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Maintaining Mathematical Proficiency

Using Exponents

A
Example 1  Evaluate (—;) :

Revn te I 1 as repeated mudtphcaion
Pluiltaply.
Mluiliapy.
Ml by
Evaluate the expression.
1. 3.4 2. (-2)8
. ) + 3
Finding the Domain and Range of a Function
Example 2 Find the domain and range of the function represented by the graph

N

x| Arang

domain

P The domainis -3 <x <3,
The range is —2 <y < 1.

Find the domain and range of the function represented by the graph.

-8

B. ABSTRACT REASONING Consider the expressions =47 and (=4)", where 2 iz an integer.
For what valoes of # s each expression pegative? positive? Explain vour re asoning,

Dynamic Solutions available at BigldeasMath.com




Mﬂﬂl Eh‘lﬂﬂﬂal | Mathematically proficient students know wiken il is agpropriale io use
Pl"ﬂﬂﬂﬁﬂﬂ peneral mellods and shoriculs.

Exponential Models

&) Core Concept

Consecutive Ratio Test for Exponential Models
Congider a table of values of the given form

0 1 2 3 4 5 ¥ 7 B 9

ag | ay | ay | ay | & | a; | a; | ar | & | @ |

If the consecutive ratios of the y-values are all equal to a common value r, then y can be
modeled by an exponential function. When r > 1, the mode] represents exponential groseif,

Coammmodn rabio

Exponential model

Modeling Real-Life Data

Thie table shows the amount A (indollars) in a zavings account over time, Write a model for the a mount
in the account as a functon of tme § (in vears). Then use the modea] to find the amount after 10 vears.

Year t | I 2 3 4 5

B1216.65

SOLUTION
Begin by determining whether the ratios of consecutive amounts are equal,

1040 _ | o 1081.60 _ o, 112486 . 116986 .. 121665

1000 1040 © 108160 ' 112486 ¢ 116986
The ratios of consecutive amounts are equal, 0 the amount A after § vears can be modeled by
A = 100001 D4F.

1.4

Using this model, the amount when § = 10is A = 1000(1.04)" = $1480.24.

Monitoring Progress

Determing whether the data can be modeled by an exponential or linear function, Explain your
reasoning, Then write the appropriate model and find v when x = 10,

Ll x £ 2|35 4 2. | %

¥ ::_4 g8 | 16 ¥
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Exponential Growth and Decay

Functions

Essgential Qﬂ&ﬂﬁﬂﬂ What are some of the characteristics of the
graph of an exponential function?

Yioun can wse 3 graphing caleulator to evaluate an exponential function, For example,
consider the exponential function fiix) = 25,

Function Value Graphing Calculator Kevstrokes Display
fi-3.1) = ol ~ | - ERY ENTER | 0.1166291

A= ESEEER-EREE s

SR PNl RE Identifying Graphs of Exponential Functions

Work with a partner. Match each exponential function with its graph. Use a table
of values Lo sketch the praph of the function, if necessary.

& fix) = 2% b. fix) = 3* & Jix) = 4%
d. fix) = (1) oo =5 t. fio = (5)

=

C.
E.
CONSTRUCTING
VIAELE
ARGUMENTS o .
To bie proficient in math: EXPLORATION 2 Characteristics of Graphs of Exponential

you need to justify Functions

your conclusions and

oniminicats them Work with a pariner. Use the graphs in Exploration | to determine the domain,

to others ramge, amnd y-intercept of the graph of fix) = b= where b is a positive real number
. [> other than 1. Explain vour reasoning,

Communicate Your Answer

3. What are somme of the charactenistics of the graph of an exponential function?

4. In Exploration 2, is it possible for the graph of fix) = b*to have an x-intercept?
Explain vour reasoning.

Section 6.1 Exponential Growth and Decay Functions 295



Core Vocabulary

exponential function, p 296

exponential gromth funclion,

g 290
growth factorn, g 296
amymptote, p. 29
exponential decay function,
o 296
decay factor p. 296
Pravious
properties of exponents

296 Chapter &

What You Will Learn

B Graphexponential growth and decay functions,
P Use exponential models to solve real-life problems.

Exponential Growth and Decay Functions

An exponential fumction has the form vy = ab®, where a # 0 and the base b isa
positive real mumber oiher than 1 If g > O and & = 1, then v = ab* iz an exponential
growth function, and & is called the growth factor. The simplest type of expone ntial
growwth function has the form y = &%

&) Core Concept

Parent Function for Exponential Growth Functions

The function fix} = &% where b > 1, is the parent functon for the family of
exponential growth functions with base B, The graph shows the general shape
of an exponential growth fupction,

fix) = bt
(b = 1) | The graph rses lrom
W Ieft o might, passing
1. IE-'_ 5 - ]
(. b} throagh the poanis
g 00, 1 and (¥, &)
-

The x-axis is an asympiote of {0, 1)

the graph. An asymptote is a | e

lime that a graph approaches *
| meore andd more closely

.

The domain of fix) = b*is all real numbers. The range isy > 0.

.

Ifa=0and 0=k <], then v = ab® iz an exponential decay function, and & is called
ithe decay Factor,

&) Core Concept

Parent Function for Exponential Decay Functions

The function fi{x) = &= where 0< &< 1, i5the parent function for the family of
exponcolial decay funclions with base b, The graph shows the pencral shape

of an exponential decay function.

| The graph Talk From | ha:#
ledt to night, passing L_ -
thrgusgh the points |
{0, 1) and {1, b)

Thie x-a¥es is an
-2 asymnptole of
| the graph,

.

-

The domain of fix) = B%iz all real numbers, The range isy = O,

e

Exponential and Logarithmic Functions



AN Graphing Exponential Growth and Decay Functions

Tell whwether each function represents exponantial groawth of exponeniial decay, Then
graph the function.

a y=2* h.}'=|:%]|=

SOLUTION

a. Step 1 Identify the value of the base. The base, 2, is preater than 1, so the function
represents exponeatial growth,

Step 2 Mike a table of values.

x| -21-1] 0 1 2 3
1 . 4 g

1

bed| =2

¥

Step 3  Plot the poinds from the table.

Stepd4  Draw, from [eft do right, 3 smooth curve thal
beging just above the r-axis, passes through
the plotted points, and moves up to the right.

b, Step 1 Identify the value of the base. The base, % iz greater than O and less than 1,
g0 the function reprezents expone ntial decay,

Step2 Make atable of values.

x| -3 |=2|-1}] 0

¥ | &8 1 2 1

| == | I

| — —_—

Step 3 FPlot the poinds from the table.

Step4  Draw, from right te [efl, a smooth corve that
beping just above the r-axis, passes through
the platted points, and moves up (o the e,

MHH ﬂ’aring Prugre-ss 4@“ Help in English and Spanish at BlgideasiMath.com

Tell whether the funcfion represents exponential growth or exponeniiod decay.
Then graph the funclion.

Ly=4 1.}:=|:§:II
3. fix) = {0258 4. fix) = (15§

Exponential Models

Some real-life quantities increase or decrease by a fixed percent each year (or some
other time period), The amount v of such a quantity after § vears can be modeled by
one of these equations.

Exponential Growth Model Exponential Decay Model
y=a(l + r) y=a(l —r¥

Modes that a isthe initial amount and F iz the percent increase or decrease wrilten as a
decimal. The quantity 1 + r is the growth factor, and 1 — r is the decay factor,

Section 6.1 Exponential Growth and Decay Functions 297



Solving a Real-Life Problem

The walue of a car v din thousands of dollars) can be approximated by the model
¥ = I3(0.85), where i 18 the mamber of years since the car was new.
REASONING

QUANTITATIVELY

The percent decrease,

a. Tell whether the mode] represenls expone ntial growth or exponential decay.

b. Idhemtify the annual percent increass of decrease in the value of the car,

15%, tells you how much ¢. Estimate when the value of the car will be $8000,
value the car foses each
yaar. The decay factor, SOLUTION
0.85, tells you what a. The base, 0,85, is greater than O and less than 1, so the model represents
fru:tla?n of the car's value exponential decay.
remains each year.
. E) b. Becaunse {5 given in years and the decay factor 0.85 = 1 - 0.15, the annual
percent decreaze is 0.15, or 15%. 2
¢. Use the frace feature of a graphing calculator to N\

determine that v = 8 when § = 7. After 7 vears,

|y = 25(0B5)" |
ihe value of the car willl be about $5000, X

=t T=i 018622
-

FEALNIEN Writing an Exponential Model

In 2000, the workd population was about 609 billion, During the next 13 vears, the
world population increased by about 1.18% each year.

a. Write an exponential growth mode] giving the population ¥ (in billions) 1 years after
2000, Estimate the world population in 2005,

b. Estimate the vear when the world population was 7 billion.

SOLUTION

a, The initial amount is @ = 6.09, and the percent increase is r = 00118, So, the
exponential growth model is

y=al + ) Wate exponential growith model.
= 60%1 + 0.0118) Subsonge 6.09 for & and 00118 for r
X ¥
& &. 5341 = G0N 10118, Samapdify
i &.56112
E g% Using thiz model, yon can estimate the world population in 2005 (f = 5) to be
10 | 6848 ¥ = 6.001.0118)° =~ 646 billion.
11 6.9 788
70106 b. Use the falie feature of a graphing calculator todetermine that y =~ 7 when
A=1e £ = 12. S0, the workd population was about 7 billion in 2012,

Mﬂ“ﬂﬂrfﬂg Prﬂgrﬁgﬂ' 4%‘ Help in English and Spanish at BigldeasMath.com

5. WHAT IF? In Example 2, the value of the car can be approxinated by the model
y = I50.9Y. Identify the annual percent decrease in the valoe of the car. Estimate
when the value of the car will be S8000.

6. WHAT IF? In Exarnple 3. azsurme the world population increased by 1.5% each
vear. Wrile an equation to model this sitwation. Estimate the year when the world
population was T billion,

298 Chapter & Exponential and Logarithmic Functions



FEAN N Rewriting an Exponential Function

The amoint ¥ (in grams) of the radioactive isolope chrominm-31 remaining after
I days is y = @05, where a iz the initial amount (in grams). What percent of the
chrominm-51 decays each day?

SOLUTION
y = a{0.5)V* Write onginal uncticn.
= g[{0.5) ) Poaver of a Power Property
s a0 9755 Evaluate power
= a(l — 0.0245) Rewrite in form y = a{l — rft.

B The daily decay rate is about 00245, or 245%.

Compound interesi is interest paid on an initial investment, called the principal, and
on previously earned interest. Intere st earned is often expressed as an ol percent,
but the interest is usnally compounded more than once per year. So, the exponential
growth model y = a(l + r)f must be modified for compound interest problems.

) Core Concept

Compound Interest

Consider an initial principal F deposited in an account that pays infercst at an
annoal rake r (expressed as a decimal ), compounded i times per vear. The amount
A in the account after 1 years is given by

A= P(i + E;]"'.

FEACIEN Finding the Balance in an Account

Yioan deposit 39000 in an account that pavs 1 46% annual interest, Find the balance
after 3 vears when the interest is compounded quarterly,

SOLUTION
With isterest compounded quarter]y (4 times per year), the balance after 3 vears is

nf
A= P{l = J'_f} Winte compound interest formula,
4.3
= 9000(1 + D-“:“] P = 9000, r = 00106, 0 = 4, £= 3
we Q402 27 . Wse a calodaton

P The balance at the end of 3 years is $M402.21,

Mon H'ﬂl'il“lﬁ PI‘DQI’E‘EE ‘{}) Help In English and Spanish at BigideasMath.com

7. The amonnt ¥ (in grame) of the radioactive isolope iodine-123 rermaining after
thours is y = afD 5P, where a is the initial amount (in grams). What percent of
the iodin-123 decays cach howr?

B. WHAT IFT In Example 5, find the balance after 3 years when the interest is
compounded daily.

Section 6.1 Exponential Growth and Decay Functions 299



Exercises

6.1

Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Concept Check

growih factor, and the percent increase,

bage of 0.8

decay rate of 20%

1. VOCABULARY Inthe exponential growth model v = 2.4(1.5)%, identify the initial amount, the

2. WHICH ONE DOESN'T BELONGT Which characteristic of an exponential decay function
does noi belong with the other three? Explain your reasoning.

decay factor of 0.8

B0 dlewre aee

Monitoring Progress and Modeling with Mathematice

In Exercises 3-8, evaluate the expression for (a)x = —1
and (bjx = 3,

3. 2 4. &
5. B3 B, s+ 2F
T 543 8. -2

In Exercises 9-18, tell whether the function re presents
exponentie] growth or exponential decay. Then graph the
function. [See Example 1)

8 ¥y=& 10, y=74
J. 5 ']'I:

11. = [\—] 11.. ==
Y=15 ¥ {3}
4. i]! {E X

13, }—[i 14, y= 5}

15, y=(1.2)* 16. y = (D750

17. y = (0.6)* 18. y=(18)

ANALYZING RELATIONSHIPS In Exercises 19 and 20, use
the graph of fix) = & to ldentify the value of the base b,

149

300 Chapter &

21. MODELING WITH MATHEMATICS The value of a
mointain bike v (in dollars) can be approximated by
the model y = 20000.75), where { is the number of
years since the bike was new. (Ser Example 2.

a. Tell whether the mode] represents exponential
grovvth or exponential decay.

b, Identify the annual percent incréase or decrease in
the value of the bike.

. Estimate when the valee of the bike will be 550,

22. MODELING WITH MATHEMATICS The population P
(in thouzands) of Anstin, Texas, during a recent decade
can be approximated by y = 494.29(1.03)", where { is
the number of years since the beginning of the decade.

2. Tell whether the model represents exponential
grovih of exponential decay.

b Tdentify the annual percent increase of decrease in
population.
c. Estimate when the population was about 590,000,

23. MODELUING WITH MATHEMATICS [n 200k, there were
approximately 233 million cell phone subscribers in
the United States. During the next 4 years, the number
of cell phone subscribers increased by abowt 6% each

year. (Ser Exarnple 3, )

a. Write an exponential growth mode] giving the
mimber of cell phone subscribers v (in millions)
Iyears after 20046, Estimate the numibser of cell
phone subscribers in 2008,

by Estimate the year when the number of cell phone
subscribers was about 278 mallion.

Exponential and Logarithmic Functions



24. MODELING WITH MATHEMATICS You take a
315 milligram dosage of fbuprofen. During each
subzequent hour, the amount of medication in your
bloodstream decreases by about 29% each hour,

a, Write an exponential decay model giving the
amount ¥ (in malligrams) of ibuprofen in your
bloadstream ! hours after the initial dose.

b, Estimate how long it takes for you to have
100 milligrams of buprofen in your bloodstream.

JUSTIFYING STEPS In Exercizes 25 and 26, justify each
slep in rewrifing the exponential function.

25. y=a3pM Write ongnal hmction
= al(3)"™MF
= (1. 0816)
= a1 + 00816

26. y = alD.1p* Winte onognal Tunction

= al{.1)'7)
= 0. AGAT Y
= @l — 03358)

27. PROBLEM SOLVING When a plant or animal dies, it
stops acquiring carbon-14 from the atmosphere. The
amount y (in grams) of carbon-14 in the body of an
organism after { years is y = a5, where a is
the: initial amount Cin grams), What percent of the
carbon-14 iz released each year? (See Example 4.)

28. PROBLEM SOLVING The number v of duckwesd
fronds in a pond afler { days is y = a(1230.25)115,
where @ is the initial number of fronds. By what
percent does the deckweed increase cach day?

In Exercises 2936, rewrite the function in the form
¥=all + ri ory =ail — r)', Then state the growth or

decay rate,
29. y= a2 30. y = aj4)s

M. y=al05ypn 32. y = a(0.25)\""

Section 6.1

33. y= al:lé}"m 3. y= ﬂ{:}ﬁ
35. 3= al2)® 3. y=al;}’

37. PROBLEM SOLVING You deposit 55000 in an account
that pays 2.25% annual interest. Find the balance after
3 woars when the interest is compounded quarterly.
(See Example 5.}

38. DRAWING CONCLUSIONS You deposit 52200 into
three separate bank accounts that cach pay 3% annual
interest. How much interest does each account carn

after & vears?
. Balance after
Account | Compounding 5 e
| quanterly |
2 mnth Ty i
1
3 daily

39. ERROR ANALYSIS You invest 3500 inthe stock of a
company, The value of the sock decreases 2% each
veear, Deseribe and comrect the ermor in writing a model
for the value of the stock after | years.

x o i thm)

¥= BOO0.02)*

40. ERROR AMALYSIS You deposit 5250 in an account
that pays 1.25% annual interest. Describe and correct
the emror in finding the balance after 3 years when the
interest is compounnded quarter]y.

x ,4-250[1 +125

A=$E533.29

In Exercises 41-8, use the given information to find

the amount A in the account eaming compound inte rest
after 6 years when the principal is 53500,

41, r= 2.16%, compounded quarterly
42, r= 2.29%, compounded monthly
43. r= 1.83%, compounded daily

44, r= [.26%, compounded monthly

Exponential Growth and Decay Functions 301



45. USING STRUCTURE A website recorded the number
v of referrals it received from social media webgites
over a 10-vear period. The results can be modeled by
¥ = 25001 50), where {is the year and 0 < 1 5 9.
Interpret the values of @ and & in this situation. What
is the annual percent increase? Explain.

46. HOW DO YOU SEE IT? Consider the graph of an
exponential function of the form fix) = abr®,

a. Determune whether the graph of [represents
exponential growth or exponential decay.

b What are the dormain and range of the function?
Explain.

47, MAKING AN ARGUMENT Your friend says the graph
af fiix) = 27 increases al a faster rate than the graph of
gix) = 2 when x 2 0. Is your friend correct? Explain
YOUT T¢asoning.

48. THOUGHT PROVOKING The function fix) = &*
represents an exponential decay function. Write a
secondd exponential decay function in terms of B and x.

4%, PROBLEM SOLVING The popualation o of a small
tovwn after © vears can be modeled by the function
p = GES0{1.03). What is the average rate of change
in the population over the first & years? Jusify
}'-IJ-IF dANEWOT.

50, REASONING Consider the exponential fonction
fix) = ab*

a. Show that &1} _ 5
fix)

b Use the equation in part (a) (o explain why there
iz noexponential fonction of the form ) = ab*
whose graph passes throagh the points in the
Lable below,

x| o |1 3 | 4
v| 4 | 4| 8 |2]|m

LB

51. PROBLEM SOLVING The number E of ¢gps a Leghorm
chicken produces per vear can be modeled by the
equation £ = 179.2(0.89%%?, where w is the age
(in weeks) of the chicken amd w = 22,

a. Identify the decay factor and the percent decrease.
b Graph the model.

¢ Estimate the ¢pg production of a chicken that is
2.5 vears old.,

il. Explain how you can rewrite the given equation
so that tirme is measured in years rather than
n weeks.

52, CRITICAL THINKING Your buy a new stereo for 51300
and are able to =201 it 4 vears later for 5275, Aszome
that the resale value of the stereo decays exponentially
with time. Write an equation giving the resale value V
(in dollars) of the sereo as a function of the time f (in
years) since you bought it

— Maintaining Mathematical Profigigncy ezt uiomrss s sescus s st s

Simplify the expression.  (SEills Review Handbook)

4
53, .x 54, ‘—3
A
T4+ 3y Gy
57, oA
3 58, 3 b

48
4o se. (2]
2

IZx + S 60, (2x « 3%

dx

302 Chapter &
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The Natural Base e

USING TOOLS
STRATEGICALLY

To be proficient in
math, you need to use
technological tools to
explore and deepen
your understanding

' of concepts.

>

Egsential Qﬂ'&ﬂiﬂﬂ What is the natural base £?

So far in your study of mathematics, you have worked with special numbers such as
and i Another special nomber is called the nafural base and is denoted by . The
namral base # is irrational, 20 vou cannot find its exact valoe,

S ENIIe RN Approximating the Natural Base e

Work with a partmer. One way to approximate the natural base ¢ is o approximate
the sum

O LTV | &
| 1«2 1223 1 «2=3s4

Use a spreadsheet or a graphing calculator to approximate this sum. Explain the steps
vouused, How many decimal places did you use in your approecmation’!

S ReEaleli Pl Approximating the Natural Base e

Work with a pariner. Another way 1o approximale the natural base ¢ is 1o consider
the expression
i I 5T
1+=].
[1+5)
As v increases, the value of this expression approache s the value of & Copy and

complete the tabls. Then use the results in the table to approximate ¢, Congpare this
approximation to the one you obtained in Exploration 1.

100 10¢ 10¢ 1 10° 105

M
Fl
[1+1]
A

FAURe Lol IEN Graphing a Natural Base Function

Work with a partner. Use vour approximate value of ¢ in Exploration 1 or 2 to
complete the table. Then sketch the graph of the ratumd base exponential function
¥y = ¢* You can use a graphing calculator and the ﬂ key 1o check your graph.
What are the domain and range of ¥ = 277 Justily vour answers.

X -2 -1 ] 1 2
y=e"
Communicate Your Answer

4, What iz the natural baze #7

5. Repeat Exploration 3 for the natural base exponential function ¥ = 7%, Then
copnpare the graph of y = ¢*tothe graph of y = ¢7%

6. The natural base ¢ is used in a wide variety of real-life applications. Use the
Internet or some other reference to rescarch some of the real-life applications of .

Section 6,2 The Natural Base e 303



What You Will Learn

B Define and use the natural base @,
P Graph natural base functions.

Core ymmk% B Sclve real-life problems.
natural base e, p. 304
Previous The Natural Base e

irrational mumber
properties of exponents
pErcent increéasse
percent decrease
compound mbensst

The history of mathematics is marked by the discovery
of special numbers, such as mand i Another special
murnber is denoted by the letter ¢, The mimber s called the

&
natural base ¢. The expression I:l + %} approaches e as
X increazes, as shown in the graph and table.

Ol 4] 8 |12
X 1o (i ¥ 10 1 10E
(1 + 1]" 2509374 2R 2. 716492 2.71815 21827 2 1E28
F g
G) Core Concept
The Natural Base

The nataral base ¢ iz irrational, It is defined as follows;

X
As x approaches +o0, (1 + :IT]} approaches ¢ = 2. 71828182846,

¢

EXAAMPLE 1

Simplifying Natural Base Expressions

Simplify each expression.

Check
You can use a caleulator tocheck = & £ « &8 b, 1o€ ¢ (Fe~ts?
i ; 4¢t
the equivale pee of numerical
expressions involving ¢, SOLUTION
e~ (3Inen(5) R S 16¢° _ o —axy? — A iy
2103083028 a =gt b. p o= —4 G [FeTIE)E = Fip—4n
e™{9}) g
8103.083928 = ¢ = 4¢ = Qemix
_ 9
e
Mon Hﬂ'riﬂg Frﬂgrﬂﬂﬂ' ‘ﬁj Help in English and Spanish at BighdeasMath.com
Stmplify the ¢ xpression,
2468 -
1. & ot 3. (10e—ix
4 B \ ?
304 Chapter & Exponential and Logarithmic Functions



Graphing Natural Base Functions

G Core Concept

Natural Base Functions
A Tanction of the form y = ae™ is called a natura! base exponential funclion,

« When a > Dand v = 0, the function is an exponential growih funciion,
* When a > Oand r < 0, the function is an exponential decay function.

The graphs of the basic lunctions y = ¢* and y = #7* are shown.

SR  Graphing Natural Base Functions

Tell whether each function represents exponenlial growih of exponaial decay.
Then graph the function.

2y = 3g b fx) = g=05=
LOOKING FOR SOLUTION
STRUCTURE a. Becawse a = 3 is positive and b, Becanse a = 1 is positive and
A car rewrrite natural r =1 is positive, the function is r = —0.35 is negative, the function
base exponential functions an exponential growth function. iz an exponcntial decay function.
to find percent rates of Uze a table to graph the function, Lize a table to graph the function.
change. In Example 2{b},
'Ff.!(.: = 0%k .4 -2 —1 i) 1
= (g=0Fx v [0 | L10| 3 | B15
= (G065}
= {1 — 0.3935)~
50, the percent decrease is
about 39.35%.

>

Monitoring Progress ‘f“:' Help in English and Spanish at BigideasMath.com

Tell whethe r the funciion represents exposeniiol growih or exponeniiol deeay.
Then graph the function.

4. y= ;e 5. y=4e7" 6. fix) = 2e*

Section 6,2 The Natural Base e 305



Solving Real-Life Problems

Your have karned that the balance of an account earning compound interest is given by
r

i
A= P[I + H]" As the frequency 1 of compounding approaches positive infinity, the
compound inerest formula approximates the Tollowing formmla.

G) Core Concept

Continuously Compounded Interest

When interest is compounded contingously, the amount A in an account after
I vears is given by the Tormula

A= P
L where F is the principal and ris the annual interest rate expressed as a decimal,

FHALLEEN Modeling with Mathematics

You and your friend each have accounts that earn annnal interest compou nded

contimously. The balance A (in dollars) of your accoant after § years can be modeled
by A = 4300”5 The graph shows the balance of your friend’s account over time.
Which account has a greater principal? Which has a greater balance after 10 years?

SOLUTION

L. Understand the Problem You are given a graph and an equation that represent
account balances, You are asked to identify the account with the greater principal

andd the acconmt with the greater balance after 10 vears.

2, Make a Plan Use the equation (o find vour principal and account balance after
10 years, Then compare these values to the graph of your friend’s account,

3, Solve the Problem The equation A = 4500629 5 of the form A = Fe ", where
F = 4500. So, your principal is $4500. Your balance A when § = 10is

A = A500eMWO0 = ££713.21.

Balance (dollars)

Because the graph passes through (0, 4000}, vour friend’s principal is $4000. The
graph also shows that the balance is about 57250 when § = 10.

B So, your account has a greater principal, but your friend’s account has a
preater balance afler 10 years.

4. Look Back Because your friend’s account has a lesser poncipal bt a greater
E> balance after 10 years, the average rate of change from § = Otof = 10 should be
greater for your friend s account than for your account.

MAKING
CONJECTURES vour sccount; A10) = A©) _ 671321 = 4500 _ 50 350
You can also ue this 10 =0 1

reasoning to conclude that ACLD) — AQO) 7250 — 4000 'b‘,
your friend's account has Your friend's account ; 10 = EI re D = 325

a greater annual interest

 rate than your account.

Monitoring Progress ‘f-'} Help in English and Spanish at BigideasMath com

. You deposit 34250 in an account that earns 3% annual interest compounded
continuounsly. Compare the balance after 10 years with the accounts in Examgple 3.
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6.2 Exercises

Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Concept Check

1. VOCABULARY “Whal is the natural base &%

Explain.

2. WRITING Tell whether the function fix) = 1.-'.‘“1'cprrﬂtnls ecxponcniial growth of exponential decay,

Monitoring Progress and Modeling with Mathematics

In Exercises 3-11, simplily the expression,
(Sre Example 1.

3, e 4 ¢ te et
11" 27et

> 22e § 3t

7. (575 B, {det5y

g, o 10. VEeH

M, et e 4 I

ERROR AMNALYSIS In Exercises 13 and 14, describe and
correct the error in simplifying the expression.

13.
= & g
14.
.Ei: o= = T
g
= g™

In Exercises 15=22, tell whether the fumction represents
cxponentiol growih or exponentiol decay. Then graph the
Munetion. (See Example 2.)

15. y=¢&* 16, y=e¢=
W y=2e7" 18, y = Jai
19, y =05 20. y =025

21, y=04e 0% 22, y = 066"

ANALYZING EQUATIONS In Exercises 23-16, match the
function with its graph. Explain your reasoning,

23, y= 28, y= ¢ ™

25. y =g~ 26. y=075*

USING STRUCTURE In Exercises 27-30, use the
properiies of exponents to rewrile the function in

the form ¥y = a{1 + ) ory = ail = r)’. Then find the
percent rate of change,

27. y=e 28, y=¢ 0N

29, y= 204 30, y =058

USING TOOLS In Exercises 21-34, use a table of values
or a graphing calculator to graph the function. Then
identify the domadn and ramge.

N y=e*r 32, y=ertl
33, y=2e*+1 H y=3er=35
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49, y=xr*-1x<0
M., y=x¥-2

5]
35. MODELING WITH MATHEMATICS Investment 38, THOUGHT PROVOKING Explain why 4 = P{l “n ;-‘: }
acconnts for a housa and education earn annual =
approximates A = Fe” as n approaches positive
interest cormpounded continmously. The balance infinity. L
(in dollars) of the house fund after { years can be
modeled by H = 3224¢°%% The graph shows the
balance in the cducation fund over time, Which 29, WRITING Can the natural base e be writien az a ralio
account has the greater principal? Which account has of two integers? Explain,
a greater balance after 10 vears? (See Example 1)
40, MAKING AN ARGUMENT Your friend evalnates
Jix) = e *when x = 1000 and concludes that the
graph of ¥ = fix) has an v-imtercept al (1000, 0.
Is your friend comect? Explain your reasoning.
E 41, DRAWING CONCLUSIONS You invest 2500 in an
E aocount to save for college. Account 1 pays 6%
= anmual interest compoundad quarterly. Account 2 pavs
E 4% annual interest compounded continuously. Which
E account should you chooss (o obtain the greater
amount in 10 years? Tustify your answer,
42. HOW DO YOU SEE T Use the graph to complete
edch statemeant.
MODELING WITH MATHEMATICS Tritium and ~ ":'I:; apprm-:hsi Z-i-T
sodinm-22 decay over time. In a sampbe of tritiam, '
the amount ¥ (in millicrams) remaining after § vears is b fix) approaches
given by y = 10e 2962 The eraph shows the amount as x approaches —,
of sodivm-22 in a sanple over time. Which sample
started with a greater amount”? Which has a greater
amount after 10 years?
[=Sodkme-2z Decay | 43. PROBLEM SOLVING The growth of Mycobacteriun
fabrerenlosis bacteria can be mexde led by the function
N = ae™ ™ where N is the number of cells after
 hours and a is the nomber of cells when § = 0.
2 AL 100 ps., there are 30 M, fudrerculosis bacteria
in a sample. Write a function that 2ives the numiber
of bacteria after 100 p.u.
b Use a graphing caleulator to graph the function in
37. OPEN-ENDED Find values of a, b, r. and g such that part {a).
o= ¥ - B s Xe
JV) = TN 800) = b e cEpraIUal decey e. Describe how to find the number of cells in the
functions, bt % represents exponential growih. sample at 345 pu,
— Maintaining Mathematical Proficiency ez wotwuicomned o peous mases and imson
Write the number in sclentific notation. (55008 Review Hanadbood |
44, 0006 45. 5000 46, 26,000,000 47, 0.000000047
Find the inverse of the funclion. Then graph the function and ifs inverse, (Seciion 5.0]
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Logarithms and Logarithmic

Functions

CONSTRUCTING
VIABLE
ARGUMENTS

To be proficient in math,
you need to justify

yaur cenclusiaons and
communicate them

to others.

>

Essgential Qﬂ#ﬂﬁﬂﬂ What are some of the characteristics of the
graph of a logarithmic function?
Every exponential function of the form fix) = B, where b iz a positive real number

other than 1, has an inverse function that vou can denote by gix) = log, x. This imerse
function is called a logparithmic function will base b

AL ENIls IR Rewriting Exponential Equations

Work with a pariner. Find the value of x in cach exponential equation, Explain yvour
reazoning, Then use the value of ¥ to rewrite the exponential equation in itz equivalent
logarithmic form, ¥ = log, y.

2 2= b =9 o =73

d.5*=1 e =z r.3==4

Graphing Exponential and Logarithmic
Functions

Work with a partner. Complete each table for the given exponential function. Use
the results Lo complete the table for the given logarithrmic function. Explain vour
reasoning. Then sketch the graphs of £ and g in the same coordinate plane.

EXPLORATION 2

X =2 -1 i 1 2

flx) = 2

x

glx) = log,x -2 -1 ] | 2
b, X ' =1 ik 1 2

) = 10+

X

glx) = log, x 2 1 1] | 2

Characteristics of Graphs of Logarithmic
Functions

Work with a partner. Use the graphs yon sketched in Exploration 2 to determine the
domain, range, x-intércept, and asymptote of the graph of yix) = log,x, where b isa
positive real mimber other than 1. Explain your reasoning.

EXPLORATION 3

Communicate Your Answer

4, What are some of the characteristics of the graph of a logarithmic function?

5. How can you use the graph of an exponential fuanction to oblain the graph of a
logarithmic function?
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Core Vocabulary

p. 310
common logarthm, g 27]
natural bgarthm, g 377

Previous
imversz functions

y

310 Chapter &

logarithm of ¥ with base b,

What You Will Learn

P Define and evaluate logarithms.
P Use inverse properties of logarithmic and exponential functions.
B Graph logarithmic functions.

Logarithms
You know that 27 = 4 and 2° = &, However, for what value of x does 2¢ = 67

Mathe maticians define this x-valoe using a logaritfm and write x = log, 6. The
definition of a logarithm can be generalized as follows.

&) Core Concept

Definition of Logarithm with Base b

Let & and v be positive real numbers with & # 1. The logarithm of y with base &
15 denoded by logy, v and 15 defined as

log,y=x
L The expression log, ¥ is read as “log base b of y."

if and only if ba=y

This definition tells you that the equations """Ea y = xapd &* = ¥ are equivalkent. The
first iz in logarithmic form, and the second is in exponential form,

Rewriting Logarithmic Equations

Bewrite each equation in exponential form.

a log, 16 =4 b. log, 1 =0 o log, 12=1 d. logud=-1
SOLUTION
Logarithmic Form Exponential Form
a log, 16 =4 2 =16
b. log, 1 =0 40 =1
¢ log,, 12 =1 12t =12
d. logy4 = ~1 {l—_]_l =4

PN Rewriting Exponential Equations

Rewrite each equation in logarithmic form

a 5 =123 b. 1071 =1l o 3 =4 d 677 =3
SOLUTION
Expmmential Form Logarithmic Form

a =25 logs 25 = 2
b. 10-1 = 0.1 log,, 0.1 = -1
c. 8% =4 log: 4 =3

R L SRS
d. ﬁ e — El_lll ]fl-gim = 3

Exponential and Logarithmic Functions



Check

10+(0.903)
T.99834255

et (=T.204)
EPROD1ELT4

Fartz ib) and {c) of Example 1 ilhostrate two special logarithm values that yon shoold
learn to recognize. Let &be a positive real namber such that b # 1.

arithm of 1 Losarithm of & with Base &
Log g
log, 1 = Obecause & = 1. log, b = | becanse b = B

FEAUIANIEN  Evaluating Logarithmic Expressions

Evaluate each logarithm.

a. log, 64 b log, 0.2 e log 125 d. log.. 6
SOLUTION

To help you find the value of log. y. ask yourself what power of i gives you y.

a. What power of 4 gives you 647 4" = 64, golog, 64 =3,

b. What power of 5 gives you 0.27 5"=02Zs0log, 0.2 = —1.

c. What power nf%giws you 1257 {%} "= 125, sologys 125 = —3.
d. Whast power of 36 gives you 67 3GV = 6, 50 l0gy5 6 = 5.

A common logarithm is a logarithm with base 10. [t iz denoted by log, , or simply by
log. A natural logarithm is a logarithm with base e, It can be denoted by log, bt is
usnally denoted by In,

Commaon Laogarithm Natural Logarithm
log,,x = logx log, x = Inx

S ENUGNEN  Evaluating Commeon and Natural Logarithms

Evaluate (a) log 8 and (b) In 0.3 using a calculator. Round your answer to
three decimal places.

SOLUTION

Moat calculators have keys for evaluating commen logiB}

and natural logarithms. . FO30E99ET
Ln€O. 3%

a. log 8 = 0.503 -1.203972804

b. In03 = —1.204

Check your answers by rewriling cach logarithm
in exponential form and evaloating.

Monitoring Progress 4"3 Help In English and Spanish at Bigidessiath.com
Rewrile the equation in exponential form.

1. log, 81 =4 2. log,7 =1 3 log, 1 =0 4, log,,32= -5
Rewrite the equation in logarithmic form.

5. 71 =49 6. 50° =1 7. 471 =4 8. 256'% =2

Evaluate the logarithm. If necessary, use a caleulator and round your answer to
three decimal places.

9, log, 32 10, logy, 3 11, log 12 12, In0.75
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Using Inverse Properties
By the definition of a logarithrm, it follows that the logarithmic function g{x) = log, x
is the inverse of the exponential function fix) = &% This means that

g fix)) =logpb*=x and  flg{x)) = bms =y,
In other words, exponential functions and logarithmic functions “undo™ each other.

AR  Using Inverse Properties

Simplify (a) 10%%4 and (b) log, 25%

SOLUTION

a 10k =4 s = g

b, logs 25° = logs(5%)* Express X% as a power with base 5.
= Jop, 5% Power of a Power Property
=2x g, b = x

SN Finding Inverse Functions

Find the inverse of each fanciion.

a filx) = 6% b. ¥y = In(x + 3}
SOLUTION
a. Fromthe definition of logarithm, the inverse of fix) = 6% is glx) = log, 1.
h. ¥y = Inix + 3) Write onigimal Ranctiomn,
X = In(y + 3) Swatch x and y.
er=y+73 nite in exponential form.
et—3=% Subtradt 3 lrom each side.

P Theinverse of y = Inix + 3pis y = e* = 3,

Check

a. figtey = 6ms = x of
o fix)) = log, 6% = x /

Th':grai:hsapp:arluhcmﬁn:tjny
of ¢ach other in the line ¥ = x,

Monitoring Progress ‘ﬁ'} Help in English and Spanish at BigideasMath com

Simplify the e xpresslon.
13, Blms 14. log, 7-% 15. log, 64° 16, gniv
17. Find the inverse of y = 4% 18. Find the inverse of y = Inix — 5).

Exponential and Logarithmic Functions



Graphing Logarithmic Functions

You can use the inverse relationship between exponemial and loparithmic functions (o
graph logarithmic functions.

C) Core Concept

Parent Graphs for Logarithmic Functions

The graph of fix) = log, x is shown below for & > 1 and for O < & < 1. Because
Jix) = log, x and g(x) = b are nverse functions, the graph of fix) = log, x s the
reflection of the graph of g(x) = b%in the liney = x.

Graph of fix) = log, xfor k > 1 Graph of fix)=loggxr ford < b < 1

Note that the y-axis is a vertical asymptote of the graph of fix) = log, x. The
domain of fi{x) = log, x is x = 0, and the range is all real numbers.

AN N Graphing a Logarithmic Function

Graph fix) = log; r.
SOLUTION

Step1  Find the inverse of £, From the definition of logarithmy, the inverse of
Jx) = logy x is glx) = 3%
Step2 Make a table of values for gix) = 3%,

1

x |-2|-1]o]1]2]
gtm!-'i|39|

E-

Step 3 Plot the points from the table and
conmect them with a smooth curve,

Step4 Because fix) = log, x and gix) = 3¢
are inverse functions, the graph of £
is obtadned by reflecting the graph of
g in the line ¥ = x. Todothis, reverse [
the coordinates of the poinis on g
and plot these new points on the
graph of f.

]

| I=¥

Monitoring Progress 4’3' Help in English and Spanish at Bigideastath. com
Graph the function.

18. y = loga x 20. fix) = logs x 21 y=loga x
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E‘- 3 EK'E rC|5E5 Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Goncept Check
1. COMPLETE THE SENTENCE A logarithm with base 10 is called ain) logarithm.

2. COMPLETE THE SENTENCE The expression log; 9 is read as

3. WRITING Dxzcribe the relationship betwesny = T and v = log, ¥,

4. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both™ answers,
What power of 4 gives you 167 What is log base 4 of 167

Evaluate 42, Evaluate log, 16.

Monitoring Progress and Modeling with Mathematics

In Exercizes 510, rewrite the equation in exponential In Exercises 27-32, evaluate the logarithm using a
form. (See Example 1.) calculator, Round your answer to three decimal places,
(See Example 4.)
5 log, @=2 6. log,d =1
27, log 6 28, In 12
1o logg1 =0 B log,3M3=3
29. Int 30, log s
g, | 16 = —4 10. L=-1
i OB ; 31. 3005 32. log06 +1

In Exerclzes 11-16, rewrife fhe equation in legarithmic

form. (See Example 2.) 33. MODELING WITH MATHEMATICS Skydivers use an

instrume ot called an alfimeier to track their altitmds

1. & =36 12, 12 =1 as they fall. The altimeter determines altitode by
measuring air presaure. The altitude & (in meters)
1. 167 =1 14, 5% = above sea level is related Lo the air pressure P
(in pascalzs) by the function shown in the diagram
15, 125% =25 16. 492 =7 What is the altitide above sea level when the air

pressure iz 57,000 pascals?

In Exercizes 17-24, evaluate the logarithm,

(See Lyanigle 3. )

17. log, 8l 18. log,; 42
b % fi= —BO05 In
19, log, 3 20. log - 1
21. logs = 22. log 53
23, log, 0.25 24, k'g'.l:l{:l'ml Nat drawn do foalo
25. NUMBER SENSE Order the logarithin: from least 34, MODELING WITH MATHEMATICS The pH value
value o greatest value. for a substance measures how acidic or alkaline the
& subsance is. It is given by the formmula pH = —log[H*),
logs 23 log,; 38 log; & log, 10 where HY is the hydrogen ion concentration {in moles
per liter). Find the pH of cach substance,
26. WRITING Explain why the expressions logs( — 1) and a. baking soda: [H*] = 107 moles per liter

log; 1 are not defined. b wvinegar: [H*] = 107 moles per liter
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In Exercises 35-40, simplify the expression.
(See Example 5.)

35. Temx O L
37. ekt 38, 10¢s1
39, log, s 40, Ipes+1

41. ERROR AMALYSS Describe and correct the emor in
rewriting 4~% = - in logarithmic form.

X =g

42. ERROR ANALYSIS Describe and correct the emor in
sirmplifving the expression log, 645,

X log, &4 = log, (16 - 4%)
= log,(4 + 4')
:|ﬂﬂdq_?f:
=2+x

In Exercises 4352, find the inverse of the Dunetion,
(See Example &.)

43, y=03" 44, y = 11*

a5. y = log, x 46. vy=logsx
47, y=Inix = 1) 48. vy = In 2x

49, y=¢* 50. y=g*-4

5. y=5-9 52. v=13+1logx

33. PROBLEM S0LVING The wind speed 5{in miles per
houry near the center of a tormado can be modeled by
& = 93 log o + 65, where d is the distance (in rmiles)
that the tornado iravels.

@, In 1925, atornado =
traveled 220 miles
through three states.
Estimmate the wind
gpeed near the center
of the tornado.

b Find the imeerse of
the miven function.
Desertbe what
the inverse represents,

Section 6.3

4. MODELING WITH MATHEMATICS The cnergy
megnitde M of an earthquake can be modeled by
M= %I-ug E — 9.9 where E iz the amount of energy
released (in ergs).

’__,.--JHPEFI"!.

island
Horshiu
S
Pacitic H‘ah
Recpred s Eurasian
ates
i «‘“lﬁdﬂnin plate

fault line

A In 2011, a powerful earthquake in Japan, cansed
by the slippage of two tectonic plates along a Tanl,
released 2.24 = 10 ergs. What was the cnergy
magnitikle of the carthquaks™?

b Find the inverse of the given function, Describe
what the inverse represents,
In Exercises 55-60, graph the function. (See Examgple 7

55 y=log, x 5. v= logex

o y=logqx 5B, vy=log ¥

59. y=log;x—1 60. ¥ =log(x+ 2)

USING TOOLS In Exercises 61-64, use a graphing
calculator to graph the function. Determine the domain,
range, and asymptote of the function.

61. ¥y =logix + 2) 8. v= =Inx

63, y=Ini—x) 64, y=3—lopx

65. MAKING AN ARGUMENT Your fricnd statcs that every
logarithmic function will pass throogh the point (1, 0.
Is your friend correct? Explain your reasoning,

66, ANALYZING RELATIONSHIPS Rank the functions
in order from the least average rale of change o the
greatest average rate of change over the interval
l =x = 10,

& ¥y =log:x B oy =logysx

Lol |
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67, PROBLEM SOLVING Biologists have found that

68,

the length ¢ (in inches) of an alligator and its
weight w iin pounds) are related by the Tanction
£=271Inw— 328

a. Use a graphing calculator to graph the function.

b Use your graph to estimate the weight of an
alligator that iz 10 feet long.

. LUze the zem feature to find the x-infercept of the
graph of the function, Does this x-value make
sense in the context of the situation? Explain,

HOW DO YOU SEE IT? The figure shows the graphs
of the two functions fand g.

a. Compare the end behavior of the logarithmic
function g to that of the exponential fanction f.

I Determmine whether the funclions are inverse
functions. E_tpla.in.

c. What iz the base of each function? Explain.

69. PROBLEM SOLVING A study in Florkda found that

.

— Maintaining Mathematical Proficiency =

the number & of fish species ina pool or lake can be
mndeled by the fanction

s =306 - 205 log A + 3.80og AR

where A is the arca (in zquare meters) of the pool
or lake.

2. Llse a graphing calculator to graph the function on
the domain 200 < A = 335,000,

b Use your graph to estimate the number of species
in a lake with an area of 30,000 square melers,

c. Use your graph to estimate the area of a lake that
contains six specics of fish,

il. Describe what happens to the number of fish
species as the area of a podl or lake increases.
Explain why vour answer makes sénse.

THOUGHT PROVOKING Write a logarithmic function
that has an owtpat of —4. Then sketch the graph of
your fonction.

CRITICAL THINKING Evaluate each logarithm. (fint:
For each logarithm log, x, rewrite & and 1 as powers

af the same hass.)
8. log.. 25 b log, 32

¢ log, B1 d. log, 128

g whal ol lsamdsd in pret O s Eradss and lészans

Let fix) = % Wrile a nule for g that represents the indicated transformation of the graph of f.

{Rection 5.3}

72. glx) = —fix)
M px)=f(-x)+3

Identify the function family to which f belongs. Compare the graph of f to the graph of its parent

1. gl = £k
5. 2xX)y=flx+2)

Pumetion (Seciion [.0)
6. [TT T A TT] 7. 78. [ 1111 A
=z L2 e | 7
" ¥ Y - i
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Transformations of Exponential

and Logarithmic Functions

Essgential Qﬂ&ﬂﬁﬂﬂ How can vou transform the graphs of
exponential and logarthmic Munctions?

SR Els RN Identifying Transformations

Work with a pariner. Each graph shown is a transformation of the parent function
fix) = e* 0 fixh = Inx.

b atch each function with its graph. Explain your reasoning, Then describte the
transformation of Frepresented by o

A glx) =efti -3 b p(x) = —2**t2 41 e px)=es"t-]
de gix) = Infx + 2) & gxl=2+Inx I gix) =2+ Iln(—x)
A. B.
2 117:'

C. D A

+2

L1

Y]
E. E ¥

REASONING oL IAIel' Il Characteristics of Graphs

QUANTITATIVELY Work with a partner. Determine the domain, range, and asymptote of cach function
To be proficient in inath in Exploration 1. Justify your answers.
you need to make sense

of quantities and their Communicate Your Answer

FaBCTRIVEE Y FROblam Hoesw can you transform the graphs of exponential and logarithmie functions?

situations. .
D 4. Fimd the inverse of ¢ach function in Exploration 1. Then check your answer by
using a graphing calculator to graph each function and its inverse in the same
viewing windoy.
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What You Will Learn

B Tramform graphs of exponential functions.
P Transform graphs of logarithmic functions.

B Write transformations of graphs of exponential and logarithmic
functions,

6.4 Lesson

Core Vocabulary

Previous
exponential function
logarthmic function
transformations

Transforming Graphs of Exponential Functions

You can transform graphs of exponential and logarithmic functions in the same
way you transformed graphs of functions in previous chapters. Examples of

transformations of the graph of fix) = 4* are shown below.

&) Core Concept

Transformation Flx) Notation Examples
Horizontal Translalion & gy =47 3 units right
CGiraph shifts left or right. ha ) Bix) = 4543 2 units left
Vertical Translation flxj=4+35 5 unils up
Ciraph shifts up or down, )+ & Jixy =45 =] 1 unit dovgn
Reflection Fl—=x3 glx) =4°F in the y-axis
Graph Rips over x- or y-axiz. - fix) Hx) = =4% in the xy-axis
Horzonlal Streteh or Shrink glr) = 4% shrink by a
Graph sireiches away from factor of 1

g : ia. -
or shrinks toward y-axis Siax) o(s) = 4" stretch by a
factor of 2
Yerlical Stretch or Shrink x) = 349 dretch by a
Graph stretches away from a s fe) factor of 3
L factor of

SRR Translating an Exponential Function

1%

Diescribe the transformation of fix) = {H’ represented by gix) = (!—J} —~ 4
Then graph each function.
SOLUTION

RE

Notice that the function is of the foem g(x) = | 3| + &

5 T L-l D'f TIP Bewrite the function bo identify &.
Meotice in the graph that 14

the vertical translation glx) = {;j] + (=4)

also shifted the asym ptote = "‘

4 units down, so the range 3

ofgisy > -4,
D’ P Because k= —4, the graph of ¢
15 a translation 4 s down af

the graph of f.
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STUDY TIP

Motice in the graph that
the vertical transzlation
also shifted the asym ptote
£ units up, 5o the range

ofglsy = 2. D

LOOKING FOR
STRUCTURE

In Exarmple 3ia), the
harizental shrink follows
the translation. In the
function hix) = 3¥ -5 tha
translation 5 units right
follows the horizontal
shrink by a facter of .

>

AN  Translating a Natural Base Exponential Function

Dezgribe the transformation of fiy) = e* represented by gix) = e**# % 2, Then graph
each function.

SOLUTION

Motice that the function i of the form
#(x) = ¢*= b 4 &, Rewrite the function to
identify f and .

= g5=(-3 4 2
pxy=e¢ P $
k

f

P Because b = =3 and k& = 2, the graph
of 2 iz a ranslation 3 units left and
2 nnitz up of the graph of 1.

SHANINIEN Transforming Exponential Functions

Describe the transformation of frepresented by ¢ Then graph each function.

a. fix) = 3% gix) = 355 b fix)=e= gix) = —-;-r"
SOLUTION
a. Motice that the function is of the b, Motice that the fanction is of the
form gix) = 3=~ & wherea = 3 form gix) = ae™*, where a = —%.
and b = 5,
P So, the graph of g is a translation P So, the graph of g is a reflection
5 units right, followed by a in e x-axis and a vertical
horizontal shrink by a factor of J shrink by a factor of J of the
of the graph of £, graph of f
| E,h_i' g1

Monitoring Progress ‘ﬁ'} Help in English and Spanish at BigideasMath.com

Describe the transformation of § represented by g. Then graph each function,
LAd=2gn=2"3+1

2. Xy =e 523} =875 =35
2. fix) = 045 pix) = 0472

4, fix) = ¢* plx) = —e***
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STUDY TIP

In Example d{b), notice
inthe graph that the
horizontal translation also
shifted the asymptote

4 units left, so the domain

ofgisx > —4. . . .
D. B So. the graph of g is a horizontal translation

Transforming Graphs of Logarithmic Functions
Examples of transformations of the graph of fix) = log xare shown below.

Gy Core Concept

Transformation f(x) Notation Examples
Horizontal Translation ; #lx) =log(x —4) 4 units dght
Graph shifts left or right. JE=W |y =toglx+7) 7 units ket
Yertical Translation ok gx)=logx+3 3 units up
Graph shifts up or down, S )y =lopy =1 1 unit down
Reflection =5 #ix} = log{—x) in the y-axis
Graph Rips over - or y-axis, -fix) gix) = ~logx in the x-axis
Horizontal Streteh or Shrink 2(x) = logidx) shrink by a
Graph stretches away from factor .;.f%
or shrinks toward y-axis. Slax} vy

gix) = I{:-g{?rj sretch by a
factor of 3
Yertical Strefich or Shrink gixy=5logx sreteh by a
Graph siretches away from factor of 3
—axi d = fix) :
or shrinks toward x-axis. fi 806) = flﬂgx shrink by a
factor of £

AR Transforming Logarithmic Functions

Describe the transformation of frepresented by g. Then graph each function.

a fix) =logx, gix) = lng[ - ‘Irj b. fix) = logq x, glx) = 2 log -(x + 4)
SOLUTION
. MNotice that the function is of the form giv) = loglax),

where g = = %

B So the graph of g is a reflection in the y-axis
and a horizontal siretch by a factor of 2 of
the graph of £

b. MNotice that the function is of the form
gix) = alog,ix = k), wherea = 2 and
= =4,

4 units left and a vertical stretch by a factoe
of 2 of the graph of [,
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Check

=5

Check

14

Mﬂ“ Hﬂriﬂﬂ Prﬂgrﬂfﬂ 45?" Help in Engish and Spanish at Blgideasiath.com
Deseribe the transformation of f re presented by g, Then graph each funetion.
3. fix) = log,x, glx) = =3 log, x 6. fix) = log,, x, gix) = log, ,(4x) = 3

Writing Transformations of Graphs of Functions

SNSRI  Writing a Transformed Exponential Function

Let the graph of g be a reflection in the x-axis followed by a translation 4 units right of
the graph of fix) = 2% Write a rle for g.
SOLUTION
Step 1 First write a function f that reprezents the reflection of [

Ry = —fix) Multiphy the outpat by ~1

= —2= Substitute * for fx)

Step2 Then wrile a function g that represents the ranslation of f.

glx) = hix — 4) Subtract 4 from the nput

R Replace xwith x = 4 m hix),

P The wansformed function is glx) = —25 -4,

S ENINRN  Writing a Transformed Logarithmic Function

Let the graph of g be a trapslation 2 units ap followed by a vertical stretch by a factor
of 2 of the graph of fix) = log,, x. Write a rale for g.

SOLUTION
Step 1 First write a function /i that represents the translation of f
Rix) = fix) + 2 Add 7 to the oulpat,
= log,, x + 2 Substitute log, - x lor fix)

Step2  Then write a function g that represents the vertical stretch of k.

gix) = 2 - hix) elusleiply the ouetpant by 2.
=2+ (log;nx + 2) Substingte log. ., x + 2 for hix),
=2l ax+ 4 Dystnbutiee Property

P The transformed funclion is gix) = 2 log, 3 & + 4.

Mon H'ﬂriﬂﬂ Frﬂﬂrﬂﬂ'ﬂ ‘% Halp in English and Spanish at BigidessMath.com

7. Let the graph of g be a horizontal stretch by a factor of 3, followed by a
translation 2 units up of the graph of fix) = ¢~% Write a ke for g

8. Letthe graph of g be areflection in the v-axiz, followed by a rapslation 4 wnits to
the left of the graph of fix) = loe x, Write a ke for 2.

Section 6.4 Transformations of Exponential and Logarithmic Functions az



5-4 EKEFCISES Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check

1. WRITING Given the function fix) = ab*~ 5 + I, describe the effects of a, K, and & on the graph
o the fumetion.

2. COMPLETE THE SENTEMNCE The graph of gix) = logy—x) isareflectioninthe __  ofthe
graph of fix) = log, x.

Monitoring Progress and Modeling with Mathematics

In Exercizes 3=-6, match the function with s graph. M =)= =9
Explain your reasoning. )
3. fir)=25+2-2 4 glx)=2+42 15. fix) = [}—r) gl = {%]II + 12
5. Ax) = r=i=12 6. K(x)=2"142

1Y FIp+s
1. _;'I,I} - [{] .g{]'_:l =||,-3} - E
A, B. 2 -

In Exercises 17-24, describe the transformation
of f represented by g, Then graph each function.
(See Example 3.)

17. fix) = % glx) = &=

18. fix) = e gix) = %ﬁ"
19, fix) = 2% glx) = —25-3
0, .Irlrlnb — _|J.'I gl:rl'_:l — _i[l.:-I =

21. fix) =e~% px) = Je~%

22, fix)=e"% glx) =554 2

) 1 ] 1h=+ L]
23. fix)= [-- Ly = f_-{-- —2
In Exercises 7-16, describe the transformation 3-] s 3J
of f represented by g. Then graph each function. ) o
See Exampies 1 and 2 VU [ TR )
(See Examples I and 2. ) 24, fix) = [4) , Fix) = {4) + 1
7. fr) =3 g =345
ERROR ANALYSS In Exercises 15 and 26, describe and
8. flr)=4glx) =4 -8 correct the error in graphing the function,

9. firy=ef px)=e*—1 25 Xy =3%+3
10, fivy=et gx) =e*+d X
1. flx) = 2% gx) = 227

12 flx) = 5% pix) = 511

13, fX)=e " pix)=e¢"*+0
322 Chapter & Exponential and Logarithmic Functions



In Exercizes 27-30, describe the fransformathon
of f represented by g, Then graph each function.
(See Example 4.)

27. fix) =log,x, gix) =3 logx — 5
28. fix) = logyn x, g3} = logyal—x) + 6
29. fix) =log,s x, g(x) = = logsly = T)
30. fix) = log; x, glx) = logix + 2) — 3

ANALY ZING RELATIOMNSHIPS In Exercises 31-34, match
the function with the correct transformation of the
egraph of f. Explain vour reasoning.

H. y=fix-12) 32. y=fix+1)
33. y=2x) 3. y=fiIx)
A Y B. kv
P / 2
X x
w r
C Ay D, Av
- - P
¥
Section 6.4

In Exercises 35=28, write a mile for g thal represents
the indicated transformations of the graph of f.
{See Example 5.}

35. fix) = 5% transkation 2 units down, followed by a
reflection im the y-axis

36. fix) = I[gr reflection in the v-axis, folloewed by a
vertical stretch by a factor of & and a translation
4 nnits keft

37. fix) = ¢ horizontal shrink by a factor of £, followed
by a translation 5 units up

38, fix) = 7% tranzlation 4 units right and 1 unit down,
Tollowed by a vertical shrink by a factor u:rl’%

In Exercises 39-42, write a rule for g thal re presents
the indicated transformation of the graph of f.
(See Example 6.}

39, fix) = log. x; vertical siretch by a factor of 6,
followed by a translation 5 units down

40. fix) = log, x; reflection in the x-axis, followed by a
translation % units left

4. fixhd = log,, x; translation 3 anits left and 2 units ap,
followed by a reflection in the y-axis

42. fix) = ln.x: ranslation 3 units right and 1 wnit o,
followed by a horizontal stretch by a factor of 8

JUSTIFYING STEPS In Exercises 43 and 44, Justify each
step in writing o rule for g that re presents the indicated
transformations of the graph of f,

43. fix) = log, x; refloction in the x-axis, followed by a
tranzlation & units down

Bx) = =f{x)

= —lop. X
gix) = hix) — 6

= ~log, ¥ =&

44. fix) = 8% vertical streich by a factor of 4, followed by
a translation 1 unit up and 3 units et

hix) =4 « fix)
=4« §

gix) = hx +3)+ 1
=4 « §5+3 4 1
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USING STRUCTURE Tn Exercizes 45-48. describe the
transformation of the graph of f reprezented by the
graph of g. Then give an equation of the asymptote,

51. MAKING AN ARGUMENT “Your friend claime a singhe
transformation of fix) = logy can result in a function
£ whose graph never intersects the graph of [ 1s your
friend correct? Explain vour reasoning,

45. flx)=e* glx) =e*+4 o Ry e

52, THOUGHT PROVOKING [s it possible to transfocm the
graph of fix) = &% to obiain the graph of gix) = Inx?
Explain your reasoning,

46, fix) =3~ plx) =3"*
47, fix) =Inx gz} = Inix + &)

ABSTRACT REASONING Determine whether each
statermnent 15 always, somelimes, or never e, Explain
VOUI [easoing,.

48. fix) =log s X glx) = log s x + 13 33,

49, MODELING WITH MATHEMATICS The slope b
of a beach is related to the average diameter d

. A vertical translation of th of = lgag
(in millimeters) of the sand panticles on the beach by * 15 R % raph ol fix) = g ¥

the equation § = 0,159 + L1185 log d. Describe the
transformation of fid) = log d represented by 8. Then
use the function to determine the slope of a beach for

changes the equation of the asymptode,

b. A vertical ranslation of the graph of fix) = ¢*
changes the equation of the asymplole.

S KL Type Lehon c. A horizontal shrink of the graph of f{x) = log x

does not change the domain,

Sand partidle Diameter (mm), d d. The graph of g(x) = ab*~ " + k does not intersect
fire s 0,125 the v-axis.
roedivrm sand 0.25 54. PROBLEM SOLVING The amount P {in grams) of
1 100 grams of plutoninm-239 that remains after { vears
coarse sand 0.5 can be modeled by P = 1000999977,
very codrse samd 1 a. Describe the domeain and range of the function,

b, How rouch plutonium-2349 is present afler

50. HOW DO YOU SEE IT? 12,000 years?
The graphs D:":{‘r} = . Diescribe the transformation of the function if the
and gix) = [E] are initial amount of phatoniom were 350 grames.
shown for b = 2, . Does the transformation in part (¢) affect the domain
and range of the function? Explain your reasoning.

55. CRITICAL THINKING Consider the graph of the
function hix) = &~*~ % Describe the ransformation
of the graph of fix) = ™= representad by the graph
of fr. Then describe the transformation of the graph
of gixh = e*represented by the graph of &. Justify

YOUT a0sWers.

a. Llse the graph to describe a transformation of the
graph of fthat results in the graph of g.

b, Does vour answer in part (a) change when
0= &< 17 Explain.

56. OPEN-ENDED Write a function of the form
y = ab* =" + k whose graph has a y-intercept of 5
and an asy mptote of ¥ = 2.

— Maintaining Mathematical Proficiency = coswutcuicmnes oo goses ans ievscn

Perform the indicaled operation,
57. Let fix) = x! and g(x) = ¥, Find { fz){x). Then evaluate the product when x = 3,

{Seclkon 3.%)

58. Let fix) = 4x° and gix) = 2¢". Find E]{t}. Then evaluate the quotient when x = 5,

59. Letfix) = & and g(x) = 82, Find ( f + g)(x). Then evaluate the sumwhen x = 2,
60. Let fix) = 2x* and gix) = 357 Find ( f = g)i{v). Then evaluate the difference when x = 6,
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6.1-6.4 What Did You Learn?

Core Yocabulary

exponential function, p. 296 decay factor, p. 296

exponential growth function, p. 296 natural base £, p, 3

grosvth factor, g 296 logarithm of ¥ with baze b, p. 310

asymptole, p. 206 common logarithm, g 371

exponential decay function, p. 296 natural logarithm, p. 311

Core Concepts

Section 6.1

Parent Function for Exponcntial Growth Exponential Growth and Decay Models, p. 2597
Fanctions, p, 296 Compound Interest, g, 299

Parent Function for Exponential Decay
Functions, p. 29

Section 6.2

The Matural Baze &, p. 3H Continnonsly Compounded Intercst, p. 306

Natural Base Functions, p. 305

Section 6.3

Definition of Logarithm with Base &, p. 316 Parent Graphs for Logarithmic Functions, p. 313

Section 6.4

Transforming Graphs of Exponential Fonctions, p, 3/8  Transforming Graphs of Logarithmic Fonctions, p. 320

Mathematical Practices

How did you check to make sure your answer was reasonable in Exercise I3 on page 3007

”J—.

How can you justify your concluzgions in Exercises 23-26 on page 3077

b

How did you monitor and evaluate yvour progress in Exercise 66 on page 3157

S Study Skills = = = = === = = == = = = = - - - - SEE—
Forming a Weekly
Study Group

select students whio are just as dedicated to doing well in
thie math class as you are

+ Find a regular meeting place that has mmimal distracbons

¢ Compare schedules and plan at least one fime a week 1o
meet, allowing at least 1.5 hours for study time



6.1-6.4 Quiz

Tell whether the functlon represents expome il growif or expemesiial decay. Explain
vour reasoning. ¢(Secilons & 0 amd 6.2)

1. fix) = (4.25) 2. y=1z] 3. y=e0G 4. fix) =S¢ =

Simplify the expression, (Sections 6.2 and 6.9)

1 5¢

- ram Z AEyF
5, ¢ et 6. = 7. (e
8. &n® 9. log, 4% 10. log, B1-%
Rewrite the expression in exponential or logarithmic form. (Section 6.3
11. log, 1024 =35 12. log,; 27 = =3 13, 7T =101 14, 4-7 = 00625

Evaluate the logarithm. If necessary, use a calculator and round your answer fo three
decimal places. (Sechion 6.3)

15. log4s 16. Inl4 17. log, 32

Graph the function and is Inverse, (Sectfon 6.3}

I
18. fix) = [%J 19, y=In(x-7) 20. fix) = logx + 1)

The graph of g is a transformation of the graph of f. Wrile a rule for g. (Section 6.4)
21. fix) =logyx 22, fix) = 3 23. fix) = logypx

24. You purchase an antique lamp for $150. The value of the lamp increases by 2.13% each
year. Write an exponemtial model that gives the value y (in dollars) of the lamp ! years
after you purchased il. (Section 6.1

25 Alocal bank advertises two ceftificate of deposit (CD¥) accounts that you
can use to save money and earn interest. The interest is compounded e
monthly for both accounts. (Seciion 6.1 rCD
4. You deposit the minimum requited amounts in each CD account. SPEﬂiﬂ]ﬂ

Horse nuch money is in cach account at the end of its term? How
much interest does cach account earn? Justify vour answers,

b. Describe the benefits amd drawbacks of each acconnt,

26. The Richter scale is used for measuring the magnitde of an earthquake.
The Richter magnitude K is given by K = 067 In £ + 117, where £
is the energy (in Kilowatt-hours) reloased by the carthquake, Graph the
midel. What is the Richter magnitude for an carthquake that releases
23,000 kilowatt-hours of energy? (Section &.4)

Hling 1 = 2000 Myiroen Bl |
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Properties of Logarithms

CONSTRUCTING

VIABELE ARGUMENTS

Ta be proficient in math,
you need to understand
and use stated

assum ptions, definitions,
and previously
established results.

D;.

Essential Question 1owcan you use properties of exponents o
denve properties of logarnthms?
Let
X = log, m and ¥y = log,n.
The comespomding exponential forms of these two equations ane

b= m and b=

Aol Product Property of Logarithms

Work with a pariner. To derive the Product Property, multiply #t and n to obtain
mn = br = bEty,

The comesponding logarithmic form of mn = ¥ 7 ¥izlog, mn = x + y. 50,
log, mn = ! Product Property of | ogan thms

S LTNsl' P Quotient Property of Logarithms
Work with a partner. To derive the Quoticnt Property, divide m by n to obdain
M bE

i B5=F,
i

The corresponding logarithmic form ul"% = bV iz log, M=x- ¥y. 50,
|

log, — = . Duatent Property of Logan thms

SR LTSI Power Property of Logarithms

Work with a pariner. To derive the Power Property, substitute &% for m in the
expression log, m®, as follows.

log, m* = log, (b Substiute & for m
= o, 45 Power of a Power Propesty of Exponents
= 0¥ Ireerse Property of Logan thmes

a0, substituting log, mt for x, vou have
log, mt = ; Power Property of Logan thims

Communicate Your Answer
4. How can you use propertics of exponcnts to derive propertics of logarithms?

3. Use the propertics of logarithmes that vou derived in Explorations 1-3 to evaluate
cach logarithmuic expression,

a, log, 16° b. log, 817
¢. Ine +1ned d. 21n#5 — In&*
e log 75 — log, 3 f log, 2 + log, 32

Section 6.5 Properties of Logarithms 327



What You Will Learn

B Use the properties of logarithms to evaluate logarithms.
B Use the properties of logarithms to expand or condense logarithmic

Core Yocabulary B pressions.

Previous B LUse the change-of-base formula to evaluate logarithms.
base

properties of exponents Properties of Logarithms

You know that the logarithmic function with base b is the inverse function of the
exponential function with base . Because of this relationship, it makes sense that
logarithmes have propeics similar (o properies of exponents.

&) Core Concept

D Properties of Logarithms
STUDY TIP Let &, a1, and x be positive real numbers with & # 1.
These three properties of Product Property  logr, mn = log, m + log, n
legarithms correspand to
these three properties of Quotient Property log, T log, m — log, n
axponants. A
e o 5 Power Property log, m® = nlog, m
E_m = g - n
a” YT 2 : ;
PR — FEALINRE  Using Properties of Logarithms
Use log, 3 == L3853 and log, 7 == 1807 to evaluate each logarithm.
a log, b. log, 21 e log, 49
SOLUTION
D’ 8 h:ngl% = log, 3 = log, 7 Qustient Property
COMMON = | 585 — 2807 Use thie green values of log, 3 and log; 7.
ERROR = —1.222 Subtract,
Mote that in general
log,, % . 'IIT:-g T:‘ and b log; 21 = log,(3 + 7) Wnte 21 asd + /.
b
=log, 3 + log, 7 Praslusct Propeit
—leg, mn # (log, mileg; n). OB & FEEr
= | 585 + 2.807 L thve green values of log, 3 and log, 7.
= 4,392 kel
. log; 49 = log, T Write 40 as 7
=2 log, 7 Power Property
= 22807 Lse the green value log; 7.
= 5.614 Mudtiply.

Hﬂﬂﬂﬂ'rmg Prﬂﬂrﬂrﬂﬂ' 41?’ Help in English and Spanish at BigideasMath.com
Uze log, 5= 0,598 and log, § = 1.161 to evaluate the logarithm,

1. |nE,E§ 2. log, 40 3. log, 64 4, log, 125
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STUDY TIP

When you are expanding

or condensing an

BEpression invelving

lagarthms, you can

assume that any variables
— are positive.

Rewriting Logarithmic Expressions
You can nse the properties of logarithms to expand and condense logarithmic
CXPTCEELONS.

S AR  Expanding a Logarithmic Expression

i:'i'?

Expand In —.
¥

SOLUTION

1ﬁ‘; =In3x’ - Iny Quaotient Property

=In5+Inx" —Iny Product Property
=In3+Tlnx-=Iny Power Property

S EAUIGNEN Condensing a Logarithmic Expression

Condense log 9 + 3 lop 2 — log 3.

SOLUTION
g9+ 3log2 —logd =log® + log 2® = log 3 Poser Property
= log(9 « 2) = log 3 Product Property
k]
= log q—ag Quahent Propeity
= log 24 Simpliby

Monitoring Progress ‘E Help in English and Spanish at BigideasMath.zom

Expand the logarithmic expression,

5
5. log. 3f 6. In T
Condense the logarithmic ¢xpression,
7 logx —log® 8. In4 +3In3 —In 12

Change-of-Base Formula

Logarithms with any base other than 10 or ¢ can be writtén in terms of common o

namral logarithms using the change-of-base formula. This allows you to evalnate any

lograrithm using a calculator.

G) Core Concept

Change-of-Base Formula
If a, b, and ¢ are positive real numbers with # 1 and ¢ # 1, then

Ina

In particular, log, a = !t%g—i:mrj log, a=—.

In e

-

Section 6.5 Properties of Logarithms
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SN N Changing a Base Using Common Logarithms

D Evaluate log, 8 using comman logarithms.
ANOTHER WAY

SOLUTION
In Example 4, log, 8 can
be evaluated using natural log, § = log & log, a = log a
logarithms. log 3 log ¢
Ing8
log; 8 = 102 = 1.893 _ 09031 _ : o
G ~ s e 1893 Use a caleudator, Then dividee

Motice that yvou get the
same answer whether you

use natural logarithms or FHNCREN Changing a Base Using Natural Logarithms
commaoen legarithms inthe

— change-of-base formula. Evaluate log, 24 using natural logarithme.
SOLUTION
24 = 1024 Qa2
log, 2 T sy, & o
o f;;?; bl B lse a caloulaton, Then divide,

Solving a Real-Life Problem

Far a sound with imensity £ (in walts per square meler), the loudness L5 of the sound
(in decibels) is given by the function

L) = 10Tog
iy

where [ iz the intensity of a barely sdible sound (about 1077 walls per square meder).
An artist in a recording stdio turns up the volome of a track so that the intensity of the
sound doubles. By how many decibels does the loudne ss increase?

SOLUTION

Let I be: the original intensity, so that 21 is the doubled intensity.

increase in lowdness = L2} — LiI) Wiile an eegpression.
=10 Il.'lnﬂH = 10 log L Substitute,
1y Iy
[ 2
=10 1-;:1;__{1! — log i] Dastributive Property
Iy Iy,

]U[lug! + mg‘{-— |ug‘-”
1 1] ]

Prouct Property

= 10 log 2 Simpliby,

P The loudness increases by 10 log 2 decibels, or about 3 decibels.

e M
Mﬂﬂ ﬂﬂ'rlﬂg Prﬂgrﬂ-gﬂ ‘}-’ Help in English and Spanish at BigideasMath com
LUse the change-of-base formula to evaluate the logarithm,

8, log; & 10, log, 14 1. log,, @ 12, log,, 30

13, WHAT [F? In Examyple 6, the artist turns up the volume so that the intensity of the
soind triples. By how many decibels does the loudne sz increase?
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6.5 Exercises

Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Concept Check

__ Property of Logarithms.

1. COMPLETE THE 5ENTENCE To condense the expression log, 2y + Icng_-,y. ¥ need Lo e the

2. WRITING Descrbe two ways to evaluate loe; 12 nsing a cakulator,

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, use log, 4 == 0,712 and log, 12 =~ 1.277
to evaluate the logarithm. (See Fuample 1)

3. log 3 4. log, 48
5. logy 16 B. logy &
7. log; 8. log !

In Exercises 9-12, malch the expression with the
logarithm that has the same value, Justify your answer.

9 logs b —logs 2 A, log; 64
10. 2log: 6 B. log; 3
11. 6log, 2 C log, 12
12, logs 6+ log; 2 L. log, 36

In Exercises 13=20, expand the logarithmic expression,
{See Svamgele 2, )

13, log 4x 14, log ix
15, log 10x° 16. In 3t
17, In% 18, m%‘:}i

19. log, 5V 20. log, Vxdy

ERROR ANALYSIS In Exerclses 21 and 22, describe
amd correct the error in expanding the logadthmic
eXpression,

x log, Bx= (leg. B)(log ¥)

22,

/ N8 =3Ind +Inx

In Exerclses 23=-30, condense the logarithmic
expresslon. (See Example 3.)

23, log, 7 — log, 10 24, In12 —In4
25 Olnx+4lny 26. 2logx + log 11
27. logs 4 + :logsx

28, 6ln2—-4lny

29. 5In2+Thnx+41ny

30. logy 4 + Zlog; 5 + logyx
31. REASOMING Which of the following is nef equivalent
Lo log E'? Justify your answer.

A 4loggy — logs 3

B 4logsy — logs 3+ logs x
() 4log, y — logs 3 — log, x
(D logsy' —logs 3 — loge x

32. REASONING Which of the following equations is
correct? Justily your answer.

B log;x+ 2log, ¥ = logylx + ¥)
g

(B 9logx —2logy = ]mg'%ir

) Slog x + 7log, ¥ = log, 2%y

D log,x = Slog, ¥ = log, ¢
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In Exercizes 33=40, use the change-of-base formula fo
evaluate the logarithm. (See Evamples £ and 5.)

33, 34. log, 13
36. log, 22
38. log, 28
0. tog, %

a4,

log, 7

35, log 15

37. log, 17

k]
39, log, -

41, MAKING AN ARGUMENT Your fricnd claims you can
uze the change-of-base formuila to graph v = log, ¥
using & graphing calculator. Is your friend correct?

Explain your reasoning. 4%

HOW DO YOU SEE IT? Use the EI.'T"‘I Lo determine
the vale of 12835,
log 2

MODELING WITH MATHEMATICS In Exercises 43 and 44,
use the function Lif ) given in Example 6,

43. The blue whale can prodoce sound with an iMenzity
that is 1 million times greater than the intensity of the
loxdest sound a uman can maks . Find the difference
im the decibel levels of the sounds made by a

blue whale and a human. (See Example &) =

The intensity of the soond of a certain television
advertisament is 10 times greater than the intensity
of the television program. By how many decibels
does the loudness increasa?

Intensity of Television Sound

During show:
intersity = f

During ad;
Intensity = 104

REWRITING A FORMULA 1lnder certain conditions,
the wind speed 5 {in knotz) at an altitude of & meters
above a grassy plain can be modeled by the function

s(f1) = 2 In 10041,

a. By what amount does the wind speed increase
when the altitde doables?

b, Show that the given function can be written in
terms of commen logarithms as

T
sh) = = #[hjg it + 2).

THOUGHT PROVOKING Determine whether the
fornmala

logy(M + N) = log, M + log, N
is true for all positive, real values of M, &, and &
(with & # 1), Justify your answer,

USING STRUCTURE Use the properties of exponents
to prove the change-of-base formmala. (Hins: Let

x=logpa v=1og ¢ oand 2 = log,. a.)

CRITICAL THINKING Dxoscribe Hiree ways o

transformthe graph of fix) = log x to obdain the graph
of gix) = log 100x — 1. Justify vour answers.

— Maintaining Mathematical Proficiency oozt ouioamet i pscus grases and iossons

Solve the inequality by graphing,
49, ¥ =450
51.

{Section 3.6)
X¥+13e+42<0 52.
Solve the equation by graphing the related svstem of equations.
53. et - —G=-22+5x+3 54,
55. ' —dx—-S5=—-(x+3P+10 56,

50. 2(x — 6) — 5 2 37

—xt—4x+ 65 -6

—~(x+3)x -2 =xt - G
- X+ TP+ 5=(x+ 10} -3

(dection 3.5)
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Solving Exponential and

Logarithmic Equations

MAKING SENSE
OF PROBLEMS

To be proficient in math,
you need to plan a
solution pathway rather
than simply jumping into
a solution atten pt,

>

Essgential Qﬂ&ﬂﬁﬂﬂ How can vou solve exponential and
logarithmic equations?

SR L ENIls BN  Solving Exponential and Logarithmic Equations

Work with a pariner. Match each equation with the graph of its related system of
eqquations. Explain your reasoning. Then use the graph to solve the equation.

& &*=2 b Inx= —1
o = 3T d log,x =1
[. 4*=2
B \ L C || .;Hf 1]
2 - e

_4“ ..... _.I1r _41 .....
. .dii}. L1 E A F el L]
lr = e = e e

e TRl el N Solving Exponential and Logarithmic Equations

Work with a pariner. Look back at the equations in Explorations 1¢a) and 1(b). Suppose
ViUl want a mere accurate way Lo solve the equations than using a gaptli-.:al approach.

a. Show how yvou coubd use a numerical approach by ereating a table. For instance,
vou might use a spreadsheet to solve the equations.

b. Show how you could use an analyical approack. For instance, vou might try
solving the equations by using the inverse properties of exponents and logarithms.

Communicate Your Answer

3. How can you solve exponential and logarithmic equations?

4. Solve each equation nsing any method. Explain yvour choice of method.

a 16t =2 b 2 =4+l
c FmIFHl d. logx = .
e Inx=32 r. 1::12_;1':1-
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What You Will Learn

B Solve exponential equations,
P Solve logarithmic equations.
P Solve exponential and logarithmic inequalities.

6.6 Lesson

Core Vocabulary .

exponential equations, p 334
logarithmic equations, p. 335

Solving Exponential Equations

e O Exponential equations are equations in which variable expressions ocour as
E”“F""T':'“ solution exponents. The resull below is useful for selving certain exponential equations.
irvequality

) &) Core Concept

Property of Equality for Exponential Equations
Algebra If b is a positive real mumber other than 1, then 5* = B if and only
ifx =1y,

Example [13* =3 thenxy =5 Ifx =5 then3* = 3,

The preceding property is useful for solving an exponential equation when each side
of the equabion uses the same Base (or can be rewritten 1o use the same base ). When
it iz ot convenient to write cach side of an exponential cquation using the same basc,
vou can iry to solve the equation by taking a logarithm of each side,

EXAMPLE 1

Solving Exponential Equations

Solve cach aquation,
lw-[“f’ b =]
ﬂl " m_l o
SOLUTION
fq =3 _
Clhecl a 10F= Ilm} Write onginal equation,
B ] =3
100F = (%] {108 = (101 =3 Rewrite 100 and ;ii a5 powers with base 10,
74142 [(Rs = JQ=x+3 Power of a Power Property
100 = ('i?]] Zx=-x+73 Property of Equality for Exponental Equations
100 = 100 f’, =1 Sabve for x.
[ 2 m T Write onginal squation,
log, 2 = log, 7 Take log. of each side
x = log, 7 log, B* = x
x =3 B07 Lse & caleulator
Check

Enter y = 2*and ¥ = 7 in a graphing
calculator. Use the inferseci feature
to find the intersection point of the
graphs. The graphs intersect at about 3
(2.807, 7). So, the solution of 2* = 7 i B

Iatarsect jon
is about 2 807,

Wi BOFISES  7sf
-3
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LOOKING FOR
STRUCTURE

Motice that Mewton's

Law of Cooling models

the temperature of a

cooling body by adding a

constant function, T; , to

a decaying exponential
= function, (T, — Ta""

An important application of exponential equations is Newions Law of Cooding, This
law states that for a cooling substance with initial temperature T, the temperatre T
after | minutes can be modeled by

].. - [I‘“ -_— .ﬁ'-:"!-ﬂ -+ Tﬁ:
where Ty Is the surounding temperatre and r is the cooling rate of the substance.

FEALUNIEN  Solving a Real-Life Problem

You are cooking aleechur, an Ethiopian stew. When you take it off the stove, its
temperature is 212°F, The room temperature is 70°F, and the cooling rate of the stew is
r o= 006, How long will it take to cool the stew to a serving temperature of 100°F?

SOLUTION
Use Newton's Law of Cooling with T = 100, T, = 212, T = 70, and r = 0.046.

F=(T,— Tee ™+ Ty Mewton's Law of Cooling
100 = (212 — 70)e~2% + 70 Substiute for T, T, T, and r.
30 = |42 008 Subtract 7 from each ade,
0211 m g~ Dpvice each side by 142,
ln 0211 = |n g~ M5 Take natural log of each ude.
=1 556 = =0.04061 Ine = log, & =x
33 5= Divicle each side by = 0046

P You should wait about 34 minutes before serving the stew,

Mﬂ“ Hﬂriﬂﬂ PI‘DQI‘EEE 4@ Help in English and Spanish at BigidesasMath.com
Solve the ¢ quation.

1. 25=5 2. 7 =15 3. de-ti_7 =13

4, WHAT IF? In Example 2, how long will i take (o cool the stew to 100°F when the
room e mperature iz 75°F?

Solving Logarithmic Equations
Logarithmic equations are equations that involve InEariihn'ﬁ of variable expressions.
Yiorn can use the next property Lo selve some types of legarithmic equations,

©) Core Concept

Property of Equality for Logarithmic Equations
Algebra If & x, and y are positive real numbers with & # 1, thenlog, x = log, ¥
if and only il x = ¥,

Example Iflog,x =log:T.thenx = T.1f x = 7, thenlog; x = log, 7.

The preceding property implies that if you are given an equationx = vy, then you <an
exponentiate each side to obtain an equation of the form & = . This technique is
useful for solving some logarithmic equations.
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Solving Logarithmic Equations

Solve (a) Infdx = 7) = Inix + 3) and (b) log(3x = 17) = 3.

SOLUTION
Check a Inidx — 7) = Im(x + 5) Wiite gnoinal equation,
" r=T=x+35 Property of Equality for Loganthmac Equations
(4«4 —7)= In(4 + 5)
& r-—-T=5 Subvract x from each sade,
In{li = 7) = 1n 2 =12 Add 7 to each side,
In%=In% i’( =4 Drade eadh side by 3.
b logix = 1T) =13 Wiite onginal egquation.
Heog(3x = 1T) = 23 Exponentiate each side wsing base 2,
Check
" Mx—17=8 Pr=x
logy(5 « 5 — 17) = 3 S =25 Add 17 to each side.
log.(25 — 17) Kt 3 x=35 Divide eadh side by 5.
L]
log, 8 =3

Because 27 = §, log, 8 =3. /

Because the domain of a logarithmic function generally does not include all real
murmbers, be sure to cheok for extraneous solutions of logarthmic equations. You can
do this algebraically or graphically.

SN  Solving a Logarithmic Equation

Solve log 2x + log(x — 5) = 2.

SOLUTION
Check log 2r + logix = 3) = 2 Wiite gnginal eguation
" log[2vx - 5)] = 2 Product Property of Logadithims
1 o 10) 4 lop(lD = 35)= 2
ogZ 4 Mgk ? . (bl — 3] = 102 Exponentiate each side using base 10,
log 20 + log5 = 2 2r(x — 5) = 100 Bogr = ¥
log Imi 2 2¢? — 10x = 100 Distributede Property
21=2 y/ o~ 10x - 100 =0 Write in standard form,
=5 -30=0 Divide #adh side by 2.
i
togl2 « (=50 + log{-5—-5)=12 (x—100x+ 5 =0 Factor,
log( — 10} + Tog(~10) :r 2 =10 o x=-5 Zerg-Product Property

Because logi—10) is not defined, P The apparent solution ¥ = — 35 is extranecuns. So, the only solution is x = 10.

—5 is not a solution.

336 Chapter &

— 3
Monitoring Progress 4‘:'-’ Help in English and Spanish at BigideasMath.com
Solve the equation. Check for extrane s solufions

5 In(Tx = 4) =12z + 11) 6. logx = 6) =35
L logsx+ lopix — 1) =2 g logix + 12} + logyx =3

Exponential and Logarithmic Functions



STUDY TIP

Ee sure you understand
that these properties of
inequality are only true
forvalues of b = 1,

>

Solving Exponential and Logarithmic Inequalities
Expemential ineguafifies are inequalities in which variable expressions oocur as
exponents, and logarithnuc inequalilies are inequalities that imvalve Lowparithms of
variablk expressions. To solve exponential and logarithmic incqualitics algebraically,
uze these properties, MNole that the properties are tme for = and =,

Exponential Property of Inequality: 1T b is a positive real momber greater than 1,
then & = B if and onky if x = ¥, and & < I if and only if x < y.

Logarithmic Property of Inequality: If &, x, and y are positive real numbers with
&= 1, then loge x > log, vif and only if x > vy, and log, ¥ < log, vif and only if
X<y

You can alzo solve an inequality by taking a logarithm of each side or by
exponentiating.

SEANGRRN Solving an Exponential Inequality

Solve 3F < 20,
SOLUTION
3 < 20 Wate ongnal mequahty,
log, 3% < log; 20 Take log, of each side.
x < log, 20 log, B = x

.’ The solution is x < log, 20, Becanse log; 20 =~ 2 727, the approximate solution
Bx < 2727,

SN  Solving a Logarithmic Inequality

Solve logx < 1.

SOLUTION
Method 1 Use an algebraic approach,
logx = 2 Wnte origimal inequality,
1080 = < 108 Exponentate each side wsang base 10,
= 100 Bl =y

P Because log x is only defined when x > 0. the sohtion is 0 < x < 100,

Method 2 Use a graphical approach.

3
Graphy = logx and ¥ = 2 in the same viewing r ]
window. Use the infersect feature Lo determine
that the: graphs imtersect when x = 100, The graph
of y = log x is on of below the graphof y = 2 r
when) < x = 100, 5 s : MR [

Irt@rsect ron

P The solutionis 0 < x < 100 ¥=100 v=2

- - .\I
Mﬂ“ ﬂﬂrl“ﬂ Frﬂﬂrm ‘,}f Help in English and Spanish at BigldesasMath.com
Solve the inequality.
9. £l 10. 10=-65 3 1. logx +9<45 12. 2lnx—1>4
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E-E EKEFCISES Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The equation 3 1 = 34 iz an example of a(n) ecquation.

2. WRITING Compare the methods for solving exponential and logarithmic equations,
3. WRITING When do logarithmic equations have extraneons solutions?

4. COMPLETE THE SENTENCE If & i a positive real nurmber other than 1, then &% = &
if and only if

Monitoring Progress and Modeling with Mathematics

In Exerclses 5=16, zolve the equation. (See Example 1) In Exerclzes 19 and 20, nse Newion's Law of Cooling o
5. JHKAS = Tl -2 B gtFm gdw=1 solve the problem. (See Exampls 2.)
19, You are driving on a hot day when vour car overheats
T 5E=3 =83 8 g-%=73p%-1F and stops runaing. The car overheats at 280°F and can
b diriven again at 230°F. When it is 80°F owtside, the
9. ¥*=7 10, 55 =33 cooling rate of the car is r = 00058, How long do

vou have b0 wait until you can contine driving?
4=

i -= |
1. aos+z=(1 12. sizm-t =1

13. P==12 14. 115 =38

15. ¥+ 9=15 16, 26%-T7T=5

17. MODELING WITH MATHEMATICS The length & (in
centimeters) of a scalloped hammerhead shark can be

modaled by the fanction 20, You cook a turkey until the infernal tempe rature

F = 306 = 2] Qa0 reaches 1 80°F, The turkey is placed on the table antil
the internal temperature reaches IFF and it can
be carved, When the room temperare is TIF, the
cooling rate of the turkey is r = 0,067, How long do
you have to wait until you can carve the turkey?

where ¢ isthe age (in vears) of the shark, How ol iz a
shark that is 175 centimeters long?

In Exercizes 21-32, solve the equation. (See Fuaaple 3
21, Inf4x — 7) = Inix + 11)

22. In(Zx — 4) = Inix + 6)

23, log,(3x —4) =log, 5 24. log(Tx + 3) = log 38

18. MODELING WITH MATHEMATICS One hondred grams 25
of radiun are stored in a container. The amount &
(in grams) of radinm present after § years can be 7 (dy + O = 2 9% toe(Sr 4 10} = 4
modeled by B = 10000045 Afier how many years 27. logyidx + 9) . logg(Sx + 10)
will only 5 grams of radium be present?

. log4x +8) =35 26, logy(2x + 1) =12

29. log(12r — @) = log3x 30, log(Sr + 9) = log, 6x

31, logsix =x=6) =2 32 lg(l+ R +2N =2
338 Chapter & Exponential and Logarithmic Functions



In Exercizes 33=40, solve the equation. Check for
extrameoits solutons. (See Example 4)

33. logyx+ logix — 2) =3

3. log; 3v + logdr = 1) =3

35. Inx+Inix+3)=4

36. Inx+Inix—2)=35

37. log; 3l 4 log, 3 =1

38. logyi~x) + logx + 10} =1
39. logyix — 9 + logylx — 3) =2
40. logg(x + 4) + logix + 1) = 2

ERROR AMNALYSIS In Exercises 41 and 42, describe and
correct the ervor in solving the equation.

at.
X loga(Bx— 1}=4
Blegis— 1= 43
Bx—1=&4
5x=65
x=13
42,

x logu{x + 12) +log, x=3
log,[{x + 12)(x}] =3
Aoaalls + 1200] = 43
(x + 12){x) = 64
¥ +12x—64=0
(x+18)x=4)=0
x==1& or x=4

43. PROBLEM SOLVING You deposit $100 in an accound
that pays &% annual interest. How long will it taks
for the balance to reach 31000 for cach frequency of

componnding?
& annual b quarterly
o daily d. continuoasly

44. MODELING WITH MATHEMATICS The apparent
maginifude of a dar iz a measure of the brightness
of the star as it appears to observers on Earth. The
apparent magnitude M of the dimrmest star that can
be seen with a tekescope is M = 5 log O + 2, where
L2 i5 the diameter (in mullimeters) of the elescope’s
objective lens, What is the diameter of the objective
keps of a telescope that can reveal stars with a
magnitude of 127

Section 6.6

45. ANALYZING RELATIONSHIPS Approximate the
solution of each equation using the graph.

a l=5=2=-9 b log,5x=12

-|:-J | S . .-

46, MAKING AN ARGUMENT Your friend sties that &
lograrithmic equation cannot have a negative solution
because logarithmic functions are not defined for
negative numbers. 5 your fricnd cormect’? Justify
VO anEwT.

In Exercises 47-54, solve the inequality. (See Evamples
o arned & )

A7, % > 54 48. 47 < 36
49, Inx = 3 50, log, x <4
5. ¥Hs-3c§ 52, extd s ]

53, —Alogx+6<9 54 —4logx— 523

35, COMPARING METHODS Solve logex = 2
alpebraically and graphically, Which method do vou
prefer? Explain your reasoning.

56. PROBLEM SOLVING You deposit $1000 in an account
that pays 3.5% annual interest compounded monthly.
When is your balance at least $1 2007 $35007

37. PROBLEM SOLVING An investment that earns a
rate of return £ doubles in value in f years, where
__In2
T and r is expressed as a decimal. What
rates of refurn will double the value of an investment

in less than 10 vears?

58. PROBLEM SOLVING Your family purchases a new
car for 520,000, Its value decreases by 15% each
vear. During what interval does the car’s value
exceed $10,0007

USING TOOLS In Exercises 59-62, use a graphing
calculator fo solve the equation.

59, In2r=3-%+1 60. logx =7-F

61, logx=3""~ 62. In2y =e* "
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63. REWRITING A FORMULA A biologist can estimate the

65.

age of an African elephant by measnring the kength of
itz footprint and nsing the
equation F=45 — 25 T~ 005
whene £ is the length

(in centimeters) of the footprint
and a is the age {in years).

a. Rewrite the equation,
solving for a in terms of £,

b Use the equation in part {a)
to find the ages of the
elephants whose foolprints
are shanan,

HOW DO YOU SEE IT? Lse the graph to solve the
inequality 4 Inx + 6 > 9. Explain your reasoning.

=4 In X + ﬁi

OPEN-ENDED Write an exponential equation that has
a solution of x = 4. Then write a logarithmic equation
that has a solstion of x = =3,

66. THOUGHT PROVOKING Give examples of logarithmic

of exponential equations that have one schation, two
solutions, and no solutions.

CRITICAL THINKING In Exercises 67-72, solve the

equation.

67, X+3=7j§iz=I 68, 103-8 =25-x

69. log:(x — &) = logy 2x

70, log, x = log, dr TL = 12F+32=D

72, 55405 -128=0

73. WRITING In Exercises 67-T0, vou solved exponential
anid logarithmic equations with different bases.
Describe peneral methods for solving such equations,

74, PROBLEM SOLVING When X-rays of a fixed

wavelength strike a material ¥ centimeters thick, the
intensity [{x} of the X-rays transmitted through the
material is given by Iix) = L™= where I is the
initial intensity and g is a vahie that depends on the
type of material and the wavelength of the X-rays.
The table shows the valies of u for varons matetialz
and X-rays of medinm wavelengih.

Material
Value of o

Aliminum | Copper

043 32

Lead |
B

a. Find the thickness of aluminum shickding that
reduces the intensity of X-raysto 30% of their
initial intensity. (Hini: Find the value of x for
which fix) = 0.31,.)

b, Repeat part (a) for the copper shielding,
c. Repeat part (a) for the lead shickling.

d. Your dentist puts a lead apron on yon befors
taking X-rays of your teeth to profect you from
harmful radiation. Based on vour results from
parts (a)-(c). explain why lead is a better material
oz than alurminnm of Copper.

—Mainhiﬂing Ma‘!‘hamahnal Pruf iﬁi&ﬂﬂ"f Flekiewini g what pou Beadresd in prad cus grades and leasons

Write an equation in point-dope form of the line that passes through the given poing and

has the glven slope.  (5kills Review Hanadbook )
75, (L -2xm=4

77. (3, -8km=—3

Lse finite diffe rences (o dete rmine the degree of the polynomial Tunctien tat fit= the data.
Then use technology to find the polynomial funciion.

79. (-3, —S0), (=2, —13), (—1,00,(0, 1), (1, 2), (2. 15), (3, 52), (4, 125)
§0, (=3, 139), (=2, 323, (—1, 1} (0, —2), (1, —1), (. 4), (3, 37), (4, 146)

81, (=3, =327), (=2, —84), (=1, =17} (0, —6), (1, =3}, (2, =32), (3, —189), (4, —642)

 2hm= =2

(2 5nm=2

(Seciion 4.9]
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Modeling with Exponential and

Logarithmic Functions

USING TOOLS
STRATEGICALLY

To be proficient in
math, you need to use
technological tools to
explore and deepen
yaur understanding
of concepts.

>

Section 6.7

Essgential Qﬂ&ﬂf 0N How can youl recognize polynomial,
exponential, and logarithmic models?

SR LENIsBE Recognizing Different Ty pes of Models

Work with a pariner. Match each type of model with the appropriate scatter ploL
Use aregression program to hind a model thal hits the scatfer [.ﬂ-n{-

a. lincar (positive slope) b. lincar (negative slope) ¢ quadratic
d. cubic €. exponential I logarithmic
nl‘ Bl‘ I3 l'!‘r. v r » I
S
P 11 1.t
4 N R 3 o 3 % 1 L
1 | & 1 1 1 ! |
1
"
*T N
C. [ &v] D. [}
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i It ! i i '- i ! & 1 1 1 | T - ]
: i L * G B
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"I.' ...... W . | 4 0 |x
- i
XL J ] ) w

EXPLORATION 2

Exploring Gaussian and Logistic Models

Work with a pariner. Two common types of functions that are related to exponential
functions are given. Use a graphing calculator to graph each function. Then determine
the domain, range, inlercepd, and asymplote(s) of the function.

I

b. Logistic Fanction: fix) = e

a. Graussian Function: fix) = it 3
pe

Communicate Your Answer

3. How can vou recognize polynormial, exponential, and logarithmic mode]s?

4. Tlse the Internct or =ome other reference to find real-lite data that can be modeled
using one of the tvpes given in Exploration 1. Create a table and a scatter plot of
the data. Then use a regression program (o find a model that fits the data.
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Core Vocabulary.

Previous

finte diflerences
common ratio
poini-slope form

REMEMBER

First differences of linear
functions are constant,
second differences of
quadratic functions are
constant, and so on,

Chapter &

>

What You Will Learn

P Classify data sets.
P Write exponential functions.
B Use technology to find exponential and logarithmic maodels.

Classifying Data

You have analyzed finite differences of data with equally-spaced inputs to determine
what type of polynomial function can be nsed o model the data. For exponential
data with equally-spaced inputs, the outputs are rmiltiplied by a constant factor. So,
consecutive oulpuls form a consant ratio.

EAAMPLE 1

Classifying Data Sets

Determine the type of function represented by each table.

ik

XN|-2]-1] 0 1 Z 3 4
¥y |05 ] 1 2 4 8 16 | 32
*lal-2]o|2]a]6]s]0
¥ | 2o | 2|3 |18]32]30
SOLUTION
a. The inputs are equally spaced. Look for a pattern in the outputs.
=2|-1] 0 | 2 3 1
y |05 1 2 4 B 16 | 32

e PN PN oA
M Ml XM KT Xi X

h' Asx increases by 1, vis multiplicd by 2. 5o, the common ratio is 2, and the
data in the table represent an exponential function.
b. The inputs are equally spaced. The outputs do not have a common ratio.

S0, analyie the hinite differences.

x -2 n 2 d /] B 4]
¥ 2 0 2 ] 15 32 a0
. e R W
2 2 ] i 14 1% fiwst differences
T e e W I
1 - | 4 1 1 second differences

P The second differences are constant. So, the data in the table represent a
quackratic fumnction.

Hﬂﬂﬂﬂ'l"iﬂg Prﬂgrass 4ﬁ1 Help in English and Spanizh at BigideasMath.com
Determine the type of function represented by the table. Explain your neasoning,

“l x|l olw]|20]30 20l o [ 2| a4 | &

12| 9| 6 ¥

y | 15 7|93 |1
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Writing Exponential Functions
You know that two points determine a line. Similarky, two points determine an
exponential curve.

SEANIRIN  Writing an Exponential Function Using Two Points

Write an exponential function y = ab* whose graph passes through (1, 6) and (3, 54).

SOLUTION
Step 1 Substitute the coordinates of the two given points info y = ab®,
6 = ab! Exurartein 12 Substiiute & for y and 1 for x.
54 = al? Equeateen 2: Substitute 59 for v and 3 for x.

Step2  Solve for a in Equation 1 to oblain a = g and substifute this expression for a

in Equation 2.
)
REMEMEBER 54 =[£]b3 Eubﬂuulrgfmamktpallmﬂ.

You know that b must be

pasitive by the definition 54 = G Smplify.

of an exponential = #2 S ok e b

Fretian. 9 Drvicde each side by 6,

D 3i=p Take dhe positive square ool because b = 0
Ste 5 _6 _6 _
p3 Dntﬂrmmmata—j—}—i—i

'- So, the exponential function is y = 2(3%).

Data do not abways show an evact exponential relationship. When the data in a scatter
plat show an approcimalely exponential relationship, you can model the data with an
exponential function.

FEALIGEIEN Finding an Exponential Model

A store sells trampolines. The table shows the numbers y of trampolings sold during

Year, |  Number of the xth year that the store has been open. Write a function that models the data,
x trampolines, y
1 12 SOLUTION
2 16 step 1  Make a scafter plot of the data. Trampoline Sales
5 m The data appear exponential.
¥,
Step2 Choose any two points (o write a model, E 4 h
1 36 aich as (1, 12) and (4, 36). Substitute the o T
g S0 coordinates of these two points into y = ab*, i EENEEAN
6 67 12 = ab' 1
T w0l
7 96 36 = b 'E“' EEEE
Solve for a in the first equation to obain 3 'LANEEER
=12 Substitute to obtain b = V3 = 144 % 2z 4 6 &
b Year
12
anda =— =832,
V3

p- So, an exponential function that models the data iz y = 8 32(1.44)%
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A set of more than two points Cx, ) fits an exponential pattern it and only if the set of
transformed points (x, In v} fits a inear patiern.

Graph of points (x, y)

Graph of points ix, In y)

....:,,'_,Jx'}.'_ T I A T T | EENEEREE rANNE

T [ AT ENEEEE
L LN

) —iny = xtin 23}
— 3+ = ol {p—p—, Tey=l
i L ~.x'|§'u,n

Use the diata from Example 3. Create a scatter plot of the data pairs (x, In ¥) to show
that an exponential model should be a good ft for the original data pairs (x, ¥). Then
wrile an exponential model Tfor the original data.

SOLUTION
Step 1 Create a table of data pairs (x, In ¥).
LOOKING FOR x 1 2 3 4 5 6 7
STRUCTURE Iny | 248 1.7 3.22 358 3.91 4,20 4.56
Because the axes are x
and In y, the point-slope Step2  Plod the transformed points as shown. The CAx] TT T T T LA
form is rewritten as points lie close Lo a ling, 0 an exponential bal—td bl 58 |
Iny = Iny, = mix — x,). mode] should be a good fit for the original data, ||| o1 | [ | | |
The sl fiheli () " om0 I I I
thmf.;ﬁ'ff 2.48) unn'd Step 3 Find an exponential model y = ab*bychoosing | | | | | | | | | |
(7. 4.56) is E any two points on the line, such as (1, 2.43%) and _1 -
S (7, 4.56). Use these points Lo write an equation 123 1 & [ 8 [x
456~ 2.48 0.35. of the line. Then solve for v
F 5 "
D Iny— 248 =035(x — 1) Eeuation of ine
Iny=0.35xc+ 213 SimpHity,
y = g3k + T13 Exponentiate each gde using base ¢.
y = 321l Lse properties of exponents
y = B41(1.42) samgehly,

h- S0, an exponential fupction that models the datais v = §41{01.42)%

Monitoring Progress 443"' Help in English and Spanish at BighdeasMath.com

Write an e xponential fomction ¥ = ol whose graph passes through the
eiven ponis,

3. (2.12). (3. 24) 4, (1. 2), (3,32 3. (2,16), (5. 2)
6. WHAT IF? Repeat Examples 3 and 4 using the sales data from another store.

Year, X | 2 3 4 b Y 7
Number of trampolines, y | 15 | 23 | 40 | 52 | BD | 105 | 140
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Using Technology

You can use technology to find best-fit models for exponential and loparithmic data.

FEAISEIN Finding an Exponential Model

Uise a graphing calculator to find an exponential model for the data in Example 3.
Then use this mode ] and the models in Examples 3 and 4 to predict the number of
trampolines sold in the eighth year, Compare the predictions.

SOLUTION
Enter the data into a graphing calculator and (E7pReg
perform an exponential regression. The mode| y=anbx
isy = BAG(142). a=B 45737771

s s . b=1,418842603
Substitule ¥ = 8 into cach mode] to predict the o=, GOTRLL5053
npmber of trampolines sold in the eighth year, r=. 9986213023

Example 3: y = 832(1.44)" = 154

Example 4: ¥ = §.41(1.42)" = 139
Regression model: y = 8A6{1.42)° = 140
B The predictions are close for the regression model and the model in Example 4

that used transformed points, These predictions are less than the prediction for
the mdel in Example 3.

FEAISRNN Finding a Logarithmic Model

The stmospheric pressure decreases with increasing altitude. AT sea level, the average
air pressure is 1 atmosphere (1033227 kilogrames per square centimeter). The table
showws the pressures p(in atmosphieres) at selected altitudes f (in kilometers). Use
a graphing catculator Lo find a logarithmic model of the form & = a + & lnp that
represents the data, Estimate the altiinde when the pressure is 0.75 atmosphere,

Air pressure, p | .53 025 012 | 006 | 002 |

Altitude, h 0 5 o | 15 | 20 | 25 |
SOLUTION

LnReg
Enter the data into a graphing calculator and y=a+blnx
perform a logarithmic regression. The mode] a=,B&2465T8T05
isfi =086 — 6.45Inp. b=-&. 54T 3229B5
ri=, 9925582287
Substitote pr= (.75 into the model to obiain r=—.9P8Z2T2 166
h =086 =643 In 075 = 2.7,

Weather balloons carry instruments

that send back information such [ S0, when the air pressure is 0.75 atmosphere. the altitode is about 2.7 kilometers.
as wind speed, temperature, and
air pressure.

Mﬂﬂ H’ﬂl'il"lﬁ F‘rﬂgrﬁﬂ ‘ﬁj Help In English and Spanish at BigideasiMath.com

7. Use a graphing caleulator to find an exponential model for the data in
Monitoring Progress Question 6.

8. Use a graphing calculator to find a logarithmic mode] of the formp = a + & In k
for the data in Example 6. Explain why the result is an ermor meszage,
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6-7 EK'E rC|5E5 Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check

1. COMPLETE THE SENTENCE Given a sat of more than two data pairs (x, ¥). you can decide whether
ain) function fits the data well by making a scatter plot of the points (x, In y).

2. WRITING Given a table of values, explain how vou can determine whether an exponential function is
a pood medel for a set of data paics (x, y).

Monitoring Progress and Modeling with Mathematics

In Exercises 3-6, determine the type of function ERROR ANALYSIS In Exercises 17 and 18, describe and
represented by the table. Explain vour reazoning. correct the error in determining the (ype of function
(See Example 1.) represented by the data.
. o | 3|6 | 9]12]1s 7.
025 1 | 4 | 16 | 64 | 256 X i e I e
slslr]|a]|s
1 -4 | =F|-=2]|-1]| ©O 1 2 % 3 “r_j# % _-;"'I ?:'j*

The outputs have a common ratlo of 3, so the
data represent a linsar function.

LI
o =

vy |16 8| 4] 2]1

x| s |wlis|2|2s]3 i
v | a|3]|7|16]|0]a X = TR
6. = y |3 |6 ]12]2a]as
x| =31 [s]e]3 e e B
vy | 8 | -3|-14]-25]-2 X1 X1 Xt X3

The outputs have a commen ratlo of 2, so the

In Exerclses 7-16, write an exponential function data represent an exponentlal function.

¥ = ab* whose graph passes through the given points,

(See Exampie 1.) 19. MODELING WITH MATHEMATICS A store sells
7. (L3212 8. (2, 24), (3, 14} motorized scoolers. The table shows the numbers y
af scooters sold during the xth vear that the store has
9, (3, 1),(5.4) 10, (3, 27). (5, 243) been open. Write a Tunction that miode]s the data.
(aee Example 3.)
1. (1, 2), (3, 500 120 (1, 40, (3, 640
X
13, (=1, 10}, (4, 0315 14, (2, G4, (5, 409.6) 1 g
15. 2 14
3 19
4 25
5 T
fi 53
T 71
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20.

MODELING WITH MATHEMATICS The table shows the
mimbers ¥ of visits to a webgite during the xth month.
Write a function that models the data. Then use your
miodel to predict the number of visits after 1 year.

M | pd 3 4 5 ] 7

ey

y | 22 | 39 | TO (126 | 227 | 408 | 735

In Exercizes 21-24, determine whether the data show
an exponential relationship. Then write a function that
miodels the data,

21.

22,

23,

24,

25.

X 1 O 11 16 | 21

¥ 12 | 28 | 76 | 190 | 450

3
i
E
&=
—
£

x |-20|-13| -] 1 | 8|15
y |25 |19|14| 11| 8|6

MODELING WITH MATHEMATICS Your visual near
point is the closest point at which your eves can see

an object distinetly. The diagram shows the near

point ¥ (in centimeters) at age x (in vears). Create a
scatter plod of the data pairs (x, In y) o show (hat an
exponemtial model shoukd be a good At for the original
data pairs (¥, ¥). Then write an exponential mode] for
the original data. (See Example 4.)

'Iul'_il-gil'hl'l"nht Distances

r-{‘.-.'. A‘g’E’ En
12 cm
'r; Age 30
.3 15

'“':_"_:! Age 40

e 25 cm
-3_, Age 50
"~1' A0 cmi
L%,
¥ - ‘EI'E' i
\ 100 em

26. MODELING WITH MATHEMATICS Ulse the data
from Exercise 19, Create a scatter plot of the data
pairs ix, In ¥b to show that an exponential model
should be a good fit for the original data pairs (x, y).
Then write an exponential model for the original data.

In Exercises 27=-30, create a scatter plof of the poinis
(. Im ¥ ) b0 defermine whether an ex ponential model fifz
the data, If 5o, find an exponential model for the data.

Zlal1[2]3]a]s]
¥ 18 36 12 144 | 28B |
= 1[4 |7 ]10] 13 ]
¥ 33 | 101 [ 306927 | 2809 I
_es -3 -6| 1| 8 |15
98 |122[152] 19 [ 238
30.

x| -8|-5]-2| 1 F

¥ | 14 | 167|532 641 | 797

3. USING TOOLS Use a graphing calculator to find an
exponential model for the data in Exercise 19 Then
use the model to predict the number of motorized
scooters sold in the tenth year. (See Example 5 )

32. USING TOOLS A doctor measures an astronam’s
pulse rate ¥ {in beats per minute) at varions times x
(in minutes) after the astromut has Anished
exercising. The results are shown in the table. Use a
graphing calculator to find an exponential model for
the data. Then uae the model to predict the astronant’s
pulse rate after 16 mingtes,

-

X | ¥
o | 172
2 | 132
4 | 110
& | =
3 | w4
10 | 78
12 i
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33,

USING TOOLS An object at a temperature of 160°C
iz removed from a furnace and placed in a room at
I°C. The table shows the lemperatures  (in degrees
Celsins) at selected limes ! (in hours) after the object
was rermoved from the furnace. Use a graphing
calculator to find a logarithmic model of the form

f = g + FIn dthat represents the data. Estimate how
long it takes for the object to cool to 30°C,

(Sed Excirnple 6. )

d| 160 | 20 5 38 29 24
t ] 1 2 3 ] 3

36.

HOW DO YOU SEE IT? The graph shows a set of
data points Cr, In ¥). Do the data pairs (x, ¥) fit an
exponential pattern? Explain vour reasoning.

34, USING TOOLS The f-stops on a camera control the ) )
amount of Tight that enters the camera. Let sbe a 37. MAKING AN ARGUMENT Your friend says it is
measure of the amount of light that strikes the film possible to find a logarithmic model of the form
and let f be the f-stop. The table shows several {-stops d=a -+ binifor the data in Exercise 33. Is your
on a 35-millimeter camera. Use a graphing cakculator firke nd correct? Explain,
to find a logarithmic model of the fooms = a + blnf
that represents the data. Estimate the amount of light 38. THD[IGH'!' PHUFQH!MG Is .l. pl:ﬁ:?'tbli: Loy Wil }'.3.5 an
that strikes the film when f = 5.657, exponential function of x7 Explain your reasoning.

(Assunme: p is positive.)
f 5
X i
1414 1
1 Fd
-_— - 2 $
-
2.828 3 3 ap
4.000 4 4 5p
1514 | 7
i 5 16p

35. DRAWING CONCLUSIONS The table shows the
average weight (in Kilograms) of an Atlantic cod that 39, CRITICAL THINKING You plant a sunflower seedling
is x years old from the Gulf of Maine. in your garden. The height & (in centimeters) of

- the seedling after § weeks can be modeled by the
Age, x 1 2 1314 5 lagistic funetion
Weight, y | 0.751 | 1079 | 1.702 | 2.198 | 3.438 N R . A
1 + 130830
2. Show that an exponential model fits the data. Then a. Find the time it takes the sunflower seedling to
find an exponential model for the data. reach a height of 200 centimeters.
b. By what percent does the weight of an Atlantic cod b Use a praphing calculator to graph the function.
increase each year in this period of time? Explain. Interprat the meaning of the asymptole in the
context of this situation.
— Maintaining Mathematical Proficiency r-coc vt ouioames o prosus grages and iesson:
Tell whether x and y ame in a proportional relationship. Explain your reasoning,
rakiils Review Handfoak)
40, }~=§ M, y=35-12 _1,~=§- 43, y= -

Identify the focns, directrix, and axis of symumetry of the parabola, Then graph the egquation.

(Section 2.3)

44, _t=l},"1

8

45 y =4

46. x' =3y

4. ¥=I
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6.5-6.7 What Did You Learn?

Core Yocabulary

exponcential equations, g 334
logarithmic equations, p, 335

Core Concepts

Section 6.5

Properties of Logarithms, p. 328

Change-of-Base Formula, p. 329

Section 6.6

Property of Eqoality for Exponential Equations, p. 334
Property of Equality for Logarithmic Equations, p. 335
Section 6.7

Classifying Data, p, 342

Writing Exponential Functions, p. 343

Uzing Expopential and Logarithmic Regression, p. 345

Mathematical Practices

1. Explain how you used properties of logarithme to rewrite the function in part (b) of
Exercize 45 on page 3312,

2. How can yon nse cases to analyze the argument given in Exercise 46 on page 3397

ek i Performance Task

Measuring Natural
Disasters

In 2005, an earthquake measurnng 4.1 on the Richter scale barely shook
the city of Ocotillo, California, leaving virually no damage But in 1906,
an earthguake with an estimated 8 2 on the came scale devastated the
city of San Francisco. Does twice the measurement on the Richter scale
mean twice the intensity of the earthquake?

To explore the answers 1o these questions and more, go o
Bigldeashath.com
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.
6 c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com

Exponential Growth and Decay Functions (pp 205 502
Tell whether the function y = 3* represents exponential growth or exponential decay.
Then graph the fumetion,

Step 1 Identify the value of the base, The base, 3, is greater than 1,
g0 the function represents exponential growth.

Step 2  Make atable of valises.

P 2l =2l -1] 0| 2
Step 3 Plot the points from the table. T 1 11 -
¥ = — | 3 o

5

E-J

Step4  Draw, from lefl to right,
a smooth curve that begins
just above the x-axis, passes through the plotted points, and moves
up to the right,

Tell whether the function re presents e xponential growth or exponential
decay. Idendify the percent increase or decrease. Then graph the function,

1. fin =(1f 2, y=§5 3. fiv) = (0.2F

4. You deposit $1500 in an account that pays 7% anmual interest, Find the balance after 2 years
when the interest is compounded daily.

m The Natural Base e (op 30505

Simplify each expression.
B o = Ol -7 = Ogf b (265 = Pl = g

Simplify the ¢ xpression.
209

.l —Fp—dxyd
5. #.¢ B, T0% A e Fom
Tell whether the function re presents exponential growth or exponentiod decay. Then graph
the Tunction.
8. fix) = je* 9, y= e 10, y = 3¢~075

m Logarithms and Logarithmic Functions (pp 209 376

Find the inverse of the function y = Inix = 2). Check

¥ =Inx —2) Wirte angmial funchon.

The graphs appear
r=1Imy —2) Swarchxand y to be reflections of
W g cach other in the
grt=y—72 Ve in exporential form,
ling y = x.
e*+ 2=y Addd 2 to each side,

P Theinverseof y = Inix = 2)isy = % + 2
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Evaluate the logarithm,

11. log, § 12. log, - 13. Tog, |

;.'H.I -

Fimd ihe inverse of the function.
14. fix) =8 15 y=In{x —4) 16. ¥y = logix + 9)

17. Graph y = logys X.

m Transformations of Exponential and Logarithmic Functions (pp 517 204)

.Ij.'
Describe the fransformation of fix) = (%] represented by

Iy —1
gix) = 1 L{ + 3. Then graph each function.

fyhx—5
Notice that the finction s of the form gix) = | U i

where i = 1 and & = 3,

B So.the graph of g is a translation 1 unit right and 3 units up
of the graph of f.

Describe the transformation of f re presented by g. Then graph each function.
18. fixy=&" 5= ¢ % — B 19, fix)=log x. g(x) = !, logy(x + 5)

Write a rule for g.

20, Let the graph of g be a vertical stretch by a factor of 3, followed by a translation & units left and
S units up of the graph of f{x) = =

21. Letthe graph of g be a translation 2 unitz down, follewed by a reflection in the v-axis of the
graph of fix) = log x,

m Properties of Logarithms (pp w07 232)

12x*
Expand In —-.
¥
1 11'!' i
In—=InlZ" -Iny Quotient Progerty
¥
=nl2+Inx-ny Product Propeity
Inl2+3nx-Iny Poraser Progeedty

Expand or condense the logarithmic ex pression.

. Ty
22. log 3xy 23. log l0ry 24, In 1-3
25. 3log; 4 + log, 6 26. log, 12 — 2log, x 27. 2lnx+5n2—-Ing

L'ze the change-of-base formula to evaluate the logarithm,
28. log, 10 29. log, 9 30. log,, 42
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m Solving Exponential and Logarithmic Equations (pp 233 200)

Solve In{ix — 9) =In{2r + G6).

In(@3x = = In(2xy + &) Wnte anginal equeation Check
x—9=2r+46 Property of Equahty o 1803« 15 = 9) = hi(2= 15+ 6)
Leganthmic Equations @
In{d5 = 9) = In(30 + 4)
x—9=46 Subtraal 2x frem each sade, "(
In 36 = 1n 36
x=135 fuld 9 o each side

Solve the equation. Check for ext raneous solutions,

N F=8§ 32 logi(2xr—5)=12 33 Inx+lnlx+ 2 =3
Solve the inegualiiy.
34, &> 11 35. lnx<9 36, #5232 16

Modeling with Exponential and Logarithmic Functions (pp 247 245

Write an exponential uinction whose graph passes through (1, 3) and (4, 24)
Step 1 Substitute the coordinates of the two given points into y = @b *,

3 =g Equeation 1; Substitute 3 for y and 1 forx

=

= git Ecpsation 2; Substibute 24 for p and 4 for x,

Step2 Solve for a in Equation 1 to obtaina = g and substitute this expression for a in Equation 2.

2 = |t .'i 'tr’ Substitute ';lm & in Equation 2,
24 =30 Sl .
=} Diwicle each sade by 3,
2Zmph Take oube root of eadh side

Step 3 Determine that a = 2=
b

bt | bl

-

P 5o, the exponential function is y = = (2%

i

Write an exponential model for the data pairs (x, v

ar. 3. 8,(5.2) 38. | 7 1 A 4 4
i In y 1.464 210} 234 20
39, A shoe store sellz a new tvpe of basketball shoe. The = = || 1
table shows the pairs sold £ over time § (in weeks), Usze bl I 1_ __I___S_ _? _g_.
a graphing calculator to find a logarithmic model of the | Pairs seld, s| 5 | 32 48 | 58 | 65 |

forms = a + bln i that represents the data. Estimate
how meany pairs of shoes are sold afler i weeks,
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Graph the equation. State the domain, range, and asympi ote.

1.

Deseribe the transformation of frepresented by g, Then write a rule for g.
4, fix)=logx

Evaluate the logarithm. Use log, 4 =~ L262 and log, 13 =~ 1335, il necessary,

-4

7. log, 52

11.

12.

13.

14.

15.

8. log,

2. y=logx

% fix)= et

9. log, 16

10. log, & +

Drescribe the similarities and differences in solving the equations 4™ =% = 16 amd

logr,(10x + &) = 1. Then solve each equation.

Without calculating, determine whether loggl 1, ]
exprezsions. Explain vour reasoning

o 11

and

In 1l

oS’ In5

are eoquivalent

The amount v of ol callected by a petroleum company drilling on the 1S, continental
shelf can be modeled by ¥ = 12,263 Inxy — 45381, where y 15 mieasured in billions of
bamelz and x is the number of wells drilled. About how many barrels of oil would you
expect to collect after drilling 1000 wells? Find the inverse function and describe the

information vou obtain from Anding the inverse.

The percent L of surface light that filters down through bodies of water can be modeled
by the exponential function Lix) = 100e*, where & is a measure of the murkiness of the
water and x i the depth (in meters) below the surface.

a. Arecreational submersible is traveling in clear water with a b-value of aboat —0.02.
Write a function that gives the percent of surface light that flters down through clear

water az a function of depth.

b, Tell whether vour function in part {a) represents exponential growth or exponential
decay. Explain your reasoming.

¢, Estimate the percemt of surface light available at a depth of 40 meters.

The table shows the values y (in dollars) of a new snowmobile after x vears of ownership,

Describe three different ways to Aind an exponential medel that represents the data. Then

write and vse 3 medel to find the vear when the snowmobile is worth 52300,

Year, x 1] 1 2 3 4
Value, v 4200 3780 3402 M s50 ¥755.60

Chapter &

log, ;
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1.

2.

354

6 Cumulative Assessment

Select every value of B for the equation ¥ = B that could resuli in the graph shown.

!

&
[
]
o]
£
s

Your friend claims more inferest is earned when an account pavs infere st componnded
contimonsly than when it pays interest compounded daily. Do vou agree with your
friend? Jnstify your answer.

Your are designing a rectangular picnic coolér with a length four times s width and
height twice its width, The cooler has insulation that is 1 inch thick on each of the four
sides and 2 inches thick on the top and bottom.

11m
21in *I-

a, Letx represent the width of the cooler. Write a polynomial function T that
gives the volome of the rectangular prism formed by the outer surfaces
of the cooler.

b, Write a polynomial function C for the volume of the inside of the cooler,

. Let f be a polynomdal function that represents the volume of the insulation.
How is [ related to T and C?

i, Write Fin standard form What is the volome of the insalation when the
width of the conler is 8§ inches?

What iz the solution to the logarithmic inequality —4 log, x = —207

(A xs32
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5. Describe the transformation of fix) = log, x represented by the graph of g

6. Letfix) =2 -4r*+ e - 1L, px) =2r - 3¢ — G + 5, and h(x) = -7 + x* + x.
Order the following functions from keast degree to greatest degree.

A, (f+ gin B. (figHix)
C = D, (fRx)

7. Write an exponential model that represents each data set. Compare the two models.

- . .. [ I o X 2 3 4 s g
S EEEREEE y | 45 | 135 | 40.5 | 1215 | 36455
&0
=ENEN
20—

8. CThoose a method tosolve each quadratic equation. Explain vour cholce of method.
a M+4q=10 h xi=-12
o dx—1F=6+2 d x1-3x-18=0

9. At the annual purrpkin-lossing contest, confestants compete (o see whose ¢ atapull
will send purpking the longest distance. The table shows the horizomtal distances
v (in feot) a pumpkin travels when launched at different angles x (in degrees).
Create a seatter plot of the data. Do the data show a linear, quadratic, of exponential
relationship? Use technolozy to find a mode] for the data. Find the ansleiz) at which a
lannched pompkin ravels 500 feet.

Angle (degrees), x | 20 | 30 | 40 | 50 | 60 | TO
Distance (feet), y | 372 | 462 | 509 | 501 | 437 | 323
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