assume there are 40 hours in a work week.

22 daollars Filollars
1h 1 yr
22dollars 40K 52 weeks _ 45,760 dollars

T T - - Tyr Multiply by corerersion lactors,

Wirite nesw umits

B The second offer has the greater annual salary.

Monttoring Progress
1. You drive acar ot a gpeed of 60 miles per hour. What is the speed in meters per second?

. A hose caries a pressure of 200 pounds per square inch, What is the pressure in
Eilograms per square centimeter?

. A concrete truck pours concrete at the rate of 1 cubic yard per minute. What is the rate
in cubic fect per hour?

. Water in a pipe flows at a rate of 10 gaflons per minute. What is the rate in liters
per second?

Chapter 7 Rational Functions




Inverse Variation

Essential Question 1owcan you recognize when two quantities

vary directly or inversely?

SAgRe LSRN Recognizing Direct Variation

Work with a pariner. You hang different weights from the same spring.

é -_r:: :_ --:.: : . -..-_‘_ . -_ :
;—é —;E = ': g "G:i’ =il |_-:1_l||l|hi i
T — R B, - .
REASONING e & = = = B
QUANTITATIVELY * e = b
To be proficient in math, 0.1 kg - iy a
you need to make sense _ - 3
of quantities and their 0.2 kg L ; we S
relationships in problem : ol =
situations. D> Gekn g =l E
a. Describe the
relationship between the *4ky :
waight x and the distance o 0.5 kg -
the spring stretches from equilibrinm ' -
Explain why the distance is said to vary oEkg

directly with the weight.
b. Estimate the values of o from the fgure. Then draw a

rcatter plot of the data, What ane the characteristics of the graph?
¢ Write an equation that represents o as a fonction of x.

d. In physics, the relationzhip between d and x is described by Hooke's Law. How
woild yvou describe Hooke's Law?

0.7 kg

(S LA el Recognizing Inverse Variation

Work with a pariner. The table shows
= L the length x (in inches) and the width oy
I ¥ (in inches) of a rectangk. The arca of ¥ Al
) each rectangle is 64 square inches.
4 x
8 a. Copy and complete the able,
b, Describe the relationship betoeen x and y. Explain why v is said to vary inversely
16 with x.
32 ¢, Draw a scatter plot of the data, What are the characteristics of the graph?
G4 d. Wrile an equation that represents v as a funclion of x.

Communicate Your Answer
3. How can you recognize when two quantities vary direclly or inversely?

4, Droes the Aapping rate of the wings of a bind vary directly of inversoly with the
length of its wings? Explain your reasoning.

Section 7.1 Inverse Variation as59



Core Vocabulary

imverse vanation, g 360
constant of vanation, p. 360
Previous

direct varation

STUDY TIP

The equatien in part (b)
does not show direct
variation because

¥ =X — & is not of the

form v = ax. D

What You Will Learn

P Classify direct and inverse variation,
B Write inverse variation equations.

Classifying Direct and Inverse Variation

You have karned that fwo variablez x and v show direct wariation when v = ax for
ST nonEero constant 4, Another tvpe of variation is called Jnverse warialion.

LT G) Core Concept

Inverse Variation
Two variables x and y show Inverse vardation when they are related as follows:

I=E
¥ I.f:r?-vl}

The constant « is the constant of variation, and y is said to vary inversely with 1.

N

FEALIINRE Classifying Equations

Tell whether x and y show direct varialion, inverse variation, or neifker.

A Xy =35
b.y=x-4
C- % = X
SOLUTION
Given Equation Solved for y Type of Variation
a Iy =35 y= % inverse
bhy=x=—4 y=x =4 neithier
e -1"; =X y=12x direct

-

-0 ‘;}
Mﬂﬂﬂﬂmg Prﬂgr&s:-? % Help in English and Spanish at BigideasMath.com
Tell whether x and y show dicect wariaiion, frverse variallon, oF fmeitfer.

1. Gx =¥
2, xy= —0.25
L y+r=10

The: peneral equation y = ax for direct variation can be rewritten as} = . 50, 3 setof

data pamrs (x, ¥) shows direct varation when the ratimi are comsdin.
The pencral equation y = f for inverse variation can be rewritten as xy = a. 5o,

a sob of data pairs Cx, ¥) shows inverse variation when the produects xy are constant.

360 Chapter ¥ Rational Functions



ANALYZING
RELATIONSHIPS

In Example 2(b), notice
in the original table that
&% X increases by 1, v is
multiplied by 2. 52, the

data in the table represent

ANOTHER WAY

Because x and v vary
inversely, you also know
that the products xy are
constant, This product
equals the constant of
variation a. %o, you can
gquickly determine that
a=xy=3@d) = 12.

an exponential function. D

>

EXAMPLE 2

Classifying Data

Tell whether x and y show direct variaion, inverse variakion, or neillier,

“*Ill 2 |2 ]| 8|8 Blx| 1 [2]3] s
¥ |-12]| 6| -a| vl 2| a8 16
SOLUTION
a. Find the products ty and ratios {
xy -4 -24 -4 =24 | The products are constant.
E "Tn = = -»—ﬁ = —% :ﬁﬂ = —% —g T ratios Gee pot constant

P So, x and ¥ show inverse vadation,

b, Find the products 1y and ratios E

xy Z 8 24 54 The products are not constant,
IE E w7 i - E E =
e =2 3 2 3 i 4 The pateoes are mol corstant,

P So, v and y show neither direct nor inverse variation,

Monitoring Progress 4512' Help In English and Spanish at BlgideasMath.com
Tell whether x and y show direct variation, inverse variation, or neither.

4'::—4—3—1—1 5“:.:1234

60

yl2[15|10] 5 ¥ 0| 20 |15

Writing Inverse Variation Equations

EXAMPLE 3

Writing an Inverse Variation Equation

The variables x and ¥ vary inversely, and y = 4 when v = 3. Wrile an equation that
relates x and v, Then find y when v = -2,

S0OLUTION
¥ = E Wnite general sgquation For inverse vanation
4= % Substitute 4 for y and 3 for x.
l2=4 Multiply each side by 3.
P The inverse variation equation is y = %.When: =2 y= % = -6
Section 7.1 Inverse Variation 361



FHALIREN Modeling with Mathematics

The time 7 (in hours) that it takes a group of volunteers 0o baild a playveround varies
imversely with the number # of volunteers, It takes a groap of 10 volunteers § hoars 1o
build the playground.

+ Make a table showing the time that
it would take to build the plavground
wien the number of volunteers is
15, 20, 25, and 30.

+  What happens to the tme it takes to
build the playground as the number

of voelunteers increases™

SOLUTION

1. Understand the Problem You are given a description of two quantities that vary
inversely and one pair of data values, You are asked o create a tabk: that gives
additional data pairs,

2, Make 3 Plan Use the time that i takes 10 volunteers to build the playground

LOOKING FOR o fimd the constant of variation. Then write an inverse variation equation and
A PATTERN substifnte for the different mambers of volumteers to find the corresponding times.
Notice that as the number S Solve the Froblem
of volunteers increases by a
5, the time decreases by a = - Wiite general equation lor imverse vanatien
lesser and lesser amount. a » . "
o S i 21 §m 0 Substitute & tor ¢ and 10 b n,
t decreases by 1 hour 80 = Multichy #ach sice by 10,
S0 el i nipdy each side by 10
From o = 20 ton = 25, The inverse variation equation is | = E Make a table of values.
t decreases by 48 minutes. &
From n = 25ton = 30, n 15 A0 25 30
t decreases by 32 minutes.
50 _ - 80 _ 80 _ o - |
{>. ¢|S=5h0min| Z=4h | IZ=3n12min | 5o = 2040 min

362 Chapter ¥

P Asthe namber of volunteers increases, the time it takes to build the
playgronnd decreasas.

4, Look Back Because the time decreases as the number of voluntesrs increases, the
time for 5 volunteers to baikd the playground should be greater than § hours.

n—%ﬂﬁh:m/

Monitoring Progress 4“:'} Help in English and Spanish at BigideasMath com

The vardables x and y vary inversely, Use the glven values to write an equation
relating x and y. Then find y whenx = 2.

6. x=4y=5 7.x=6y=-1 fr=iy=]4

9. WHAT IF? In Exarmple 4, it takes a group of 10 volunteers 12 hours to build the
playground. How long would it take a group of 13 volunteers?

Rational Functions



7-1 EKEI'CISES Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check

1. VOCABULARY Explain how direct variation equations and inverse variation equations are different.

2. DIFFERENT WORDS, SAME QUESTION Which 1= different? Find “both™ answers,

What is an inverae variation equation relating © What is an equation for which the ratios Y are
and y with a = 47 constant and a = 47 T
What iz an equation for which y varies What is an equation for which the products xy
inversely with v and a = 47 are constant and a = 47

Monitoring Progress and Modeling with Mathematics

In Exercises 3-10, tell whether x and y show direct In Exercises 15-22, the variables x and y vary inversely.
wariglion, inverse variation, or neither, (See Example 1) Usze the given values lo wrile an equation relating x and
¥: Then find y when x = & (See Example 3.)
I Y= : 4 w=12
: ¥ Sy 15. x=5y=—4 6. x=1y=9
5. L=38 6 dr=y 7. x=-3,y= 18, x=T,3=2
T. y=x+4 8. x+y=6 19. .1.-=§,}-=28 ?ﬂ.:=—-l,1-=—§
P I .
9, By=x 10, -E'r':-% M z=-lhy=-3 B ax=py=-7
ERROR ANALYSIS In Exercises 23 and 24, the variables
In Exercises 11=14, tell whether x and y show direct x and y vary inversely, Deseribe and cormect the error in
virristion, inverse variation, or neither. (See Example 2. writing an equation relating x and y.
1. 23, x=8y=5
x| 12|18 23|29 34 =5y
y 132|198 | 253 | 319 | 374 x y=ax
5=a(8)
12. B
x |15|25] 4 |75]| 10 =2
y |135|225| 36 |675]| %0 So.y=2x
B-lx| a6 s [8a]12 S e
¥ 21 14 ._ 105 | 10 [
v o
Wlxla|s]s2]7|n 5.2=a
10=a
yliw|1n|1w| 9|6
Bov=10x%

Section 7.1 Inverse Variation 363



25. MODELING WITH MATHEMATICS The number y of
songs that can be stored on an MP3 player varies
inversely with the average size v of a song. A cerlain
MP3 player can store 2500 songs when the average
sine of a song is 4 megabytes (MB). (See Evample 4.)

a. Make a table showing the numbers of songs that
will it onthe MP3 playver when the average size of
asong is 2 MB, 2.5 MB, 3 MB, and 5 MB.

b What happens to the number of songs as the
average song size increases?

26. MODELING WITH MATHEMATICS When you stand on
snow, the average pressure M (in pounds per square
inch) that you exert on the snow varics inversely with
the total area A (in square inches) of the sokes of vour
Tootwear, Suppose the pressure is 043 pound per
square inch when vou wear the snowshoes shown,
Write an equation that gives P as a funclion of A.
Then find the pressure when youn wear the
boots shown.

Snoashioes;

A= 60In?

27. PROBLEM SOLVING Computer chips are etched
onto silicon wafers. The table compares the anca A
(in square millimeters) of a computer chip with the
mumber ¢ of chips that can be oblained from a zilicon
wafer, Write a mode] that gives ¢ as a function of A,
Then predict the number of chips per wafer when the
ared of a chip is 81 square millirmeders,

Area (mm?), A 58 | 62 | 66 | TO
Number of chips, ¢ | 448 | 424 | 392 | 376

1

28,

23,

30,

.

3.

a3,

HOW DO YOU SEE M7 Does the graph of frepresent
inverse variation or direct variation? Explain
your reasoning.

MAKING AN ARGUMENT You have enough money to
bary 5 hats for 510 each or 10hats for 35 each. Your
friend =iys this siination represents inverse variation.
[ your friend correct? Explain vour reasoning.

THOUGHT PROVOKING The weight w (in poands)
of an object varies inversely with the square of the
distance & (in miles) of the object from the center of
Earth. At zea level (3978 miles from the center of the
Earth), an astronaut weighs 210 pounds. How muoch
does the astronaut weigh 200 miles above sea level?

OPEN-ENDED Drescribe a real-life sitnation that can
ke modeled by an inverse variation equation.

CRITICAL THINKING Suppose x varkes inversely with
¥ amd y varies inversely with 2. How docs 1 vary with
27 Justify vour answer,

USING STRUCTURE To balance the board in the
diagram, the distance (in feet) of each andmal from the
center of the board rmust vary inversely with its weight
(in pounds). What is the distance of each animal from
the fTulemam? Justify your answer,

i fi 1

1
1
I d it |
o

fulrum = Wb

o N

— Maintaining Mathematical Proficiency reicoocwmatouicancs o poss gases ans iesscns

Ihivide,
34, 4+ 2x-99 =(x+11)

(Secliond.%)

36, fix)=5+4 37 gix) = e~

Graph the function. Then state the domain and range.
38. y=In3x -6 39.

35. (-1 -Y¥+ax -3+ Ii-x+5

{Seclion O.4)

Bx)=2Inix +9)

364 Chapter ¥ Rational Functions



Graphing Rational Functions

Egsential Qﬂ'&ﬂiﬂﬂ What are some of the characteristics of the

graph of a rational function?
4

The parent function for rational functions with
a linear numerator and a linear denominator is i
—F f

fixy= % Parent lunciion

The graph of this function, shown at the right,
is a fyperbola.

=

SN ENIls BN Identifying Graphs of Rational Functions
Work with a partner. Each function is a transformation of the graph of the parent
function fix) = % Match the function with its graph, Explain your reasoning, Then
describe the transformation.

a. g{r} = = E i In glhj —- ﬁ [ E{_[} = ;-t }
d. gix) = ::. _ ? e glx) = I-Il- : L gix) = T;JEE
A, 4 B. 4
i
o f
i )
i :
] ]
i H
—4 —4
C. A D. -
i i
| i
i 6 ) S D, S 6
"—ﬁ# : '————‘E"“_‘"_—“'
\ M\
-l : I ]
E. 4 F. :
0 | [
| l
—— e = e Ty e Tt e e
g } . G -§ I &
i i
\1 I
LOOKING FOR i !
STRUCTURE & B

T e e Communicate Your Answer
to discern a pattemn

2. What are some of the characteristics of the graph of a rational function?
arstructure,

D 3. Defermine the infercepls, asymplotes, domain, and range of the rational function
. A — A
Xy =,

3=

Section 7.2 Graphing Rational Functions 365



What You Will Learn

B Graphsimple rational functions.
P Translate simple rational functions.

Gﬂfﬁ Eﬂﬂmlﬂlﬁ!‘ B Graph other raticnal functions.
rational function, p. 366
Previous Graphing Simple Rational Functions
:;E::z:n A rational function has the form f(x) = g‘t—;; where (1) and gix) are polynomials
;:?n I:Iﬂgt:;'an amdd gpix) # 0. The inverse variation function fix) = ;—Ijs a rational fupction. The graph
h all this Munction when a = 1 15 shoown below,

&) Core Concept

Parent Function for Simple Rational Functions

‘The graph of the parént function f{x) = r%_i;v: a

wvertical :
frvpe rboda, which consists of two symmetrical — asymplote -
parts called branches. The domain and range are  ——x = 0 i 7
all nonzero real nambers.

[} Any function of the form gix) = E (a # 0 has

z i x

harizantal |
STUDY TIP the same asymptotes, domain, and range as the ?'::.:\-:;I'II:-;:;:'FL{ -
Motice thnti_ — 0 a3 function fix) = % = _“'
x — 2 and as x —+ —o=, This :
explains why v = Dis a .
horizontal asymptote of &
the graph of f(x) = % You SRR  Graphing a Rational Function of the Form y = .
can alio analyze y=values = d . : I
as x approaches 0 to see Giraph g (x) = * Compare the graph with the graph of fix) = x
why x = 0 i avertical

= ASYTN Ptﬂ-tE. SOLUTIOMN

Step 1 The function is of the form g(x) = 4 sothe asymptotes are x = Oand y = 0.
Draw the asymplotes. * -

Step 2  Make a table of values and plot the points.
Include both positive and negative values of x. |

LOOKING FOR
STRUCTURE x|-3|-2|-1] 1 :| 3
Because the function is v| -2 -2|-4|a]2]?

of the farm glx) = a « f{x), :
where a = 4, the graph of Step 3 Drraw the two branches of the hyperbola so

g is a vertical stretch by that they pazs through the plotted points
a factor of 4 of the and approach the asymptotes.
graph of £.

D’ B The graph of g lics farther from the axes than the graph of f. Both graphs lic in the
first and third quadraniz and have the same asympiotes, domain, and range.

Mﬂ"ﬂﬂrfﬂg Prﬂgrﬂsf 4"? Help in English and Spanish at Bigideasiath.com

1. Graph gix) = -TE‘-S. Cormpare the graph with the graph of fix) = -

366 Chapter ¥ Rational Functions



LOOKING FOR
STRUCTURE

Let f{x} = _74' Motice
that g is of the form

h==<2andk = =1.
So, the graph of g is a
translation 2 units left
and 1 unit dewn of the
graph of f.

Translating Simple Rational Functions

©) Core Concept

glx) = filx — h) + k, where

>

Graphing Translations of Simple Rational Functions

To graph a rational function of the formy = I_?_.i “+ k, follow these steps;

Step1 Draw the asymplotes x = hand y = £,

Step2 Plot points to the left and to the right
of the vertical asyrpioge.

Step 3  Draw the two branches of the
hyperbola 5o that they pass through
the plotted points and approach the
ARY MPLotes.

EXAMPLE 2

Graph gix) = ;::I; — 1. State the domain and range.

SOLUTION
Step1 Draw the asymploles x = —2and y = —1.

Step 2  Plot points to the lef of the vertical
asyrplode, siech as (—3, 3}, (—4, 1), and
(=&, 0k Plot points to the right of the
vertical apymptote, such as (=1, =5),
(0, =3), and (2, =2).

Step 3  Draw the two branches of the hyperbola
0 that they pass through the plotted points
and approach the asympiotes,

P The domain is all real numbers except —2 and the range is all real numbers
except —1.

Monitoring Progress ‘E Help in English and Spanish at BigideasMath.com
Graph the function. State the domain and range.
3

= -2 3, p=—1 4 y=—1_+35

E.}'= X+ 4 =1

Graphing Other Rational Functions

. :  +
All rational functions of the formy = e
; e+

alzo have graphs that are hyperbolas,

* The vertical asymptote of the graph is the line x = - i-‘-rl'-ccms:: the function is
undefined when the denominator ey + o is 2ro.

+  The horizontal asymptofe is the line v = ﬂ?

Section 7.2 Graphing Rational Functions 367



Graphing a Rational Function of the
ax + b

ex +d

Formy =

Graph fix) = 1:_13' State the domain and range.

SOLUTION
Step 1 Draw the asymptoles, Solvex — 3 = U for ¥ to find the vertical asymptoe

Step 2  Plot points to the left of the vertical asymptode, such as (2, —5), {ﬂ, —;]| ard

| =2, ). Plot points to the right of the vertical asymptote, such as (4, 9),
(6.2 ) ama (5.7)

Step 3 Draw the two beanches of the hyperbola so that they pass through the plotted
proints and approach the asymplotes.

P The domain is all real numbers except 3 and the range is all real numbers
except 2.
Eewriting a rational function may reveal properties of the function and its graph. For

example, rewriling a rational function in the formy = + kreveals that it is a

X—8
. i il :
tranzlation of y = T with vertical asympiote x = 1 and horizontal asymptote v = E,

SN N Rewriting and Graphing a Rational Function

T+ 5. _
e mlhel'un'ng{.r}—l_‘_ T

Rewrile g(x) =

+ k. Graph the function. Describe
ANOTHER WAY

You will use a different
method to rewrite g in SOLUTION
Example 5 of Lesson 7.4. D-

the graph of g as a transformation of the graph of fx) = *f;._

Fewrite e funclion L
by using long division: t+113c+5
o+ 3

P The rewritten function is g(x) = ;—f_--i + 3

The graph of g is a ranslation 1 unit lefi
b
and 3 units up of the graph of fix) =

s
x

i o e
Monitoring Progress *1 Help in English and Spanish at Bighieasiath.com
Graph the function. State the domain and range.

x4+ 1 , . —3x+2
4y — 2 L fx)= T

s. f) =3 6. /) =

- watd, i Bk i
8. Rewtile g(x) = e inthe form gix) = k. Graph the function.

Drescribe the graph of ¢ as a transformation of the graph of fix) =

= |2

368 Chapter ¥ Rational Functions



USING A GRAPHING

CALCULATOR

Because the number

of models and average
cost cannot be negative,
choose a viewing window
in the first quadrant,

>

AN Modeling with Mathematics

A 3-D printer builds up layers of materials (o make three-dimensional models. Each
deposited layer bonds to the layer below it. A company decides o make small display
mndels of engine components wsing a 3-D printer. The printer costs $1000. The
material for each model costs 350,

+  Estimate how many models most be printed for the
average cost per model to fall to 350,

*  What happens to the average cost s more mode]s
are printed?

SOLUTION

1. Understand the Problem You are given the cost of a printer and the cost to create
a model nsing the printer. You are asked to find the number of models for which the
average cost falls 1o $90.

2. Make a Plan Write an equation that represents the average cost, Use a graphing
cakulator to estimate the number of models for which the average cost is about
90, Then analyze the horizontal asymptote of the graph to determine what

happens to the average cosl as more models are printed.

3. Baolve the Problem Let ¢ be the average cost (in dollars) and m be the number of
miodkels printed,

o (Unit cost)(Number printed) + (Cost of printer) _ 50m + 1000

MNurmber printed m
Use a graphing caleulator to graph 00
the function.
i | LOm + 1000
P Using the trace feature, the average B m

cost falls to 590 per model after aboit
25 models are printed. Because the
horizontal asymptote is ¢ = 30, the
average codt approaches 550 as more 0 \Ame5. 106383 ¥ =89, B30E08 o a0
miodels are printed. g

4, Look Back Use a graphing calculator to credte tables of values for large
vales of m. The tables show that the average cost approaches 550 as more
models are printed.

1

s0.1
S0.0%
S0.033
SOLDES
SO0
SO0 7

S B

Monitoring Progress ‘3' Help in English and Spanish at BigideasMath.com

9. WHAT IF? How do the answers in Example 5 change when the cost of
the 3-I printer is $8007

Section 7.2 Graphing Rational Functions 369



7- 2 EKEFCISES Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The function y = = ;'r i + 3hasaln) al all real nurmbers
except 3 and a(n) _ of all réal numbers except —4.
. e S : : . :
2. WRITING Iz fix) = _“I_'_ ] a rational function? Explain your reasoning.

Monitoring Progress and Modeling with Mathematics

In Exercises 3-10, graph the function. Compare the 20, v= =

graph with the graph of fix) = i (See Example 1)

3, g{,lll=% 4, ﬂ:}:ﬂ X

X
_ =5 _ ek
5. E{I} - T . S'ﬁ_TJ' — T
_15 .
7. gix) = B gplx)= z
-0.3 ; 0.1
9, = 10, g1} = —
gix) 3 gz} =
In Exercises 11-18, graph the function. State the ANALYZING RELATIONSHIPS In Exercises 21-24. match
domain and range, (See Foample 2 the lunction with its graph. Explain your reasoning,
M og=243 12 y=2-3 M g =—— k1 22 WR)=—— ]
RS e F¥Y=3 RS E I3 e T
13, hin) = 6 PP Y .
: =] v ¥ X472 23, I{.[}—I_'a_l 24, 1'—-1_1'3_1
15 = -3 16, fix)= —=
-H—E}—I4_2 -IFJ—I_.I, A,
-3 10
17. - 18 v= -5
e x—4 l 5 x+7

ERROR ANALYSIS In Exercises 19 and 20, describe and
correct the error in graphing the rational function
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In Exercises 25=-32, graph the function. State the
domain and range, (See Example 3,)

25. fix) —{4-—:- 26. }-=':_:_;_
20, fix) = —fi‘%j 30, g9 = S=1
Moy =—p s 32 oy=2p

In Exercises 33=40, rewrite the Dunction in the form
gix) = iﬁ + k. Graph the function. Describe the

praph of g as a transformation of the graph of fiz) = —
[See Example 4.)

Bogw=T Mo
37, 3(x) =I:‘_'§ 38, 20x) =H

41. PROBLEM S0LVING Your school purchases a msth
software program. The program has an initial eost of
§500 plus 520 for each student that nses the program.
(See Example 5.)

a. Estimate how many students must use the program
for the average cost per student 1o fall to 330,

b, What happens Lo the average cost as moré students
use the program?

42. PROBLEM S0OLVING To join a rock climbing gym,
vl sl pay an initial fee of 3100 and a monthly fee
of $59.

a, Estimate how many months you must parchase a
membership for the average cost per monath Lo fall
to S,

b, What happens o the average cost i the number of
miowihs that you are a member increases?

43. USING STRUCTURE What is the vertical asymptole of
the graph of the function y = —2— + T

4= i}
® x=-7

ﬁ}r-ﬂ
Wy x=4 M x=7

44. REASOMNING What are the v-imerceptiz) of the graph

of the function ¥ = ::— :-‘-'3

1
A 1, -1 B 5
© 1 o -5

45. USING TOOLS The time £ (in seconds) it takes for
soinnd totravel 1 Kilometer can be modeled by

_ oo
el + 331

where T iz the air to mperatore {in degrees Celsiag).

a. You are 1 kilometer from a lightning strike. You
hear the thunder 2.9 seconds later. Use a graph to
find the approximate air temperature,

b Find the average rate of change in the time it takes
gound totravel 1 kilomeler as the air temperare
increases from°C (o 1O0PC,

46. MODELING WITH MATHEMATICS A business i
studyving the cost (o remove a pollutant from the

ground at its site, The functiony = 7 ;Sf =
meodels the estimated cost y (in thousands of dollars)
to remove ¥ percent (expressed as a decimal) of

the pollutant.

a, Craph the function, Describe a reazonable domain
and range,

b How muech does it cost o remove 208 of
the pollutant™ 40% of the pollutant? 805% aof the
polhutant? Does doubling the percentage of
the pollutant removed double the coxt? Explain,

USING TOOLS In Exercises 47-50, use a graphing
calculator to graph the function. Then determine
whether the function is ¢ ven, odd, or neitier.

A7, By = i 48, fix) = kb
TR oyt ] ! =9
40 r_l 50. fix) _1'
R T JE L S pe
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1.

52.

53,

55.

MAKING AN ARGUMENT Your friend claims it is
possible for a rational function to have two vertical
asymplotes. [ vour friend correct? Justify vour answer.

HOW DO YOU SEE IT? Use the graph of f1o
determing the cquations of the asymptoles, Explain.

DRAWING CONCLUSIONS Inwhat line(s) is the graph
ol y = i symmetric? What does this symmetry tell
you about the inverse of the fanction f{x) = %‘E‘

THOUGHT PROVOKING There are four basic types

of conic sections: parabola, circle, ellipse, and
hyperbola. Each of these can be represented by the
intersection of a double-napped cone and a plane. The
intersections for a parabola, circle, and ¢llipse arc
shown below. Sketch the intersection for a hyperbola.

Ellipse

y

Circle

F

Parabaola

REASONING The graph of the rational function [ is a

hyperbola. The asymplotes of the graph of fintersect
at (3, 2). The paint (2, 1) is on the graph. Find another

point on the graph, Explain your reasoning,

36,

57.

ABSTRACT REASONING Dwscribe the intervals where

the graphof y = ﬂ; is increasing or decreasing when

(aja = 0 and Ll:r}'a < (. Explain your reasoning,

PROBLEM SOLVING An Internet service provider
charges a 50 installation fee and a mionthly fee of
#43, The table shows the average monthly costs y of
a compoting provider for x months of service. Under
what conditions would a person choose one provider
over the other? Explain yoar reasoning.

Months,x | ey
o $49.83
12 $46.92
4 4594
24 $45.45

MODELING WITH MATHEMATICS The Doppler effect
oocurs when the source of a sound is moving relative
to a listener, 5o that the frequency f(in hertz) heard
by the listener iz different from the frequency §, (in
hertz) at the source. [n both equations below, r is the
speed (in mdles per hour) of the soand source.

& An ambulance siren haz a frequency of 2000 hertz.,
Write two equations modeling the frequencies
heard when the ambulance is approaching and
when the ambulance is moving away.

b, Graph the equations in part (a) using the domain
0<r= 60,

c. For any speed r, how does the frequency heard for
an approaching sound source compare with the
frequency heard when the source moves away 7

_Maiﬂ'hiﬂ Iﬂg Mﬂfhﬂiﬂaﬁﬁal Prﬂfiﬁiﬂﬂﬂ.'f Reraeang what wou feamied in predous gredes and lessony

Factor the polynomlal.  (SElls Review Handbaok)
59, 4x? - d4r — 80 60, i -3x-6 1. 2 —2x-12 62, 10" +31x - 14
Simplify the expression.  (Section 5.2
63. 3.3 64, 212, 290 U e & 22
e Cbakid " g - g
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7.1-7.2 What Did You Learn?

Core Yocabulary

inverse variation, p. 360
constant of variation, p, 360
rational function, p. 365

Core Concepts

Section 7.1

Inverse Variation, p. 360
Writing Inverss Variation Equations, p. 36/

Section 7.2

Parent Function for Simple Rational Functions, p. 366
Graphing Translations of Simple Rational Functions, p. 367

Mathematical Practices

1. Explain the meaning of the given information in Exercise 25 on page 564.

2. How are you able to recognize whether the logic used in Exércise 29 on page 364 is
correct or Hawed?

L1 ]
)

How can you evaluate the reasonableness of vour answer in part (b) of Exercise 41 on page 3717

4. How did the context allow you to determine a reasonable domain and range for the fanction in
Exercise 46 on page 3717

Study Errors

What Happens: You do not study the night matenal or you
da not learn it well enough 10 remember it on 2 test without
resources such as notes

How to Avoid This Error: Take a practice test Work with a
study group, Discuss the topics on the test with your teacher
Do mot try b learn 3 whole chiapter's worh of matenal in
one rll-\;i:lr




Tell whether x and y show divect wirkatfon, imverse variadion, or aeiifer. Explain your
reasoning. (Section 7.1)

1. x+y=7 2, x=y 3. xy =045
1 T N 3
Slx]s|6]o]n “lx] 1 |2]3]4 Slx|2]4]6]s
y| 9 |18] 2736 | y |-24|-12| -8 | -6 y |72 |3 |19

7. The variables x and ¥ vary inversely, and y = 10 whenr = 5. Write an equation that
relates x and v, Then find y when x = =2, [Section 7.1)

Match the equation with the correct graph. Explain your reasoning. (Section 725
~2 _ 3 10. hix) =

x4+ 2

E.ﬁ..'t}=%+: 9‘ ¥ =

Ix+1

~
4
[P

C

R E'-:: in the form gix) = r—"_‘—ﬁ + k. Graph the function. Describe the

graph of g as a ransformation of the graph of fix) = Er {Section 7.2)

11. Rewrite gix) =

12, The time ! {in mimites) required to empty a tank varics inverscly Pl.rm:i:m;mn T*:.lm'
with the punnping rate r{in gallons per minuie). The rate of a certain s n)
purgr iz 70 zallons per mimite, I takes the pamp 20 mminutes to &
empty the tank. Complete the table for the tmes it takes the pump to
empty a tank for the given pumping rates. (Section 7.1 ol

a3
T0

13, A pitcher throws 16 strikes inthe first 38 pitches, The table shows how a pitcher's sirike
percentage changes when the pitcher throws x consecutive strikes after the first 38 pitches. |
Write a rational function for the strike percentage in terms of x. Graph the function.

How many consecutive sirikes must the pitcher throw to reach a strike peroentage
of 0,607 (Section 7.2)

x Total strikes | Total pitches | Strike percentage

16 38 042
5 21 43 049 |
10 26 45 054 .
X x+ 16 x+ 38 I
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Multiplying and Dividing

Rational Expressions

REASONING
ABSTRACTLY

Ta be proficient in math,

you need to know and
flexibly use different
properties of operations
and objects.

>

Essgential Qﬂ&ﬂﬂﬂﬂ How can vou determine the excluded values in
a product or quotient of two rational expressions?
Yo can multiply and divide rational expressions in much the same way that vou

multiply and divide fractions, Values that make the denominator of an expression zero
are evchiuded values.

Product of ratonal expresiions

T
=

|
—
"

...
i
=
-
+
=

= x# -1

0] o

Ouabient of ratienal expressiom

__,
P
+
i
Tt |
[

X

AN EAI[sL'BE Multiplying and Dividing Rational Expressions

Work with a pariner. Find the product or quotient of the two ritional expressions,
Then match the product or quotient with itz excluded values. Explain your reasoning.

Product or Quuotient Excluded YValues
. |
e A, —1,0, and 2
r—1 »x+1
b L. =L B. —2and 1
E=1 x=—1
1 s e iy
1’:,.L E‘J.’I-l_ C. =20 and 1
axts, =8 _ D. —1 and 2
=1 x+¥2
x . x+1l_ B _
E'ui'.ﬂ? E. —1,0, and 1
e SV S B F —1land1l
= T
o o g
b 1+2+x+1 _ H. 1
I r=—1

EXPLORATION 2

Writing a Product or Quotient

Work with a pariner. Write a product or quotient of rational expressions that has the
given excluded values, Justify your answer,

a. =1 b =1 and 3 ¢, —1,0 and 3

Gommunicate Your Answer

3. How can you determin: the cxchxded valies ina product or quoticnt of two
rational expressions?

4. Is it possible for the product or quotient of twio rational expressions to have no
excluded values? Explain your reasoning. If it is possible, give an exanple.
Section 7.3
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Core Vocabulary

ratianal expression; p 376
simplified form of & rational
expressan, g 356

Previous

fractions

polynomialks

dormain

Equivalent &pressions
FeEprocal

STUDY TIP

Motice that you can divide
out common facters in
the second expression
at the nght. You cannot,
however, divide out

like termis in the

third expression,

>

COMMON ERROR

Do not divide out variable
termns that are not factors.

Xx=6,-5
X=2 =3 D
¥ Chapter ¥

What You Will Learn

B Simplify rational expressions.
B Multiply rational expressions.

B Divide raticnal expressions.

Simplifying Rational Expressions

A rational expresston is a fraction whose numerator and denominator ane nonero
polynonials. The dewtain of a rational expression excludes values that make the
denominator sero. A rational expression is in simplified form when its numerator and
denominstor have no common factors (other than =1).

G) Core Concept

Simplifying Rational Expressions
Let a, b, and ¢ be expressions with & # O and ¢ + 0.
Property ;—'; = E Dvnde out cormmon Facior ¢
Examples %g = |33 -.‘1,- = 13—3 Dvicle out comamon factor 5
4z A5} 4 ¥ :
GrNEAT FF3 Davidke out commeen factor ¥ + 3.

e

Simplifying a rational expression usnally requires two steps. First, factor the
mamerator and demominator, Then, divide out any factors that are commmon to both
the mumerator ad denorinator. Here is an example:

x4 Tx _xx+T) _x+7
1! TsX X

EXAMPLE 1

simplifying a Rational Expression

Simplify x %1};_13 :
SOLUTION
X ;j'f ; 12 - g I g’i: - g: Factor numerater and demominator
= E'li-;’: :—1:; Diade out comimon facto
= :__ f x# =2 samphified fom

The original expression ks undefined whenx = —2. To make the original and
simplificd expressions equivalent, restrict the domain of the simplified expression by
cxcheding x = —2, Both expressions are undefined when x = 2, 50 it is nol necessary
to list it.

= = )
Mon Fl'ﬂ'rmg Prﬂ'ﬂrﬁgﬂ' ‘1} Help in English and Spanish at BigideasMath com
Simplify the rational expression, if poazible,

_Axtl) 5 x4 . g 2 =8e=2
T+ 1M+ 3) "o - 16 " Xx + 2) T J—

Rational Functions



ANOTHER WAY

In Example 2, vou can
first simplify each rational
expression, then multiply,
and finally simplify

the result.

8y | Tx'y
oy Ay
_ | Iy
¥ 4
_#+?ixﬁi!+y
= Aoy
=Ty, x20y=0

Check
X 1 ¥

-5 ERROR | 7

I = B

-3 7 T

=2 & &

=1 -3 -3

] ERROR | &

i T
K==

Multiplying Rational Expressions

The rule for multiplyving rational expressions is the same as the mle for moltiplying
numerical fractions: multiply numerators, rrullti:ﬂ}' denominators, and write the new
fraction in simplified form. Similar to rational mambers, rational expressions are closed
under multiplication,

&) Core Concept

Multiplying Rational Expressions
Leta, b, ¢, and o be expressions with & # 0 and & + 0.

Property E . 5 = g’g ‘:lnlrﬂlf'.':jlf passible,
5S¢ Gy _ 3l | M3 exexl.gf 3l
Example a = — A === y#0yv#0
P 237 10y 200  W-2-x-y 2 y

EXAMPLE 2

Multiplying Rational Expressions

Find the producy 357 , 259°

yl Ay
SOLUTION
Sy Ty _ SaxTy
e . W = Y Blurdtiply numerators and denomenators,
= B.7 *.’r ol ’}d o 4 Factor and dinds out commaon factors,
E L }ﬂ

=Tx%y, xeQys#0

Simplified Foom

EXAMPLE 3

Multiplying Rational Expressions

: Ir— 3! x4 x-—20
Find the product e g — * 3 ]
SOLUTION

=3P 24 -0_ -2 (x + 5Hx — 4) Factor numerators
T+dax =5 3 (x = 13z =+ 5) j 3r and denomanatons.

_ 3l —xjx + 5)x — 4)
(x = 1) + 3)3x)

= 3o~ 1Hx — Dx + S — 4)

el pdy numerators
and denomanatons,

Rewrite 1 = x as

(x = 1)ix + 5)3x) {(—1)x — 1L
_ A - L —THx4-5)x — 4) Dinde out commion
(x=—THx4-5)3x) Factors

m =y 4 g =5xg0 ] Simphfied form
Check the simplified expression. Enter the original expression as v, and the simplified
expression as ¥, in a graphing calenlator. Then use the fafrle feature to compare the
values of the two expressions. The values of y, and ¥, are the same, except when
¥==3x=0andx = 1. 50, when these values are excluded from the domain of the
girmplified expression, it i equivalent to the original expression.

Section 7.3 Multiplying and Dividing Rational Expressions 317



FENUINN Moultiplying a Rational Expression by a Polynomial

+ 2
STUDY TIP Fhlﬂﬂlrﬂptmmxi_ﬂ+{ﬂ+1t+9p.
Motice that x* + 3x + 9
does not equal zero SOLUTION
for any real value of x. 5 i
x+2 x+21 X+ +% Write pabynomial as a
50, no values must be 5 P+ 3+ B = . :
; - 27 xt =127 | #
excluded from the domain : " i ottt stditios
to make the simplified = A it + 340
i eaukalet o F=NEF I F9) Mudtiply. Factor densminator.
the ariginal. R
D’ = {{": + i;ﬁ{j i:ir gi Dreide out common Factors,
= i t i sarmplifhed Form

378

Chapter ¥

Monitoring Progress 4‘1‘ Help in English and Spanish at BighteasMath com
Find the product.

Sy Gy 2 -1y x+3 xf
> gy oy %% ‘32 gt el

Dividing Rational Expressions

To divide one rational expression by another, multiply the first rational expression by
the reciprocal of the second rational expression. Rational expressions are closed under
noveero division.

G Core Concept

Dividing Rational Expressions
Leta, b, ¢, and & be expressions with & # 0, ¢ # 0, and o # 0.

Property e et A ﬂlntdlf‘ymjfmuﬂmlv.
Tt o 7 E-—5_- Hx—73 3
EXAg S r+1 ZxXx-3 1+1 x+2 -Lr+1]-r,r+23’1*2

FHALIRRN Dividing Rational Expressions

o A Tr o= Gy
Find the cuotient - :
! e =10 ¥ -lix+ 0
SOLUTION
T Xt - fr Tr =11y + 30

i = ' Multiply by reciprocal
—10 ¥ —-1lx+30 2x—10 . i ultiply by reciproca

L S ¢ SHx = )

= =5 =) Facton
_ Trr—5}x—1) Multiphy. Divide out
2 Sxix—6) comman factors,

rFOXFESxF6 Simphfed foom

2] =

Rational Functions



AN NN Dividing a Rational Expression by a Polynomial

2 i

Find the quotient o +4:1 15, (3a% + 5x).
SOLUTION

G+ x — &l 4315 1

] {3+ 5 = Klusltiply by reciprocal,

a ax?  3a + 5y
= {1[+ S_.-ll_.i.lh & 3} i_'nlj_ll+ 5} Ir!l.“.l-l.
= iiiatigf:_f;j Dvwide oul comman lactons.
= 1*41‘_; 3 xa —% Simplified fom

FAAGEE  Solving a Real-Life Problem

The total anmal amosunt £ Cin millions of dollarz) of personal income eaned in
Alabarna and jts annual population £ {(in millionsh can be modeled by

§ = S92+ 106,947
000631 + 1

and
P o= 0034350 + 4432

where [ represents the year, with § = 1 corresponding to 2001, Find a model M for
the annual per capita income ., (Per capita means per person.) Estimate the per capita
income in 2010, {Assame > 0.

SOLUTION

To find a maodet A for the anmaal per capita income, divide the tofal amount T by the
popalation P,

69721 + 106,947 | .
e e A+
M 000 + 1 (0.03431 + 4.432) Dvade fby £,
_ 6922 + 106,947 1 ! :
—— S R T Y Multiply by reciprocal,
02 + 106,947 Multiply

(000631 + 1)0033 + 4.432)

To cstimate Alabama's per capita income in 20010, Tet § = 100 in the model.

6922 - 10 + 106,947

M = 50063 + 10 + 100343 « 10 ¥ 4833

Subsstimate 10 for ¢

e 34 0T s & caladator

P In 2010, the per capita income in Alabama was about $34,707.

Monitoring Progress ‘E' Help in Engish and Spanish at BigideasMath.com
Find the quatient.

dx 2 .'l,: - 2x i 43y =5 o 4
il o e e B el
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7.3 Exercises

Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Goncept Check

Explain vour reasoning.

xr—4
xt

X+ 4x— 12
= 4 A

1. WRITING Describe how to multiply and divide two rational expressions.

2. WHICH ONE DOESN'T BELONG? Which rativnal expression docs nof belong with the other three?

4y
Jat

x2—x— 12
I =iy

Monitoring Progress and Modeling with Mathematics

In Exercises 3-10, simplily the e xpression, il possible.
(5er Example 1.)

21 7ot -yt
3., —— 4 ——
Ixt = dx P
g -3 —18 g it 13x +36
*R=Tr 46 ©oxt=Tx+ 10
7. Xt llx+ 18 g Y- Tx+12
' x4 8 R
T4 -1 -5x+ 15
. O 1 =
10. A -3+ T -7

Tt = 147

In Exercises 11=20, find the product. (See Frampies 2,

S, ond 4. )
a5 L
11, :ci'p i 12, 7 = }&
13 -4 (x-3)x+6)
or—3 x?

14, x4+ 5 +|;1'—{1H,:+ B

r—9 3
T I..|.__|:" b R !.;.3_1-.-_-'
15, X :"‘:1 X T ¥ 16, X qr_x :
X — & A r—1 =T
17 XX+ -4 ! b+ 4x
Cxteedy dd P =dy +3
18 _::3—.1*—-6»i 2t 4
' 43 YEi5+6
2. -3 .
19, ':!!-_.. 'f.ff'.'_"ﬁ w [X¥ - 11x + 23;'

» =49

330 Chapter ¥ Rational Functions

210,

21.

22,

23,

24,

X =x=12

X =16

« (x* + 2x — §)

ERROR ANALYSIS Describe and correct the ermor in
simplifying the rational expression,

3 5

xf+jl-ﬁ3r+§ﬂ-=xa+2:r+?.l-

¥+ Bx+ 16 P o
1 1

ERROR ANALYSIS Describe and correct e error in
finding the product.

x—28 x—3_(x+B)x—B) x—3
X 3-x k+5 5=x x+ 5
= {x4-5)(x— B)(x—3]
(B ~%){x+5)
=x—5 xFz3 xE -5

USING STRUCTURE Which rational expression iz in

simplified form?
it gy V6 +E
@1?1-'3;:-r2 fe i e —
»r—ar+9 e X4+ 3x —4
© xX—2x -3 LE ¥4+x-2

COMPARING METHODS Find the product below by
multiplying the nmimerators and denominators, then
sirmplifying. Then fimd the product by simplifying
cach expression, then multiplving, Which methaod do
vou prefer? Explain,

Ay | 12yt

I Myt



25.

2.

WRITING Compare the fanction

(B3x-Tix+6) ; -
Jix) = —1.3"-' -7 to the fanction g(x) = x + 6,

MODELING WITH MATHEMATICS Write a muxle] in
terms of x for the total arca of the base of the builkding.

0oo [fooo [Mooo [ooo

BR8 [223 1838 |ANE

LL-\_l-I-\.l;L 'JI'-'."‘“r';""f' rd i_.. I J:_? = .-I".J:' . .!D
1 -

ooo “[oooYooo “ooo V= b - 12

0po ja00 Joon Jonn l

jooa (600 Qoon (ool N |

i 3.”3_ II:L' i

L] x:.l - - :ﬂj 1

In Exercises I7-34, find the quotient. [See Evamples 5
e &. )

1?_ @ - _:li

¥ Bt
20,
31.
32
33.

34,

78, D%, 9

xigd o it

‘-x—6_ x+12 -1 | 0

¢t — 67 Ay’ »-T7x+6 Ixr—3
H—yr—8
—_— - @ +
<+ 4 {x! = iy + 9)
22 —Sr—36 . .
= =[x 18x + 81)

49+ 18 x-3x—18
WM+ ac+8 x4+ 2x—B

¥ =3x—40 2P+ 13x +40
4R -2 412y + 20

In Exercizes 35 and 36, uze the following information,
Manufincturers often package products in a wey thal uses
the feasl amoun! of materiol. One measure of the efficiency
af a package is the miio of its surface area 3 o s

volume V. The smaller the miio, ke more efficient the

packaging.

35.

You are examining three cvlindrical containers.

a, Write an expression for the efficiency ratio % of a

cvlinder.

b Find the efficiency ratio for each cvlindrical can
listed in the table. Rank the three cans according
to efficiency.

Soup Coffes Paint
Height,f | 102cm | 1539cm | 194¢m
Radius, r JAcm TEcm e
Section 7.3

36.

37

38.

39.

Multiplying and Dividing Rational Expressions

PROBLEM SOLVING A popoorn commpany is desizning
a mew tin with the same square base amnd twice the
height of the old tin.

a Wrile an expression
for the efficiency ratio -
of each Lin.

b Did the company
miake a good decision
by creating the new
tin? Explain.

MODELING WITH MATHEMATICS The todal amount T
(in millions of dollars) of healthcare expenditures and
the residential population  (in millions) in the
United States can be modeled by

171,000¢ + 1,361,000
1 + 0018

F = 2961 + 278.649

= and

where ! is the nimber of years since 2000, Find a
riwcdel A for the annual healheare expenditures per
resident, Estimate the anpual healthcare expendibures
per resident in 2000, (See Example 7.}

MODELING WITH MATHEMATICS The tofal ameant
I (in millions of dollars) of school expenditures from
prekinderparien to a college level and the enrollment
P (in millions} in prekindergarten theough college in
the United States can be modeled by

_ 17,9131 + 709,569
1 - 0.028

where £ is the mumber of years since 2001, Find a
el M for the annoal education expenditures per
student, Estimate the anmal education expenditures
per sdent in 2009,

{ amd P = 0.59061 + T0.219

USING EQUATIONS Refer to the pupu.'la]:jtm maode] F
in Exerciss 37.

a. Interpret the meaning of the cocfhicient of £
b Interpret the meaning of the constant term.
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490, HOW DO YOU SEE IT? Use the graphs of fand g to
determine the exchded valoes of the fuonctions

= (o)) and k() = {-’—r){x:. Explain yoar

41, DRAWING CONCLUSIONS Complete the table for the
X+ 4
x—16
a graphing calculator to explain the behavior of the

function at x = —4,

function ¥ = . Then use the irace feature of

o y
-3.3

=538

-39

—4.1
-2

42. MAKING AN ARGUMENT You and vour friend are
azked to state the domain of the expression below,

x4 + fx = 27
X4 dx — 43
Your friend claims the domain iz all real mombers

except 5. You claim the domain iz all real numbers
except —9 and 5. Who is correct? Explain.

d43. MATHEMATICAL CONNECTIONS Find the ratio of the

perimeter bo the arca
of the triangle shown.,
B

oy 15

44, CRITICAL THINKING Find the expression that makes
the following statement tre, Assume x # =2
and x # 3.

b - _Xx+2
+x—-35 #-%-10 x+7

USING STRUCTURE Inm Exercizes 45 and 46, perform the
Indicated ope rationz,

x—5
3r =21

X 4x
= 11lx =21

45, « (6x + 9) =

pg . K2 at-4

R i~ s e S

47, REASONING Animals that live in temperyiure s several
degrees colder than their bodies nmst avioid losing
heat 1o survive . Anirmals can belter conserve body
heat as their seface area Lo volume ralios decrease,
Find the sirface area to volume ratio of cach penguin
shervn by using cylinders to approximate their shapes,
Which penguin is better equipped to live in a colder
environment? Explain vour reasoning.

Kindg Pendguin
Ga lapragos
Penguin
T 94 cm
Y3 em
4 Wl i
radmis = & om radius = 11 om

ot arawn fo s0ah

48. THOUGHT PROVOKING Is it possible to write two
radical functions whose product when graphed is
a parabola and whose quotient when graphed i= a
hyperbola? Justify your answer.

48, REASDNING Find teo rational functions [ and g that
have the stated product and quoticnt.

(x—1p
(x+2)°

(o)) =x {f (x) =

_Mai Hhil‘llﬂg Mﬂfhﬂﬂ:lﬂﬁﬁﬂ Prﬂfiﬁi&ﬂ G’f Fasiownf whal you keaimad m predou s grades and lessmns

Solve the equation. Check vour sodution. (SEE Review Handbook)
zx + 4 = ,L,r + 5

51, ix-2=23 5. p-i=R-j

i 1 3 ]
I 3 L3, ?'Fj—d—.'l.—?

Write the prime factorization of the number, I the number is prime, then write prime.
(ks Keview Handbook)

4. 42 5. 91 56. T2 7. 19
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Adding and Subtracting

Rational Expressions

CONSTRUCTING

VIAELE ARGUMENTS

To be proficient in math,
you need to justify

your conclusions and
communicate them

to others.

>

Essgential Qﬂ&ﬂﬂﬂﬂ How can vou determine the domain of the sum
or difference of two rational expressions?

Yioun can add and subdract rational expreszions in much the same way that vou add and
sublract fractions.

r . & -+ 2
4 = Semn ol ranonal expressons
r+1 x2+1 x41
| 1 2 | 1
Z i i Iy Dilference of rational exp essions
x & .y I

SN LV Ilsl'Bl Adding and Subtracting Rational Expressions

Work with a pariner. Find the sum o difference of the tvo rational expressions.
Then match the sum or ditference with its domain. Explain your reasoning,

Sum or [HiTe rence Dommain
£
a. ;_i—l + ;'_—] - A, all real nambers except —2
b, e 1 i f L = B. all real mymbers except — 1 and |
. : + l_ - . all real nombers except 1

r—2 2-x

d. - 1 it __+_I] = D. all real nombers except O
PO aall P E. all real mambers except —2 and |
Tx+2 24k " £
X r+1 _
I. —— e F. all real nombers except O and 1
i 2
Es iy, A G, all real mombers except 2
1+2 x+1
b, —— — ——= H. all real nommbers except O and 2

SR L ENIlel Y  Writing a Sum or Difference

Work with a parimer. Write a sum or difference of rational expressions that has the
given dommain, Justify vour answer.

a. all real numbers except —1 b all real numbers except — 1 and 3

. atl real numbers except —1, O, and 3

Communicate Your Answer

3. How can you determine the domain of the sum or difference of two rational
expressions?

4. Your friend found a sum as follows. Describe and comect the érroris).
x . 3 _x+3
r+d x—4 2x
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What You Will Learn

P Add or subtract rational expressions,
P Rewrite rational expressions and graph the related function.

Gﬂfﬁ vmmhrﬁ' B Simplify complex fractions.
compled fracton, p. 387
Previous Adding or Subtracting Rational Expressions
ratonal r:‘""'"':"?"s Az with mumerical fractions, the procediare used (o add (or subiract) two rational
P expressions depends upon whether the expressions have like o unlike denominators.

To add (or subdract) rational expressions with like denominators, simply add
(or sublract) their numerators, Then place the result over the common denominator,

G) Core Concept

Adding or Subtracting with Like Denominators
Let a, &, and ¢ be expressions with ¢ # 0.

Acddition Subiraction
a,b_ath a_b_a-b
[ : [ [y i ' i

Adding or Subtracting with Like Denominators

& .'3} + % e T_:;_—S = ;—E = % Add narnerators and simplify.
3 Ay —
b, :Tﬁ X fﬁ i '_;L_ : Sudytra 1 UMETATONS,

Mon HDI"IIHQ Pl‘ﬂgrﬁﬂf ‘i‘ Help in English and Spanish at BigideasMath.com

Find the sum or differemnce,
2
& ] 2 2 e 3. =R & 2y 2

. — = . — F == + —
12 12 T =2 r—13 ] 41

T add {or subiract) bvo rafional expressions with anile denominators, find a commen
denominator, Rewrite ¢ach rational expression using the commen denominator, Then
add (or subtract).

G) Core Concept

Adding or Subtracting with Unlike Denominators
Let a, b, ¢, and o be expressions with ¢ # Qand d # 0.

Addition Subiraction
a, b _ad be ad+be a_b _ad_ be ad-be
2 & ed of il ¢ d ed  ed &

You can always find a common denominator of two rational expressions by
multiplving the denominators, as shown above . However, when vou nse the least
common denominator (LOCD), which is the least common multiphe (LOM) of the
denominators, simplifving vour answer may take fewer steps,
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Tox find the LOM of two {or more) expressions, factor the expressions compleiely,
The LCM iz the product of the highest power of each factor that appears in any of
the expressions.

FHACLINN  Finding a Least Common Multiple (LCM)

Find the least common multiple of 478 — 16 and 602 — 24y + 24,

SOLUTION
Step 1 Factar each polynomial. Write numerical factors as products of primes.
4 = 16 =430 = 4) = (Nx + Dix - 2)
G2 = 24r + M = 60 = 4x + 4) = (2H(3Nx - 2)R
Step2 The LCM iz the product of the highest power of each factor that appears in
either polynomial.
LCM = (2%(3)(x + 2px — 2)* = 12(x + 2}x - 2)*

Adding with Unlike Denominators

Find the sum % + m
SOLUTION
Method 1 Use the definition for adding rational expressions with unlike
denominators.
l_'_ x _ 730 + 3+ (WxY) 2 b _ad+ be
oxF  3x% 4 Iy o33 4 3x) e d od
21t 4 21x 4+ 9
= e+ 30 Disanbatnsee Property
Iyl
= '11;3%1 : i:{;-'r;} Factor. Drade cut commean factors.
3+ T4+ 7

Method 2 Find the LCD and then add. To find the LCT:, factor each denominator amd
wrile each factor to the highest power that appears in either denominator.
Mote that 9% = 332 apd 32 + 3x = oy -+ 1), 0 the LCD is vx + 1),

TS Rt AR o Factor second
O 3t + 3 W Axx 4+ 1) denanmnatar,
=li_:._.'.k.%+1$x+ S :; L €D is Seife + 1),
- Q:r-l’:i::l i ":i'.!t'?l,.::r:- 0 .
= % Akl umerators,

Mote in Examples | and 3 that when adding or sublracting rational expressions,
the resoli is a rational expression, In general, similar to rational numbers, rational
expressions are closed under addition and sabiraction.
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COMMON ERROR

When subtracting rational
expressions, remember to
distribute the negative

sign to all the terms in

the quantity that is

being subtracted. D

FHANINEN Subtracting with Unlike Denominators

- . X412 =2 =1
Fimd the difference S T ey
SOLUTION
x+2 -x-1 x+1 = -Ix-1 Factor each
=2 p-4x+3 2x-1) (x-1Lix—-3) denomina bor,
= Xt x—3  —dx—1 I UDiE
Ar—=1) x-=3 (x-Nix—-3 2 HAx—1%k-—13)
ek . ekt O Mubtply.

B A e
231 6 _(—d4r —3) Subirach numeratons

e — 1My —3)
_ X4+ —-4 :
= —m_ — 1}—LT T Sirngelify roivnaeraton
Facton mume ator,

= iE"__Em: 4 [ywicle au comminon

2p—Thx — 3) factars.

X4 i

= X - '

2 —3) X | Sirmgeliby.

Monitoring Progress ‘ﬁ; Help in English and Spanish at BigideasMath.com
5. Find the least common multiple of 5x° and 1057 — 151

Find the st or difleremee,
3 1 | i
ax 7 Lxtewon ot e AT

Rewriting Rational Functions

Rewriting a rational expression may reveal propertics of the related function and
its graph. In Example 4 of Section 7.2, you used long division to rewrite a rational
expression. In the next example, vou will use inspection.

SN Rewriting and Graphing a Rational Function

Ix+5 o

Rewrite the fanction fix) = A i the form gix) = S + k. Graph the function,

Describe the graph of g as a transformation of the graph of f(x) = ;

SOLUTION

Rewrite by inspection:
3x+5 _w+3+2 _e+H+2_ a1 2 =3+L
T+ 1 T+ 1 x+ 1 P | x 4+ 1 x+1

P The rewritien function is g(x) = = 2 4+3.The sraph of g is a translation 1 unit

+ 1
loft and 3 units up of the graph of fix) = %

Monitoring Progress 43} Help in English and Spanish at BighisasMath.com

9. Rewrite gx) = ;}:—_;1 in the form g(x) = —— + £ Graph the function.
Drescribe the graph of g a8 a transformation of the graph of fix) = 11
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Complex Fractions

A complex fraction iz a fraction that containg a fraction in its mimerator o
denominator. A complex fraction can be simplified using ¢ither of the methods below,

C) Core Concept

Simplifying Complex Fractions

Method 1 If necessary, simplify the numerator and denominator by writing
each as a single fraction, Then divide by muliplving the numerator
by the reciprocal of the denominator,

Method 2 Multiply the murmerator and the denominator by the LCD of every
fraction in the nomerator and denominator. Then simplify.

SRR  Simplifying a Complex Fraction

3
E = Jfrj-l-qﬂr Bodd Tractiors i cerorminaton
I I(x+4)
- 3 xxi+4)
ey dicte e Mudtiply by reaprocal,
S.Ij:,l'--l"'ﬂ}
st e e ¥
{x_# 0 + ﬂ} Devvade it codnimon Factors.
5 1] "
" TTE S.x # =4 xe0 Simpliky,
Method 2 The LCD of all the fractions in the numerator and denominator is vix + 4).
] 5
x+4  x+4 _dx + 4) Mludtiply numerator &nd
N N r S " 2 xx+4) denominaton by the LOD,
T+ 4 X I +4 X
5
- =
2t | Kt

= : - Dvvicle out common factors,
e w P 4+ = .k 4
I+ ) X : )

Ex

= e e ST Samipliby,
ﬁ.
h_l_ﬂ.x;& -4, x#0 Simpliby,

Monitoring Progress 45\3' Help in English and Spanish at BigideasMath.com

Simpliry the complex Craction.
x_x 2 _4 3

10, 5 ; 1+ 12, %
LT - N
T 10 ok -3 x4+5
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7.4 Exercises

Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check

called ain)

sublracting numerical fractions.

1. COMPLETE THE SENTENCE A fractionihai conlains a fraction in its numerator or denominator 15

2. WRITING Explain how adding and subiracting rational expressions is similar to adding and

Monitoring Progress and Modeling with Mathematics

In Exerclzes 38, find the sum or difference.
(See Example 1.}

i5, 5 X q
. =4 = s s .
A 4r  4r " 16 lar?
a9 il 3xd iy
5 x+1 x+1 r—% x-—8
x 15 4yt 1
. g -
L x+3 x+3 8 r—1 2x-—1

In Exercizes 9-16, find the least common multiple of the
expresslons, (%ee Kxample 2. )

9. 3x 3y = 2) 10, ¢ dx + 12
1. 2x, 2xix — 5) 12, 24x? Bx? — 16v
13. 2 -25x-5 14, 9 — 1630 +x —4

15. ¥4+3x=40,x=8 16 ¥=2=65,x+7

ERROR ANALYSIS In Exercises 17 and 18, describe and
correct the errer in finding the sum,

17.
2 4 2vd NG
By x¥ Bx+x' xB+X

X + ] ik x+ 4
X x+2 x=5 [x+2)x=5)

In Exerclaes 19=26, find the 2um or difference,

(5ee Examples 3 and 4,)

18.

122 T b 5
9. 2T 20. 2+
3 | 9 2
| 44 o 22, 1'_--1+'L'|'-|
23 1z, 3

*+5%-24 x-3

388 Chapter ¥ Rational Functions

xi=3 x+3 X - ]
W T 1T r=d rtEm—i

r+3 =1 3

W i Etris

REASOMING In Exercises 27 and 28, tell whether the
statement s always, sometimes, or gever true, Explain.

27, The LCI of two rational expressions is the product of
the denominators,

28. The LCD of two rational expressions will have a
degree greater than or equal to that of the denominator
with the higher degree,

29, ANALYZING EQUATIONS How would you begin to

rewrite the function gix) = ‘l: :: to obtain the form
] A
- PO S el
@ ) ==
Hx+ D +1
s 4o
B 5 x+2
‘o s D+ Gr-1)
() = B 4
© g0 o
P 5 o |
© a0 =757~

30. ANALYZING EQUATIONS How woukd you begin 1o
rewrite the function pix) = J.’_E_ to obfain the form

g = —2— + 17

x=h
@® go =HIH)
® g =212
© 20 =3=573



In Exercises 31-38, rewrite the function g in the form 46. REWRITING A FORMULA The total resistance R, of

pix) = 2 _ ik Graph the function, Describe the tovo resistors in a parallel circuit with resistances
x—h i R, and B, (in ohms) is given by the equation

Py shown. 5 mt!:nhl‘}l the complex fraction. Then find

the tofal resistance when 8, = 2000 ohms and

graph of g as a transformation of the graph of f(x) =
(See Kxample 5.}

K., = 5600 ohms,
- e _Gr+ 4 2
. gu.,lj—x_l 32. g{x}—:+5 1
k= 1 .1
I b 8y % TR
3. g0 == 4. g0 = — y &
2 +3 & o
35. EI:I_] = Lol Eﬁ'.. g{,:.’} . "LTI_ .l'l'i'
’ ' = T e B
3r + 11 Tr -9 r AW
7. #ix) = 38. = e R,
gix) =9 glx) T+ 10 :
In Exercises 39-44, simplify the complex fraction. 47. PROBLEM SOLVING You plan a trip that involves a
{See Examgprle 6,) 40-mile buz ride and a train ride. The entire trip is
¥ 5 140 mrdles, The time (in hours) the bus ravels is
19 3 =8 40 = x ¥ = ? where ¥ is the average speed (in miles per
g+ 2 5+ hour) of the bus, The time {in hours) the train travels
i . 100 : Sy
sy, = . Wiite and simplily 3 rodel that shows
e 20 ﬂ'uelmafr_:uem f the trip
- - . ¥ .
a1, 2x=3 &-20 a2 _*t 2
pr— - i =+ E 48. PROBLEM SOLVING You participate in a sprint

triathlon that involves swimming, bicvcling, and

I 3 & mnning. The table shows the distances (in miles) and
i 32 - 3 -3 -4 vour average speed for each portion of the race.
o T T = =R
r+1l ¥-3x—4 x+2 x-2 stance
(miles) | {miles per hour)

45. PROBLEM SOLVING The total time T (in hours) Swimming 0.3 r

necded to fy from New York to Los Angeles and

back can be modeled by the equation below, where o Bicycling 22 15r

i= the distance (in miles) each way, a is the average

airplane speed (in miles per hour), and j is the average Romnieig 6 rbd

speed (in miles per hour) of the jet stream. Singlify
the equation, Then fimd the total time it takes to Ay
2465 miles whena = 310 miles per hour and

a, Write a model in simplified form for the total Gme
iin hours) it takes to complete the race.

J = 115 mdles per hour, b, How long does it take to complete the race if you
4 4 can swim at an average speed of 2 miles per hour?
= e e Justif LT ANEWET,
a=j a-+j J ¥yo

49. MAKING AN ARGUMENT Your friend claims that
the least common maltiple of two pumbers is always
greater than each of the numbers. [s your friend
correct? Justily your answer.
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a0,

51.

52.

HOW DO YOU SEE IT? YT 1 53,
LUlze the eraph of the HEEE I
fminni{,rw" i + '; _—'5—' ._..2..-.1. _-_g_.:_.l
gy | | ]

to determine the valoes [ | |
of frand k. |
REWRITING A FORMULA You borrow P dollars to
by a car and agree to repay the loan over I years ol
a monthly interest rate of & (expressed as a decimal).
Your monthly payment M iz given by cither
fornmla below,

” Pi _ P+ 5.

= ( ] ):2: —“+E-],t2:_|

S Ry

a. Show that the formulas are equivalent by
simplifving the first fornmila.

b. Find vour monthly pavment when vou botrow

$15.500 at a monthly interest rate of 0.5% and
repay the loan over 4 years.

THOUGHT PROVOKING Iz it possible to write two
rational functions whose sum is a quadratic funclion?
Justify your answer,

USING TOOLS Use technology to rowrite the

: COTEN0.024) + x0003)
function g(x) = R r in the
form gix) = - f

+ k. Describe the graph of g as
a transformation of the graph of fix) = ‘:

MATHEMATICAL CONNECTIONS Find an expression
Tor the surface area of the box.

X+ 1
3
X
J.'_+5 X+
X

57.

PROBLEM SOLVING You are hired to wash the new
cars at a car dealership with two other e mployees,
Youn take an average of 40 minutes (o wash a car

(f, = 140 car per minute). The second employee
washes a car in v mintes. The third employes washes
acar iny + 10 minutes.

a. Write exprezsions for the rates that each employee
can wash a car.

b, Write a single expression & for the combined rate
of cars washed per mimue by the group.

¢. Evalume your expression in part (b) when the
second emplovee washes a car in 35 minates, How

many carz per howur dogs this represent? Explain
FOUL reasoning,

MODELING WITH MATHEMATICS The amount A
iin milligrame) of aspirin in a person’s bloodstream
can be modeled by

- 3r+oan2
02181 + 0991 + 1

where {15 the dme (in hoors) after one dose 15 taken.

A

First
doge  ¥ETONd

il

comxned
effeat

a. A second dose is taken 1 hour after the first dose.
Write an equation to mode] the amount of the
second dose in the Bloodstream,

b Write a model for the dofal amount of aspirin in
the Bloodstream after the second dose Is taken.

FINDING A PATTERN Find the next two expressions in

the pattern shown, Then simplify all five expressions.

What value do the expressions approach?

—L gL .

24 3 T
gl .

'+;1'1+
241
2

— Maintaining Mathematical Proficiency r-ocecmutouicane oiprans pases ans iessans

Solve the system by graphing, (Section 3.5

. y=2+6§ 89, 2¥-3r-y=0

G0, 3=}'—xi—.1:
y=3r+4 X-y=1 y=—xt=3x =5

8. y={x+2? -3
y=xt+dx+5
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Solving Rational Equations

MAKING SENSE
OF PROBLEMS

To be proficient in math,
you need to plan a
solution pathway rather
than simply jumping into
a solution attem pt.

>

Essential Question 1owcan you solve a rational equation?

eV NI(s['BE Solving Rational Equations

Work with a partner. Match each equation with the graph of its related system of
cquations. Explain vour reasoning. Then use the graph to solve the equation.

2 2 e —
a';—l'l h’:—l'z '.r—J-'x”
- 3 O L
d. T o 3 r. e
A. 4 B. 2
—& tewbroaf B =1 &
= | = |
C ; D. - 'L
& I - e i \‘hq-t-'
ar 2
E L) F .
& \'M B —f i i PR '
| B

el Ri[el /Bl Solving Rational Equations

Work with a partner. Look back at the equations in Explorations 1id) and 1i{e).

Supposs Vol want a more accurate way 1o solve the equations than using a

graphical approach.

a. Show how vou could use a numerical approach by creating a table, For insgtance,
voul might use a spreddshest to solve the equations.

b Show how vou coubd use an aralyviical approach, For instance, vou might use the
method vou used to zolve proportions,

Gommunicate Your Answer

3. How can you solve a rational cquation?

4. Use the method in either Explocation 1 or 2 1o solve each equation.

@&, 'r_-: .I = 1__. 1. I = ..-.I: i, I = 1__
x=1 x+1 r+l x+1 )

Fo1 w1
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What You Will Learn

B Solve rational equations by cross multiplying.
P Solve rational equations by using the least common denominator.

Gﬂfﬁ Eﬂﬂmlﬂlﬁ!‘ B LUse inverses of functions.

cross multiphing, oo 392

Previous Solving by Cross Multiplying
proportion

sxtransans salution
irverse of & funclion

Your can use eross multiplying to solve a rational equation when each side of the
equation is a single rational expression.

EXAMPLE 1

Solving a Rational Equation by Cross Multiplying

Sﬂlw’xi 1 4.:!-5'
SOLUTION
2 = 2 Wiite onginal equation
x+1 4x+3
Check Fdr += 5=y + 1) Cross multiphy
3 7 G 12x+ 15 =9+9 Distmbutree Property
241 H-2)+35 Ix+15=19 Subitract S from each sade.
-_3-]:- ; _23 Jr= = Subiract 15 from eadh side,
3= =3 Divide each side by 3

U
]
|
e
N

P The sohutioniz x = =2, Check thiz in the original equation.

EXAMPLE 2

Writing and Using a Rational Model

An afloy is formed by mixing two of moe metals, Sterling silver is an alloy compozed
of 92.5% silver and 7.5% copper by weight. You have 15 ounces of 800 grade silver,
which is B0% silver and 207% copper by weight. How much pure silver should vou mix
with the 800 grade silver to make sterling silver?

SOLUTION
: 3 weight of copper in muxiure
poroent of coppec In mixture = = @ 1 weight of mixture
-l'r—(_% = %__EJ':L:} x 15 the amount of sheer ackded

T5(15 + 1) = 10D, 2K15)
1125 + 75x = 300
T5x = 1875
x=125

Cross mulnply

Sirmpli .

Subitract 1125 fram each sicke.
Divide each side by 7.5,

P Vou shoold mix 25 ounces of pure silver with the 15 cunces of S00 grade silver.

Mﬂhﬁﬂl’l.ﬂg Pt’ﬂ'ﬂrﬂ-ﬂf *? Help in English and Spanish at BigideasMath.com

Solve the equation by cross multiplving, Check your solutionds),

- -4 _ 5 L
L iy e oy Sl Ty S T
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Solving by Using the Least Common Denominator

When a rational equation is nol expressed as a proportion, you can solve it by
multiplving each side of the equation by the least common déenominator of the
rational expressions,

FEVCIUEEN Solving Rational Equations by Using the LCD

solve cach equation.
5. ) g L]
— e — I s — |
" xr 4 X by ¥r—5 .x
SOLUTION
. §+ g = —% Wnle anginal suaton,
Check 1 Ly e -9 . e e
Ay ?+ - 4y 3 Bultiply each side by the LOD dx
L) ' :
—5 + P 204+ Tr =34 Sirmplify
& 14729 Tx = =50 Subtrack 20 brom each side,
iy S T
8 8 8 / xm =§ Davicle each side by 7.
9 _ 8
E B P The solution isx = —8. Check this in the original equation,
8 __3 W i
i} | e Ve onouial eousation

iz = 5-}[1 - 1.'_85} = Xix — 5) -% Elultiply each side by the LOD, xdx — 5),

Wy =3 —8r=3x -3 Simiplify

i — 8y — Br =3r— 15 Drstnbutve Propesty
¥—-16x+15=0 Wit i standaed lorm.
a=-Dbix=15=0 Factor,

r=1 or x=13 Lero-Produdd Property

P The solutions are x = 1 and x = 15. Check these in the original equation.

Check
g 33 . E e
|l =—— == Substipe feex. 1 = i
f =2~ 13 =% 13
|+133 Simplify l-i‘”-
- 5 5
=3/ -1/

Monitoring Progress W8 116 1 rigioh and spaist st DigidsasMaticom

Solve the equation by using the LCIN Check your solutionis).

% 53 g okl _ 12

15 .4 7
4 = 4=== 5, = - = +3
X 5 x : v ¥4+1 x-=1
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When solving a rational equation, you may obiain solutions that are extraneous,
Be sure 1o check for extranects soltions by checking yvour solutions in the

ariginal equation.
SN  Solving an Equation with an Extraneous Solution
6  fxd 4r
e (e e R
SOLUTION
Write each denominator in factored form. The LCDy iz [y -+ 3)ix = 3).
6 £x2 4y
=3 +¥xr-3 x+3
& ; ; gxt 4x
i e AN — = 2 - R LRI b MM PID ML, L WE . N 6 ———
43— —= = iy — 3) =5 ¢ Hpix — 3) =
G(x + 3) = &% — axiy — 3)
Gy + 18 = 8x? — 4?4 | 2¢
O=dyt+ 6 — 18
0=2"+% -9
O=(Zx—-x+3)
2x=3=0 or x+3=0
= é or I=-3
Check
Check x = 3: Check x = -3
3 I !
ANOTHER WAY 6 2 83 ) 4(1) 6 1 S(=3p _ 4-3)
You can also graph each " T i 5 F -7 (3E—0 3185
side of the equation and 3= 3 '[: =% 3+3
find the x-value where the 6 7 18 6 & 112 =12 X
graphs intersect. 3 =m "3 =6
» I . % 3 j( t\
S —% -3 Division by zeco ks undefined.
® 1 4=-a
i o
=
> ... The apparent solution x = —3 15 extrancous. 50, the only solution 15 x = %
Hﬂﬂﬁﬂ'rfﬂg Prﬂﬂrﬂrﬂﬂ' 4‘&‘" Help in English and Spanish at BigideasMath.com
Solve the equation. Cheek your solutionsh,
9 fix G 7 &
. = _ -5 =
?.1'—2 x4+2 -4 E1.'—1 xi =1
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Using Inverses of Functions

AN Finding the Inverse of a Rational Function

Conzider the function fiv) = i Determine whether the ioverse of fis a function,
2 r+3
Then find the inverse.

SOLUTION

Graph the function f Notice that no horizontal live intersects the graph more than
once, 5o, the inverse of iz a fanction. Find the inverse,

O ¥y = z f 5 Set v ecqual to Flx)
= v_bl_‘fl- Suatch x and p.
Hy+3)=2 Cross multiply :
y+3= E Dvade each side by x.
y = % -3 Subtraat 3 from each side.

P So.the inverse of Fis gix) = % -3,

SEANIERN Solving a Real-Life Problem

REMEMEBER In Section 7.2 Example 5, vou wrote the function ¢ = w, which represenis

In part {b), the variables
are meaningful. Switching
them te find the inverse
would create canfusion.

the average cost ¢ {in dollars) of making m models using a 3-D printer. Find how many
mndels must be printed for the average cost per mode] to fall to 590 by (a) solving an
equation, and {b) using the inverse of the function.

5o, solve for m without SOLUTION
switching variables.
D 4. Substitute 90 for ¢ and solve by b. Solve the equation for .
cross multplying. L SOm + 1000
oy = o+ 1000 m
i = 1000
90m = S0m + 1000 T~
A0 = 1000 Y %
m =25 1000
&= 3
1000
When ¢ =90, m = ——_ = 25,
en ¢ e

P S0 the average cost falls to 390 per mode] after 25 models are printed.

Monitoring Progress ‘E Help in Engiish and Spanish at BigideasMath.com

9, Consider the function fix) = : = 3. Determine whether the inverse of fis a
fanction. Then find the inverse.
30m + 800,

10. WHAT IF? How do the answers in Example 6 change when ¢ =
m
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7- 5 EK'E rC|5E5 Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check

1. WRITING When can vou solve a rational equation by cross multiplyving? Explain.

X

2. WRITING A shudent solves the equation —I =

3 3 amd ohtains the solutions 3 and 4. Are cither
of these extrancous solutions? Explain, o x

Monitoring Progress and Modeling with Mathematics

In Exercises 3-10, solve the equation by cross 14, MODELING WITH MATHEMATICS You hawe 0.2 liter
minltiplying. Check your selutionisy, (See Erample 1) of an acid solution whose acid concentration is 16
4 . g 4 miokes per liter. You want to dilute the solution with
3. o= o 4 —=— = water 5o that its acid conce ntration is only 12 moles
r xr+o A x4 2 per liter. Use the given model (o detérmine how many
: 6 _ 9 & g _ 2 liters of water you should add to the sohltion.
r=1 x+1 =2 x-1 Concentration of Volume of
Concentration original solition = original solution
y X _X—35 Y S Sl of new =
x+7 x-=1 ¥r—1 x+1 solution Vohlme of Volume of
arigiml sohution ' water added
9 =3 -3 10 -] x—4
x+2 2 "x-3 x2-27
USING STRUCTURE In Exercizes 15-18, identily the LCD
11. USING EQUATIONS So far in your volleyball practice, ~ of the rational expressions in the equation.
you have pot into play 37 of the 44 serves you have < 1 3 Sy 7 9
it Solve the siuistion—2 = 21+ X t5 find L W T i
attermpled. Solve edu “fl}_-:l-#-i-xn X ; i J
the number of consecutive serves you need fo put into 17 2 % x _1 18 4 + 3 10
play in order to raise your serve percentage to 90%, "2+l x+4 2 "x+9 -1 3
..-'-" e —— . In Exercizes 19=30, solve the equation by wsing the LCD,
: 1 Check your solutionis). (See Exarples 5 and 4.)
"-i : - 1 3.1, 0 £|-£—_i
41 A ) g T oM
X=3 ir 2 1. x=1
: + =2 : + ==
| iy 4 :: 22 e
23, @[rq—M 24. .IF:!'..:.',—-T'E"
X+4 x-=1 X |
12, USING EQUATIONS So far this baseball scason, you
have 12 hits out of 60 times at-bat, Solve the equation g5 A8 6 5 4. 10 4 35
12+ x e -3 xr-3 =x =2 x x=12
0360 = e Lo find the nember of consecutive hits
.' . . x4+1 1 _2x+1 X+3 X X+ 3
g — s e e —— e | i T o
youl need 1o raise vour batting average to 0360, 27 R E o 28 oy R llmeay e,
13. MODELING WITH MATHEMATICS Brass iz an alloy 20 5. 5 = 2
composed of 55% copper and 45% zinc by weight. ' r T x43
You have 25 ounces of copper. How many cunces of
zine do you need to make brass? (See Example 2.) 0, —— I 7 4 r=3
+rx—06 =2
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ERROR ANALYSIS In Exercizes 31 and 32, describe and
correct the ervor in the first step of 2olving the equation,

1.

)( 5,2,
3:*5.-%4-3-1: .%:1
32,
(2% + 5}3;“;::%4- =w;;.31.(2:+ 5)3x

33. PROBLEM SOLVING You can paint a rodmin & hours.
Working topether, you and your friend can paint the
room in just 3 hours,

a Let i be the time (in hoursy vour friend woukd take
Lo paint the room when working alone, Copy and
completa the table.

(Hind (Work dope) = (Work rafe) = (Time))

Work rate | Time | Work done |
You lvr'mm 5 hoars
% hours
Friend 5 hoars

b Explain what the sum of the expressions
represents in the last column. Write and solve an
equation o find how long your friend would take
Lo paint the room when working alone.

34. PROBLEM SOLVING You can clean a park in 2 hours,
Working together, you and your friend can clean the
park im just 1.2 howurs,

a, Let f be the time (in hours) voor friemd wonld take
to clean the park when working alone. Copy and
complete the tabks.

CHind: (Work done) = (Wiork rate) < (Tims))

Workrate | Time | Work done
You ﬂ 1.2 hours
2 s
Friend 1.2 hirs

b Explain what the sum of the expressions
represents in the last columm. Write and solve an
equation to find how long your friend wonld take
bo clean the park when working alone,

35. OPEN-ENDED Give anexanmple of a rational equation
that wou wioild solve using cross multiplication and
one that you would solve using the LCD. Explain
VOUE reastning.

36. OPEN-ENDED Describe arcal-life situation that
can be modeled by a rational equation. Justify
VU A1l 5WET.

In Exercises 37—, determine whether the inverse of fis
o fumction. Then find the inverse, (See Foample 5, )

2 7
3?- II;-'I-:I = I—. 4 3-3- ﬁ:-’-} = pae ﬂ.‘
3 5
39, fl)=2-2 a0, fix)=>-6
x X
9 5
41- II:.I_:l = TTT "1- ‘lﬁ:.T} = q—m
L 1
43, f[,tJ—-r—i+4 %_.l’tﬂ—;—?

45. PROBLEM 50LVING The cost of fueling your car for
I yvear can be calculated nsing this equation:

: ; Frice per gallon
Miles deiven  »
Fuelcostfor of fuel
L Fucl-efficiency
rate

Last year vou drove 9000 miles, paid $3.24 per gallon
of gasoline, and spent a total of 51389 on gasoline.
Find the fuel-efficiency rate of your car by (a} solving
an equation, and (b) using the inverse of the function.
(See Example 6.}

r

46. PROBLEM SOLVING The recommended percent @ {in
decimal form) of nitrogen (b volume) in the air that a
105.07 ,
T where d is the
depth {in feet) of the diver. Find the depth when
the air contains 47% recommended nitrogen by (a)
selving an equation, and (b} using the inverse of the
functicon.

diver breathes is givenby p =
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USING TOOLS Tn Exercises 47=-50, nse a graphing
caleulator to solve the equation fix) = gixh.

47. fix) = % glx) =x

8. f)= -8 = =
49, fix) = %+ 1, gix) = x?
50. ;a;:}=§ FLg =R+ 1

51. MATHEMATICAL CONNECTIONS Gelden reclangles
are rectangles for which the ratio of the width w to the
length ¢ is equal Lo the ratio of £ 1o £ + w. The ratio
of the lemgth (o the widih
for these rectanghes is called
the zolden ratio, Find the W
value of the golden ratio
using a rectangle with a
width of 1 unit. £

52. HOW DO YOU SEE IT? Use the graph to identify the

solution(z) of the rational equation =1 -2

Explain your reasoning.

x=1, r+1-

USING STRUCTURE In Exercises 53 and 54, find the
inverse of the function. | Hins: Try rewriting the function
by using eithe r inspection or long division. |

x+3

3x+1
X

53, f9) =T

54, fix) =

55. ABSTRACT REASONING Find the inverse of rational
ax+ b
ex+d
is cormect by using it to find the inverses in Exercises
53 and 54.

functions of the form y = Verify your answer

56. THOUGHT PROVOKING Is if possible Lo writc a
rational equation that has the following number of
polutions? Justify your answers.

a. no solotion b exactly one solution

e exactly twosolutions . infinitely many
sohtions

7. CRITICAL THINKING Let a be a nonzero real nunmber.
Tell whether each statement is abwvayey frue, somelines
friee, of never frue. Explain your reasoning.

1__.:'

X —d Ir—a
extrameo s solution.

a. Faor the equation X = g is an

X

b The ation = has exactly
e o i
ane solution.
: 1 2 2
. The atinon = + — has
i ¥—a x+a i-—gt
nce sohutio,

5E. MAKING AN ARGUMENT Your friend cladms that it
is not possible for a rational equation of the Torm

- ;“ =‘r;¢.v-i1=:r-:-b # Qand d # O, to have

extraneons solutions, Is your friend correct? Explain
YOur reasoning.

— Maintaining Mathematical Proficiency =zt ouieamet i proucs s and iessons

(SEkills Review Hamdook)

aof pounds @ von by,

6. fiy=r - +Tx= =2
53. HI:I = I-l'r] " 31-2 " 5.1..: - .3

Iz the domain dizcrete or continuonz? Explain. Graph the function using its domain,

538, The lincar function ¥ = 0L25x represents the amount of money y (in dollars ) of x quarters in your
pocket, You have a maximum of cight quarters in your pocket,

60, A store gells brocooli for 32 per pound, The total cost £ of the broccoli is a function of the mmber

Evaluate the function for the given value of . (Section 4.0 )

62, gix)
6, Hxye =2 = et d Iy =520 = =5

-2 + TR+ x =23y =3
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7.3-7.5 What Did You Learn?

Core Yocabulary

rational expression, p. 376 complex fraction, p. 387
simplified form of a ratiopal expression, p, 376 croes multiplving, g, 392

Core Concepts

Section 7.3

Simplifying Rational Expressions, p. 376
Multiplying Rational Expressions, p. 377
Dividing Rational Expressions, p. 378

Section 7.4

Adding or Subtracting with Like Denominators, p. 384
Adding or Subtracting with Unlike Denominators, p. 384
Simplitving Complex Fractions, p. 387

Section 7.5

Solving Rational Equations by Cross Multiplying, p. 392
Solving Rational Equations by Uzing the Least Common Denominator, p. 393
Using Inverses of Functions, p. 395

Mathematical Practices

1. In Exercize 37 on page 381, what type of equation did youn expect to get as your solution?
Explain why this type of equation is appropriste in the comtext of this simation.

2. Write a sinpler problem that is similar (o Exercise 44 on page 382, Describe how (o nse
the simpler problem to gain insight into the solution of the more complicated problem in
Excrcise 44.

3. In Exercize 537 on page 390, what conjeciore did vou make about the value the given
expressions were approaching? What logical progression led vou to determine whether
your conjecture was comect?

4. Compare the methods for solving Exercise 45 on page 397, Be sure 1o discuss the
simularities and differe pces bebween the methods as precisely as possible.

g m e —————— - - Performance Task - - - - - "
. Circuit Desi ’
. ircuit Design

[

(A thermistor 15 a resistor whose resistance vanes with temperature

¢ Thermistors are an engineers dream because they are inexpensive,

i small, rugged, and accurate The one problem with thermistors

(15 their responses o termperature are not linear How would

1 you design 3 arcuit thal comects this problem?

|

[

i

To explore the answers 1o these questions and more,
go to Bigideasath.com
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; c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com
Inverse Variation oo 359 364)

The variables ¥ and v vary inversely, and ¥ = 12 whenx = 3, Write an equation that relates ¥ and ¥
Then find ¥y whenx = <4,

¥ = = Write general equation for merse vanaticn,
1
i : 5
12 == Substitute 12 for i and 3 for x
W=a Kultiply each side by 3.
B Thei . o35 _ e 36
1e inverse variation equation isy = = Whenx = -4,y = e =i

Tell whether x and y show direcl variation, inverse varialion, oF neither.

1, iy=35 2. 5y=6x 3. 15= I 4 y-3=Xk
AT EREERAE | 1| s | s 10| »
y | 35| 355|715 | 100 vy | 64| 4 | 32| 16

The variables x and y vary inversely. Use the given valees to write an equation relating x and y.
Then find y when x = =3,

. x=1Ly=5 8. x=-4y=-6 B .r=%.'|.l=1$ 0. r=-12y=

=
-—
3

Graphing Rational Functions (oo 265202
j "l
Graphy = ':—j_lf' State the domain and range.
Step 1 Draw the asymplodes. Solve ¥ — 1 = O for x to find the

verlical asymplole © = 1. The horizontal asympiote is the
&

Step 2 Plot points to the left of the vertical asyroplote, such

as[—2, —1),( =1, —2), and (0, - 5). Plot points to the right
of the vertical asymptote, such as [" L} [_5. :' ] and {7, 'f :I

Step 3 Draw the two branches of the hyperbola so that they pass
through the plotted pointz and approach the asympiotes.

.- The domain is all real numbers except 1 and the range = all real numbers except 2.

Crraph the Munction. State the domain and range.

: 12, y= —'—5 2 13, fx) = 22

i fg E0E R
¥ r—3 ¥+ r—4
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Multiplying and Dividing Rational Expressions (op 275 382

. S | o e x4 0z
Find the quotient ———— + = :
4 ex—48 X - — 32
3+ 27 X+9% x4+l F=-4r—-32

i = L] = Ibultiply by reciprocal
Gr—48 x—4r—32 fr—48 x4+ 9y UIlpdy By recipaod

_dx+ 9 @+ ax -8
Gx — B) x4+ 9

3 +Mix + Hix—5)
23— E)(x)(xA4T)

Factor.

Wulipdy. Deaide oug common factors,

T 4, r#ERExE - r¥E —4 Simiplhed form
Lk

Find the product or quotient.

B0x? Xy x—3 &9
;[ S y £ fp- et .

¥ S -8 xX-9

16c2 — G+ 1 . Nx? - S5y 2 = 13 + 40
16. L E 17. +(x?—5x— 24

e e e A T=r—15 " )

Adding and Subtracting Rational Expressions (op 793 390)

Pt this i e o
Gx+24 £+0+ 0

. 4 A
— k- Lt o SRR b o— T..+ . Factar each densminaton
Gr+24 +W+20 Gx+4) G+ +5)
X X+ 5 x+2 i 3 :
= e 2 LCDis 6{x + 4}x + 5}
6r+4) x+5 (x+d)x+5 6 o it
= Xtx .  &+12

= P 5 TR v oL Eudtiphy,
G +4)xr+ 5 6+ Hx+ 5 e

24 Ilx 412
i “L Sobd numerators

B(x + 4)x + 5)
Firsd the sum or diffe rence.
5 .x+4 53X dr — 9 I+2 )
+ 19. + — 2, -
Bl + 3) 2 X+8 x+5=-24 Fredi4+3F #=0

Rewrite the Munction in the form gix) = _HI + k. Graph the function. Describe the graph of g
I —

as a transformation of the graph of fix) = Z
X

_ax+1 _dv+12 _ =10
21. g(x) = =3 22, glx) = — 23. pix) = ==
24, Let fbe the focal length of a thin camera lens, p be the distance between 1
the lens and an object being photographed, and ¢ be the distance between Jies 1.1
the lens and the filme For the photograph to be in focus, the variables -+ =
should satisfy the lens equation to the right. Simplify the complex fraction. g4
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Solving Rational Equations (oo 201 308

—4 __.:—I_r X
x+3 x43 x-4

The LCD is (x 4 33(x = 4).

Solve

" x=1 3 T
(24 AW —4) - = (¥ + 3)r —4) - + xRy —4) 0 ———
£+ 3 x+ X —

—4x—4=x— 1 -4 +xix+3

-dr+ 6= —-5x+ 4+ 3+ 35x
0=2024+2x - 12
O=xi+x-56
D={x+3INx —=2)

r+3i=0 o r=2=0

I==3 o I =3
Check
Checkx = -3 Check x = 2t
e ST e et 3 A i=1 2
3 +3 -3+3 —3-4 2+3 2+3 2-4
s icnts A el S
’[] ﬂ"'-. = 5 St
Divisgon by zero |k wrwfe e = /

P The apparent solution x = —3 is extraneous. So, the only solution is x = 2.

Solve the equation, Check your solutlons)

Bl Bx—-1)_ 4 Hx+T) _ .2+ 20
25. ey 26. .y g 27. BiTeG 2 g
Determine whether the inverse of [ is a function. Then find the inverse.
: 3 10 . 1
: - , - X)) ==+
28. fix) e 29, fix) = 30. fix) - 3
31. At abowling alley, shoe rentals cost 53 and each game costs $4. The average cost ¢ (in dollars)

_dn +

3
af bowling n games is given by ¢ = ~. Find how roany games you st bowl for the

average cost to fall to $4.75 by (a) =olving an equation, and {b) uzing the inverse of a function,
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The variables x and y vary inversely. Use the given values to wrife an equation relaling x
and y. Then find y whenx = 4.

r=5y=] 2 X= -I._v-% 3 x=

The graph shows the function y = ;I_J'I + k. Determine wheiher the value of esch

constant b and k s pesitive, negative, or Zeve. Explain your reasoning.

a,

7] 5,

¥

Pe rform the indicated operation.

7.

1.

1.

13,

14,

vty 6 3x &

. .r-'—j.r—4._::—f:
dydyi - Dpyd 24+x—-12 x+4

Tox—-3r-18 x+4+1

o+ 3z
b o
and the graph of g are different. Explain your reasoning.

Lt gix) = ' 1]. Simplify gix). Determine whether the graph of fix) =x — 2

You start a small beekeeping business. Your initial costs are $300 for equipment and bees.
You estimate it will cost 51.25 per pound to collect, clean, botile, and label the honey.
How many pounds of honey must you produce before your average cosl per pound is

i Justify your answer.

Yo can use a simphe lever tolift a 300-pound rock. The force F (in foot-pounds) needed
to Iift the rock is inversely related to the distance o (in feet) from the pivot point of the
lever. To lift the rock, vou need 60 pounds of force applied Lo a lever with a distance of
10 feet from the pivot point. What force is necded when you increase the distance to

15 foct from the pivol point? Justily your answer.

pivol point®

Three tennis balls fit tghtly in a can as shown.

8. Write an expression for the height & of the can in terms of its radiug . Then rewrite
the: Tormmula for the volume of a cylinder in terms of r only.

b. Find the percent of the can’s volume that is ned occupied by tennis balls.

Chapter 7
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7 Cumulative Assessment

1. Which of the following functions are shown in the graph’ Select all that apply.
Justify your answers,

&Y

(=

A y=-t+12x- 10
(B y=x"—6x+13
) y=-2x—-37+8
@ y=-@x-Dix-5

-

X FREE KR

£, You slep onto an esgalator and begin descending, After riding for 12 feet, you realize
that you dropped your keys on the upper floor and walk back up the escalator to
retrieve them. The total time T of your trip down and up the escalator is given by

12 , 12

N | :—_—3

where 5 is the speed of the escalator and w iz your walking speed. The trip took

9 seconds, and you walk at a speed of 6 feet per second. Find two possible speeds of

the escalator,

3. The graph of a rational function has asymplodes that intersect o the point (4, 3), Chooss
the comrect valoes o complete the equation of the function. Then graph the function,

12 -3
x+ 6
ym— 9 -6
A T
3 -12

4, The tables below give the amounts A (in dollars) of money in two different bank
accounts over Ume | {in years),

Checking Account ' Savings Account
e | 1 | 2| 3| 4 ¢ | 1| 2| 3 4
A | 5000 | 5110 | 5220 | 5330 A | 5000 | 5100 | 5202 | 5306.04

a. Determine the type of function represented by the data in each table,
b. Provide an explanation for the type of growth of each function.

. Which account has a greater value after 10 vears? after 15 years? Justify
WO ANsWOrs,

404 Chapter 7 Rational Functions



5. Order the expressions from least to greatest. Justify your answer.

5 (Vi)
2517 (v3s)
12532 Lv's :'3

B. A movie grosses F37 million affer the first week of release. The weckly pross
zales y docreases by 30% cach week, Write an exponential decay function that
represents the weekly gross sales in week x, What is a reasonable domain and
range in this situation? Explain your reasoning,

T. Choose the cormect relationship among the variables in the table, Tnstify vour
answer by writing an equation that relates p, g, and r,

| ig |

-12| 20 | 16
3 | 1 | =10
10 | -82| -8
-15] 4 5

(A The variable p varies directly with the difference of g and r.
(B) The variable r varies inversely with the difference of p and 4.
(0 The variable g varies inversely with the sum of p and r.
(D) The variable p varies directly with the sum of g and r,
8. You have taken five quizzes in your history class, and yvour average score s
3 points. You think you can score a5 poinds on cach remaining quiz, How many

quizzes do vou neod (o take toraise your average quiz score to 90 points? Justify
VOUr Answer.
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