omial Functions

ial Funclions

6 Th ;,uridumanful Thearem of Algebra
Transformations of Polynomial Functions
! Mubzng Graphs of Polynomial Functions

I, -*ﬂnﬁ Mﬂlmg with Polynomial Functions

g g Aa

Quonset Hut {p. 218)

Basketball {p. 178)

Electric Vehides {p. 167}




Maintaining Mathematical Proficiency

Simplifying Algebraic Expressions
Example 1 Simplify the expression 9x + 4.
Yy 4+ 4y = {9 + 4 Dhstmbatnee Propesty

= 13r Al coelficents,

Example 2 Simplify the expression 2{x + 4) + 3{6 — x).
20% -+ 4) + 3G = x) = 2x) 4+ H4) + 36+ 3 —-x) Distonbastiee Propesty
2r + 8+ 18 — M Mubtaply
X x+ 8+ 18 Gaoasp ke termis,
T = M5 Combme like terms
Simplify the expression.
1. G — 4r 2. 1im— it — fimt + d. Sy +2)—4y

4. 9r = 4H2x = 1) e =24+ 2 =21 =2 B, =357 X3

Finding Volume

Example 3 Find the volume of a rectangular prism with langth 10 centimeters,
width 4 centimaters, and height 5 centimeters,

Volime = fwit Yi'mte the wolume tormula

= {10) AR5} Subsntute 10 for £, 4 for w, and S Tor b

= 200 Bl udtiply,

10 am
B The volume is 200 cubic centimeters.

Find the volume of the solid.
. cobe with side length 4 inches
- sphere with radius 2 feet
. rectangular prism with length 4 feet, width 2 feet, and height 6 feet
. right eylinder with radius 3 centimeters and height 5 centimeters

. ABSTRACT REASONING Dowes doubling the volume of a cube have the same effect on the side
length? Explain your re asoning,

Dynamic Solutions available at BigldeasMath.com




Mﬂﬂl Eh‘lﬂﬂﬂal | Mathematically proficient students use technolagical lools to
Practiﬁag explore concepis.

Using Technology to Explore Concepts

) Core Concept
Graph of a Graph of a funclion

Continuous Functions contintious function that is not continuous

A funciion is confinueus ¥ ¥

when its graph has no breaks,

hodes, or gaps. j
" '*ﬂ e

=

AL

e

Determining Whether Functions Are Continuous

Use a graphing calculator to compare the two functions, Whal can you conclude? Which function 5
mok continuos?

fix) =x?

SOLUTION
The graphs appear to be identical,

bt 2 is not defined whenx = 1.
There: iz a fiole in the graph of g /
at the point (1, 1). Using the table 3 : i e

l k

2 \ 2

feature of a graphing calculator,
you obiain an crmor for gix) when
X = 1. 50, g is not continaogs -

..‘-:rjl-x:l

|

Monitoring Progress
Uze a graphing calculator to determine whether the funclion is continuows, Explain your reasoning.

e f—
1. fix) -'l—i.'_l 2 fixy=x*-3 3. fo0) =YV 4+ 1

6. fix)=—1

& fi) = |x + 2 5. fie)y=1
i Va?—1

7. fix) =x 8. fixy=2r—3 8. fir) =1
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Graphing Polynomial Functions

CONSTRUCTING
VIABELE ARGUMENTS

To be proficient in math,
you need to justify

yaur conclusions and
communicate them

to others.

Egsential Qﬂ'&ﬂ IO What are some common characteristics of the
graphs of cubic and quartic polynomial functions?
A polynomial fimeiion of the form
fy=ax"+a_x*l4+. . +ax+a,
where a, # 0, is cubic when s = 3 and gaartic when g = 4,

EXPLORATION 1

Identifying Graphs of Polynomial Functions

Work with a partmer. Match each polvnomial fanction with itz graph. Explain your
reasoning. Use a graphing calculator to verify your answers.

a. fix) =x% —x b fix) = —x3 +x e fix)=-x*+1
d. fix) = x* e fix) = x* £ fix)=x' -5
A. 1 B. -
il /ﬂv} L; L] If-\\ Y
— —4
C. 4 D. a
\_{_l | } \%\ |
—4 -2

4 -4

EXPLORATION 2

Identifying x-Intercepts of Polynomial Graphs

Work with a parimer. Each of the polynomial graphs in Exploration 1 has
x-interceptiz) of =1, 0, or 1. Identify the x-imerceptis) of each graph. Explain how
VOU ¢an verify your answers.

GCommunicate Your Answer

3. What are rome common characteristics of the graphs of cubic and quartic
polynomial functions?

D 4, Determine whether each staterment iz frue of false, Justify your answer.

a, When the graph of a cubic polynomial function rises te the left it falls o
the right.

k. When the graph of a quartic polynomial function £alls @0 the lefi, it rises to
the right.
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Core Vocabulary

polnomal, p. 158
pohlnomial function, p. 158
end behavior, p 159
Previous

rranorial

linear functicn

quadratic funchion

What You Will Learn

B Identify polynomial functions.
P Graph polynomial functions using tables and end behavior.

Polynomial Functions

Recall that a monomial iz a momber, a variable, or the product of a number and one o
mede variabde s with whole nomber exponents, A polynomidal iz a monomial or a sum
of monomials. A poalynomial funetion is 3 fupction of the form

ffy=ax*+a, X" '+ -+ ax+a,

wheere a, # (0, the exponents are all whole numbers, and the cocfficients are all real
nurmbers, For this function, &, is the leading cocfficient, n is the degree, and 4 i=s the
conziant ferm A polynomial function is in skaedard form when its ferms are writien in
descending order of exponents from left to right.

You are alrcady familiar with some types of polynomial functions, such as linsar and
quadratic. Here 5 a summary of common types of polynomial functions,

Common Palynomial Functions

Degrea | Type Standard Form Example
i} Constant | f{x) = a, Jixy = =14
1 l .l.in:ar }E.‘I.‘:I =qx+ fxy=50—7
2 Quadratic | fix) = ax® + ax + 4, fix=Xl4+x-9
3 L‘ubm F_r:(;'.jlr= G T X + oy +ay _i"’lr[;'?l- =r-24+3
i Quartk [fii=ax'+axf+axi+ax+a, [fin=x'+x-1

SN Identifying Polynomial Functions

Decide whether ¢ach function is a polynomial function. If so, write it in standard form
and state fts degree, type, and leading cocthicient.

a fix)=-20+5x+8 b g{x) = ~08x + V2rt — 12
e Bix)=-x+ T~ + 4x d. Eix) =22 + 3%
SOLUTION

a. The function is a polynomial function that is alréady writtén in standard form. [U
has degree 3 (cubic) and a leading cosfficient of —2.

b. The function is a polynomial function written as gix) = V2 = 08¢ = 12in
standard form. It has degree 4 (quartic) and a leading coefficient of Y2,

¢. The function is not a polynomial function because the term Tr~" has an exponent
that is not a whaole number,

d. The function is oot a polynomial funciion because the term 3 does nol have a
variabl: base and an exponcnt that is a whole oumber,

Monitoring Progress ‘f}} Help in English and Spanish at BighdeasMath.com

Decide whether the function is a polynomial function, If so, write i in standard
form and state its degree, type, and leading coefMictent.,

1. fix) =7 - 162 - 5¢ 2. plx)=x+ 1495 3 gix)=x — & +
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AN Evaluating a Polynomial Function

Evaluate fix) = 2x* = 8x? 4+ 5y = Twhenx = 3,

SOLUTION
fo=&*—-8+5r—-7 Winte ononal eoqueabon,
f(H=200-803Y+53—-7 Substinge 3 for x
=162—-T24+15-7 Evalmate powers and multiply.
= O3 Smipliby

The end behavior of a function’s graph is the behavior of the graph as x approaches
positive infinity {+°2) or negative infinity {—=2), For the graph of a polynomial
function, the end behavior i determined by the fonction’s degree and the sign of its
leading coefficient.

@) Core Concept

End Behavior of Polynomial Functions

READING Degree: ookl Degree: «dd
The expression “x —» +=" Leading coefficient: positive Leading coefficient: negative
is read as "x approaches

positive infinity.” D

# f(x) - +o0
L s

() »—co |
a5 X - =00
Degree: even Degres: even
Leading coefficient: positive Leading coefficient: negative
) == +c0 * ¥ f f(x) < +c0 4
a5 N -w =00 L , A5K = £00 P L™
¥ X
flx) = —c0 fix) ~+—co
&5 K~ — 0 as X -»+co

FEAFIIRIEN Describing End Behavior
Drescribe the end behavior of the graph of fix) = <05 4 25 +x - 1.
10 SOLUTION

Check

The function has degree 4 and leading cocfficient —0.5, Because the degres is ¢ven
and the leading coefficient s pegative, fix) — =<2 azsxy — —o2 and fix) = =<0 a8
x — +o0, Check this by graphing the function on a graphing calculator, as shown,

=1 hbcbebedodotos | ()

=0 Monitoring Progress 4@' Hetp in Engiish and Spanish at BigideasMath.com
Evaluate the function for the glven value of x,
A fiy= -3+ T4 Q=4
5 fix) =35 —x* —6x + 10;x = -2
6. Describe the end behavicr of the graph of fx) = 025 — x? - 1.
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Graphing Polynomial Functions

To graph a polynomial function, first plot points to determine the shape of the graph’s
middle portion. Then connect the points with a smooth contineous carve and nse what
youl kneww abourt end behavior to sketeh the graph,

FHALINN Graphing Polynomial Functions
Graph{(a) fix) = @+ ¥ +Ix—3and M fir) =2 — 3" — dx® + 4.

SOLUTION

a. To graph the function, make a table of values and EFEIECEEEEN
plot the comesponding points. Connect the points 413
with a amooth curve and check the end behavior. {(-2,3)

ol -z|l-1]o|1] 2
fod| 3 | -4|-3]| 0 |-1 ::...___q,f.,_q_

The degree is odd and the leading coefficient is .': .". il
pegative. 5o, f(x) =» +o0 a5 x =» —ooand -=
JUx) =» —o0 6 X = +o0,

b. To graph the function, make a table of values and I o 4y
plot the comesponding points. Connect the points
with a smooth curve and check the end behavior,

X -2 | -1] O 1 2
afiz]z]a4]o)-4 EEEEA N S

The degree is even and the leading coctficient is EREE AR
positive, 50, fix) = 420 as r — =<0 amnd
Jix) - 40 g x — oo,

FHNLINEN Sketching a Graph

Sketch a graph of the polynomial function fhaving these characleristics.
* fisincreazing whenx < 0 and x > 4,

¢ [fisdecreasing when 0 < v < 4.

* flix)>O0wlen-2<x<3andx> 5

* fix)cOwhenxy < —2and3 < x < 5.

Uze the graph to describe the degree and leading coefficient of f

SOLUTION
&Y }
24 %{‘E ;'? | The graph is above the
% g | a-axrs when fx) > 0.
1 3 [1€ ‘
345

The graph is below the
x-axis when fx) < O

¥

P Fromthe graph, fi(x) - =0 as x — —coand fix) — +00 asx — 490,
So, the degree 15 odd and the leading coefficient is positive.
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FEVNRN  Solving a Real-Life Problem

The estimated mymber V(in thousands) of electric vehicles in uee in the United States
cin be modeled by the polynomial fonction

T8 = 01512808 — 3282346 + 23.7565¢ — 2.041
where [ represents the year, with § = 1 comesponding o 2001,

8. Use a graphing calculator o graph the function for the interval 1 < 1 < 10,
Describe the behavior of the graph on this interval.

b, What was the average rate of change in the number of electric vehicles in nse
from 2001 to 20107

¢ Do you think this model can be used for years before 2001 or after 20107
Explain vour reasoning,

SOLUTION

2. Using a graphing calculator and a viewing 6%

window of 1 <1 5 10and0 < y £ 65, you

oiitain the graph shown,

B From 2001 to 2004, the numbers of electric
vehickes inuse increased. Around 2005, the
growth in the numbers in use slowed and | 0
slarted o level off. Then the numbers in wse L
started to increase again in 2009 and 2010,

b, The years 2001 and 2010 comespond to f = | and ¢ = 10,
Average rate of change over 1 < ¢ < 10:

V10 — Wil & 5857 — 1558444
10 =1 q
’. The average rate of change from 2001 o 2010 is about 4.4 thouzand
cleciric vehicles per yvear,

¢ Because the degree is odd and the leading coefficient is positive, Wil — —<=2 as
§ = =2 and Wi — 402 as [ — 422, The end behavior indicates that the model
has unlimited growth as fincreases. While the model may be valid for a few
vears after 2010, in the long mun, unlimited growth is nol reasonable. Notice in
2000 that WD) = —2.041. Becanse negative valoes of Vi) do not make sense
given the comtext iclectric vehicles inusc), the mode] should not be nsed for
vears before 2001,

= 4443

Monitoring Progress 4% Help in English and Spanish at BigideasMath com

Graph the polynomial Fonetion.
7. fiy=xt+22-3 B. fix) =4 - x?
9 firy=x'-x4x-1
10, Sketch a graph of the polynomial function fhaving these characteristics.
+ fisdecreasingwhenx < —=1.5and x > 2.5; fis incoeasing when =15 < x < 235,
* fixy>0whenx < —Jamd l <= x <4 fix)<Owhen -3 <1< landx > 4.
Lz the graph to describe the degree and leading coefficient of £
11. WHAT IF? Repeat Example 6 using the alternative miodel for electric vehicles of
Wi = —0.02900008 + 07912604F — 7965834 + 3055611 — 12.025.
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41 Exercises

Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Concept Check

Explain vour reasoning.

fixy = T o 302 = 2

Bix) = =3zt + Szl = 342

1. WRITING Explain what is meant by the end behavior of a polynomial function.

2. WHICH ONE DOESN'T BELONG? Which function does nof belong with the other three?

pix) = 3% — 28 4 =

k(:;='-"?1+31‘+1r+l

Monitoring Progress and Modeling with Mathematics

In Exercizes 3-8&, decide whether fhe function iz a
polviomiial function, IF so, write it in standard form
and state its degree, type, and leading coefficient.
(%ee Luarapie 1. )

3. fiy=—"3c+57 —af+2
A, pix) = 23 + 3x — 40 + Gt — |

5. fy=Gxt+ B — 624 2p

6. p(x) = V3 = 12¢ + 1322
1. bx) = En."" - VTt 4+ B - 1 x
3 7 S
2. Mx) =3 1-11-—%“;13-?
ERROR ANALYSIS In Exercizes 9 and 10, describe and
correct the error in analyzing the function.
9. =8¢ -T-.-3x+11
f |5 a polynomial function.

The degrea is 2 and £ Is a cuble function,
Thie leading coefficlent Is 2,

M fi=2+dx -3+ 2 -8

f 15 a polynomlal funstion.
The degreeis 4 and 1 Is a quartic function.
Tha leading coefficlent s 2,

162 Chapter 4 Polynomial Functions

In Exerclz=es 11-16, evaluate the function for the given
valoe of x. (Ser Evample 2. )

M. by = =3 + 2% = 12y - G x = =2
12, fix) =T —10a? + 14x — 26.x = -7
1B go=x"-8+r¥-Tx-5Lx=8§
M ==+ +5x+ Lx=-12

15, pp=20+ 4+ G+ Tix =1

16, hix) =55 - 2?4 2ok 4x =~

In Exercises 17-240, describe the end behavior of the
graph of the function. |See Example 3.)

17. Wiy =-S5 + T — P + Gr + 2
18, ) =7 + 12¢° — G — 2y — 18
19, fix) = —2* + 124 + 17 + 15¢¢
20. fix)= 11— 18z = 53% = 122! = 2x

In Exercises 21 and 22, describe the degree and leading
coeflicient of the polynomial function using the graph.

21. F i 22 &Y

- T

X V X




23. USING STRUCTURE Determine whether the
function iz a polveomial function. IT o, write it
in standard form and state s degree, type, and

leading coelficienl

fix)=5x + :l:" —Ort + V2 dx -1 —x Y — 4

24. WRITING Let fix) = 13, State the degree, type, and
leading coefficient. Describe the end behavior of the
function. Explain your réasoning,

In Exercises 25-32, graph the polymomial function.
(See Example 4.}

25 pix) =3 -4 26. pixy=x4+x+3

27. fixy=dx — 9 — 8 2B. plxy=2" —J+ 2

M, =3 -2 43

20, M(x) =35 4+ 3zt - o

N g =¥ -3+ 2r—4

32. ply =¥ -2 -2 +x+5

ANALY ZING RELATIONSHIPS In Exercises 33-36,
describe the x-values For which (a) [ is increasing or
decreasing, (b} fix) = 0, and (e} fix) < 0.

33.

35.

In Exercises 37=40, sketeh a graph of the polynomial
funetion f having the given characteristics. Use the
graph to describe the degree and leading coeflicient of
the lunction f. [See Example 5.

37. + [is increasing when x > 0.5 fis decreasing when
<05

* fix)>0whenx = —2and x > 3; fix) < Owhen
=22 ral,

3s.

a9

a0,

42.

Section 4.1

* fiz increasing when =2 < ¥ < 3, fis decreasing
wheny < =2 apdx > 3.

f fixi e O0wheny < ~dand l < x <5 f(x) <0
wlhen —4 <x < lamlx > 5.

. * fis increasing when -2 <« x < Oandx > 2; fis
decreasing wheny < —2and D < x < 2.

* fix)>0whenx < -3, -1l <x< landx > 3;
fryeOwhen 3 <xe —-landl < x <3,

* fisincreazing wikny < =]l and x> 1; fis
decreazing when =1 < < |,

* fixi=0when =15 <x<Dandx> L3 fixd <0
wheny < <15and 0 < x < L5

MODELING WITH MATHEMATICS From 1980 to 2007
the number of drive-in theaters in the United States

can be modeled by the function
() = —0.14117 + .64 — 23251 + 2421

where aif) is the nomber of open theaters and 1 is the
mimber of years afler 1980, (See Example 6.

a Use a graphing calculator to graph the function for
the interval 0 = ¢ = 27. Describe the behavior of
the graph on this interval.

b What is the average rate of change in the number
of drive-in movie theaters from 1980 to 1995 and
from 19495 to 20077 Interpret the average rates
of changs.

¢, Do you think thiz model can be used for years
before 1980 or after 20077 Explain.

B

PROBLEM SOLVING The weight of an ideal ronnd-cut
diamond can be modeled by

w = 00058347 — 0.01254° + 0.0224 — 0.0]

where wis the woight of the
diamond (in carats) and 4 is

the diameter (in millimeters).
According to the model, what
is the weight of a diamond with

adiameter of 12 millimeters?

f——diaimetar —
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43. ABSTRACT REASONING Supposs fiv) —» o as
X = =3 and f{x) = —oo as x — o0, Describe the end
behavior of g(x) = —fix). Instify your answer.

THOUGHT PROVOKING Write an even degree
polvnomial function such that the end behavior of ff

iz given by fix) — —otazx — —ovand fix) = —<Cas

X —» o3, Justify your answer by drawing the graph of
vour fanction,

45, USING TOOLS When using a graphing calculator to
graph a polynomial function, explain how vou Know

whe n the viewing window is appropriate.

46. MAKING AN ARGUMENT Your friend uses the table
to speculate that the function fis an even degree
polynomial and the function g is an odd degree
polvnomial, Is vour friend correct? Explain

VOUT feasoning,
x fx) gix)
-8 4113 497
=4 21 5
L 1 1
2 13 -3
8 4081 ~d495

47. DRAWING CONCLUSIONS The graph of a function
15 symmetric with respect to the y-axis if for each
point i, &) on the graph, (—a, &) is alzoa point on
the graph. The graph of a function is symmetric with
respect to the origin if for each point (2, &) on the
graph. (—a, —b) is also a point on the graph.

a. Use a graphing calculator to graph the function

y=x"wheon =1, 2,3 4,5 and & In cach cass,

i-dnnltf:.r the symmeiry of the graph,

b Predict what symmetry the graphs of v = x* and
y = x'! each have, Explain your reasoning and
then confirm your predictions by graphing.

48,

49,

50,

HOW DO YOU SEE IM? The graph of a polynomial
fumction is showm,

a. Describe the degree and keading cocfficient of £

b Describe the intervals where the function is
increaszing and decreasing.

¢. What is the constant term of the polynomial
function?

REASONING A cubic polynomial function fhas a
leading coefficient of 2 and a constapt term of =5,
When f(l) = Oand f(2) = 3, what is f{ —5)7 Explain
your reasoning,

CRITICAL THINKING The weight y (in pounds) of a
rainbow trout can be modeled by v = O.00030417,
where v is the length {in inches) of the trout,

a. Write a function that relates the weight v and
length x of a rainbow trout when ¥ is measured
in kilograms and ¥ i measured in centimeters.
Use the fact that 1 kilogram = 2.20 pounds and
1 centimeter = 0,394 inch.

b Graph the original function and the function from
part {aj in the same coordinate plane. What
type of ransformation can you
apply to the graph of
y = 000050457 to
produce the graph
froum part (a)?

— Maintaining Mathematical Proficiency ezt ouieamnes i provous grades and 1essons

Simplify the expresslom. (SHills Review Handbook)
S o+ 4+ 2oy +92 — 3 52. 2W'g + 3k’ + T + SK'g + 20’
53, —wk + 3z — 2w + 9k — fhw 54. a'(m — Ta’) — mia® — 10)
55 3x(xy — 4) + Mday + 3) —xplaly - 1) 86, W9 — 3¢) + (v — 42) + 6
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Adding, Subtracting, and

Multiplying Polynomials

Essgential Qﬂ&ﬂﬁﬂﬂ How can vou cube a binomial?

FNe TN [s]'BE Cubing Binomials

Work with a pariner. Find each product. Show your steps.
A+l =x+INx+1) Rewrite as & prodeect of First and secomd powers,
= (r+ 1) ol tply secomd powes,
= Multiply binoemial and 6 nemial,
= Wrike in standdard form, ax® + b’ + o + &
b, (a + &Y = (a + bia + by Rewrite as a product of first and second powers
= {2+ I} Wil tiply second power,
= b tiply bimsomial and mnomial
Wote in standard form
e (r— 1P = {xr — 1}xr — 1)¢ Rewnte a5 a product of irst and second powers.
=(x=1) Il tiply secomd powes
= Wil tiply mamial ad tnrami al
= Write in standard Borm,
d. (a — by = (2 - bla - b Rewrile as a product of hist and second powers.
= (a — b) Il tiply second power,

= Pl tiphy birsorial and ool

g?ggéﬂ_ﬁ Ffé:' H i VYone in standard form
To be proficient in math, — i
you need to look closely SN LENIsl' Y Generalizing Patterns for Cubing a Binomial

to discern a pattemn

Work with a partner.
or structure,
E} a. Use the resulis of Exploration 1 to describe a pattern for the

coefficients of the terms when you expand the cube of a
binomial. How is your pattern related to Pascal's Triangle, l211
shown al the right?

b, Use the results of Exploration 1 to describe a pattern for
the exponents of the terms in the expansion of a cube 1(4|6]4]1
of a binomial.

¢. Explain how you canuse the patterns you described in parts (a) and (b} to find the
product {2 — 3¥. Then find this product.

Communicate Your Answer
3. How can you cube a binomial?
4. Find each product.
a x+ 2 b =2 e {2y — 3¢

d. (x - 3¥ e (=2x+ 3P L (3x - 5§
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Core Vocabulary .

Pascal's Trangle, p. 162

Previous
like terrms

ndent ity

COMMON ERROR

A common mistake it to
forget to change tigns
correctly when subtracting
ane palynomial from
anather. Be sure to add
the opposite of every
termn of the subtracted
polynomial.

>

166

Chapter 4

What You Will Learn

P Add and subtract polynomials.
P Multiply polynomials.
B Use Pascal's Triangle to expand binomials.

Adding and Subtracting Polynomials

Recall that the set of integers is closed under addition and subtraction becanse
every sum or difference results in an integer. To add or subiract polynomials,

you add or subiract the coefficients of like terms. Becanse adding or sublracting
polynomials results in a polynomial, the set of polynomials is clesed under addition
and subtraction.

FENUINBN Adding Polynomials Vertically and Horizontally

o Add 3rF 4+ 2% — x — Tamd 2@ — 100 + B 6 a vertical formmal.
b. Add 9 + 3% — 2y + | and —5% + ¥ — 4 in a horizontal format.

SOLUTION
a I+ l-x-7
+ -1k 48
dy — Bxt—-x+1

(W + I -+ DN+ (-5 +y-D=H+H -5 -y+ty+1-4
=0y — 2y -y-3

To subfract one polynomial from another, add the opposite. To do this, change the sign
of each term of the subtracted polynomial and then add the resulting like terms.,

AR  Subtracting Polynomials Vertically and Horizontally

a. Subtract 2¢¥° + 6x° —x + 1 from 8¢ — 3 — 2x + 9 in a vertical formsat.
b. Subdract 3% + z — 4 from 222 + 3z in a horizonial format,

SOLUTION

a. Align like terms, then add the opposite of the subtracted poly nomial.
B — 3% — 264+ 9 B — % —2r+ 9
(21?4 G1* ¥+ 1) * f =4 -1

6rF —oxl — x4 8B
b. Write the opposite of the subiracted polynomdal, then add like terms.
(2 +3D -3+ -H=28+-32-z+4

= -+ 21+ 4

Mon Huring Pfﬂgf&ﬂﬂ' 4T Help in English and Spanish at BigldeasMath.com
Find the suwm or difference,

L& -+3H+(RP-x-9

2. B3P+ =t =) =58 =+ 17)

Polynomial Functions



REMEMEBER

Product of Powers
Property

ﬂ,.'ll - ﬂ,ﬂ- =) ﬂ,.'.lll.ﬂ

a is a real number and
rmr and m are integers.

COMMON ERROR
In general,
(a = byl =ad = p
and
(axhya=hd

>

Multiplying Polynomials

To multiply two polynomdals, you mltiply each term of the first polynomial by
cach term of the second polynomial. As with addition and subtraction, the set of
pelynomials is closed under multiplication.

AN EN Multiplying Polynomials Vertically and Horizontally

a. Multiply =x* + 2x -+ 4 andx = 3 in a vertical format.
b, Multiply ¥ + 5 and 3y° — 2y + 2 in a horizontal format.

SOLUTION
a. -+ 2r+ 4
x X=—i%
3 =6 = 12 Multiply =x* + Zx 4+ dby =3
—x? + 2% + 4x Multiply —x + Zx + 41y x.
-x'+ 5 - 2x - 12 Combine like terms

b (¥ +SH3W — 9+ D =(y+ 537 — (v + 5)2y + (y+ 5)2
=3y + 15 =2 = 10y + 2y + 10
=3y + 13 -8y + 10

FEALN N  Multiplying Three Binomials

Multiply x = 1.x + 4, andx + 3 in a horizontal formsat.

SOLUTION
=1z +4xr+S=I+ 3 —4)c+ 35
=+ 3Ix -4+ (¥ + I —4)5
=+ -dx+50 4+ 15—
=x%+ Bxl + 1lx - 20

Some binomial products ocour so frequently that it is worth memorizing their patterns.
Yiwl can verily these polynomial ddentitics by multiplying,

@) Core Concept

>

Speaal Product Patterns

Swm and DHlMe rence Example

(a+ba-b=a-bt X+ -FN=x*-9

Square of a4 Binomial Example

@ + &) = a* + 2ab + &* y+a4i=y+8+16

{a = b)* = gt = 2ab + bt (21 = 5P =4f = 20t + 25

Cube of a Binomial Example

(a+byF =2 4+ 35 + 3abl + B Z+W=0+924+2024+ 77

ia — by =a - 3a'h + 3ab’ — ¥ im—2=m —6m*+ 12m—§
o,
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FEACREN Proving a Polynomial Identity
. Prove the polynomial identity for the cabe of a binomial representing a sum
@+ by =& + 3alb + 3ab? + B,
b, Use the cube of a binomial in part (a) to calenlate 117

SOLUTION
4. Expand and simplify the expression on the left side of the equation.
i@+ 0¥ = (a + bita + ba + b)
= (a* + Zab + b¥)a + &)
= (g% + Zab + b3 + (@* + 2ab + bNb
= @ + @b+ 2a'b + 2ab? + ab! + B
= & + 3ab + Jabl + P v/
P The simplified keft side equals the rght side of the orginal identity. So, the
identity (@ + bP = & + 3a°0h + 3ab® + P iz troe.
b. To calculate 117 using the cube of a binomial, note that 11 = 10 + 1.

117 = {10+ 1)* Write 11 a5 10 + 1.
= 10F + 3(10%(1) + FH1Mi1)y* + 17 Cube of 4 linomeal
= 00K = 300 4= 30 4+ 1 Fxpand,
= 1331 Simplify

REMEMEBER SEVULNNN  Using Special Product Patterns
Paweer of a Product Find each product.
Property & (dn+ S)idn - 3) b. {9y = 2§ c. (ab + 4p
(ab)™ = amh™
& and b are real num bers AL
and m is an integer. a, (4 + 5)dn — 5) = (4n)* — §* Sum and dilference
> - 160t - 25 sl
b, (9y — 28 = (9 — 2(9¥)2) + 2° Souare of a binomial
= 81y — 36y + 4 Simplity
e (ab + 47 = (aby + Hab)i4) + Iab)id)’ + & Culbe of a binomial
= + 128°5F + 48ah + &4 Simpliby

: . o
Hﬂﬂﬂﬂrmg Prﬂgrﬂﬂf ‘11’ Help in English and Spanish at BigldeasMath.com
Find the product.

34 +x -5+ 1) 4. (y— S5 + 3y - 1)
5 (m = 2)m = 1)(m + 3) 6. (3t = 23t + 2)
7. (5a + 2 8. (xy -3

9. (a) Prove the polynomial identity for the cube of a binomial representing a
differcnce: (a — by =a® — 3a%h + 3ab* - B,
ibi Use the cube of a binomial in part (a) to calculate 99,
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Pascal’s Triangle

Consider the expansion of the binomial {a + &) for whole number vahees of n. When
wou arrange the coefficients of the variables in the expansion of (a + &)°, you will see
a special pattern called Pascal’s Triangle, Fascal's Triangle iz namexd after French
mathematician Blaise Pascal (1623 — [662).

G Core Concept

Pascal's Triangle
In Pascal’s Triangle, the first and last numbers in each row are 1. Every numiber
other than 1 is the sum of the closest two numbers in the row directly above it. The
mumbers in Pascal’s Triangle are the same numbers that are the cocfficients of binomial
expansions, a8 shown in the first six rows,

o+ b" Binomial Expansion Pascal’s Triangle
Othrow 0 {(a+ b°= 1 1
15t rosw 1 fa+b)= la+ 1b 1 I
2edrow 2 a4+ bf= la® + 2abr + 1H l 2 l
Ideow 3 a+ by = la* + 3a'h + 3ab® + 18 1 3 3 1
dthrow 4 (g + b = la* + 4a®h + Ga*h* + dal’ + 14 1 4 6 4 1
Sthrow 5 (a+ bF = la® + Sa'h + 10 + 10a?p + Sabt + 1B | 5 10 10 5 1

k

In general, the pth row in Pascal’s Triangle gives the coefficients of (@ + &), Here are
some odher obeervations about the expansion of (g + B,

1. Anexpansion has 2 + 1 lerms.

2. The power of a beging with », decreases by 1 in each snocessive term, and ends
with 0.

3. The power of b begins with 0, increases by 1 in each successive term, and ends
with .

4. The sumaof the powers of each term is n.

AN  Using Pascal's Triangle to Expand Binomials

Use Pascal’s Trangle to expand (a) (x — 2F and (b) 3y + 1¥.

SOLUTION

a. The coefficients from the fifth row of Pascal’s Triangle are 1, 5, 10, 10, 5, and 1.
(x =20 = 1% + SN —=2) + 100329 + 103~ 2P + Sn(~20 + L(-2F

= x% = [0t + 40x* = 802 + BOx — 32

b, The coefficients from the third row of Pascal's Triangle are 1, 5, %, and 1.

Gy + 1) = 13y + 3G + 3300 + 101y
=27y 4 2Ty 4+ 9y + 1

Monitoring Progress 4@ Help In Engish and Spanish at BigldeasMath.com

10. Use Pascal’s Triangle to expand (a) (2 + 3% and {b) (2 — 1),
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4. 2 EKEFCISES Dynamic Solutions available at BiglideasMath.com

Vocabulary and Core Concept Check

1. WRITING Describe three different methods to expand (x + 3.

2. WRITING Iz (a + bja = b) = g* = b an identity? Explain your reasoning,.

Monitoring Progress and Modeling with Mathematics

In Exerclzes 3=8, find the sum. See Exvample 1) 16. MODELING WITH MATHEMATICS A farmer plants
3 ! i a garden that contains corn and pumpkins. The fotal
Sk = DaleRtear area (in square feeth of the sarden iz modeled by
the expresgion 2y + Sx 4+ 4. The area of the com
iz modeled by the expression x — 3x + 2. Write an
expression that models the area of the pumpkins.

4, (-5 +4Ax -+ (-8B 4+ 224 1)

. (120 -+ -+ Bt =3 +4x+ 1)
In Exercises 17-24, find the product, See Evample 3.
17 7905 + 3x + 1)

6. (8! 42 = 1)+ (F =Sl 4 Tr4 1)

2 IS+ 2 -3+ 9+ (5P 4+ B - G+ 2x — 5)
18, -4l + 222 4 Gx + 1)
B, (0 =3 +42 +5Sr+ D+ (1l e = 1lx = D)
19, (5% —dx+ 6 =2x + 3)
In Exercizes 9=14, find the difference, (See Eoample 2.)

iy — 3 . E
9. () -2 +dx =) = (57 + 1207 = 3x — 4) e T2 RER

s R SR 1 S -
T T =G < AN = PR A =y P R A el

: e Al P
o =2 4 B b 25 = k) = O = B 4 2p— 11y G- =R 1)

: : 1 . (3F =9 THrE = 2% +
12 (4 — 7o = O + 1B) — (14" — 8 + 11x* +x) . | %+ TN x+ 1)

2 . (A = 8y = it + 3 + 4
13, (8° + 6F — 2% + 100) — (0 — 7 — 132 + 4) 24. (4 - 8x — ix* + 3 + 4x)

ERROR ANALYSIS In Exercises 25 and 26, describe and
cormect the error in performing (he operation.

15. MODELING WITH MATHEMATICS During a recent 25,
period of time, the numbers (in thousands) of males M x (0 = Bx 4+ 4)= (" + Tu—2)
and females F that attend
depree-granting instifutions
inthe United States can be
mixdeled by

M= 1978 + 31058 + 75304
F = 287 + 3681 + 10127 8

W (M- +3x+ I =+ 6+ 2r =)

=xl—Fxt+d=x"+Tx=2
== A+ 2

26,
X (2x— T =(2x)° - 7

where ¢ is time in years. =8> — 343

Write a polynomial to mode]
the: total number of people
attending degree-granting
institutions. Inferpret its
constamnd lerm.
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In Exercises 27=-32, find the product of the binomials,
(See Example 4.)

27. (r — 3x + 2Nz + 4)
28. (x = 3)x + 2Ny = 6)

20, (v — 2)(3x + Ljdx — 3)
30, (2x+5Mx — 23+ 4)
N, Gr=4)d = )dxr + 1)
32, (4 - 5x)] — )3z + 2)

33. REASONING Prove the polynomdal kdentity
(a + ba — by = a* — b*. Then give an example
of two whobe mumbers greater than 10 that can be
multiplied using mental math and the given identity.
Justify your answers. (S Example 5.)

34. NUMBER SENSE You have been asked (o order
textbooks for your class. You need to order
29 textbooks that cost $31 each. Explain how
you can use the polynomial identity
(@ + b¥a = b) = a* = b* and mental math to
find the total cost of the textbooks.

In Exercises 35-42, find the product. (Sec Example 6.)

35. r=Mx +D 36, (m+ 6)*
37. (3¢ -3¢ 38. (2vy— Sy + 5)
39. (Th +4) 40. {9y — 4)°
M, 2k + 6 42, {dn - 3y

In Exercises 43-48, nse Pascal’s Trdangle to ¢ xpand the
binomial. (See Exvanple 7.}

43, (2 + 4y 44, tn+ 2)°

45, (2 - 3) 46, g+ 2y

47. (yz+ 1F 48. (np - 1)
Section 4.2

49. COMPARING METHODS Find the product of the
expression {a® + 45°)2 (34" — b2y using two different
methods. Which method do you prefer? Explain.

50. THOUGHT PROVOKING Adjoin one or more polygons
to the rectangle to form a single new polygon whose
perimeter is double that of the rectangle. Find the
perimeter of the new polygon.

28+ 3

MATHEMATICAL CONNECTIONS In Exercises 51 and 52,
wirite an expresdon for the volume of the figure asz o
polynomial in standard form.

51. V=Awh 52. V=mrlh

1
T
U (I .

X+ 1

X+ 2

53. MODELING WITH MATHEMATICS T [:u:vn-p-ic ke
three deposits into their bank accounts caming the
same simple inferest rate r,

Person A e |
(Due | Wmemcton | oamoun
01/M1,2002 Depoait 200300
i1 M1 20 a Diepesit £4000.00
101 /2004 Depoalt $1 053,00
Person B =l
(Date | Temsetion | Amourt
1M1 /2012 Depoait 500000
LN Depoait $1000.00
01012004 Depoi 0000
Person A's account is worth

200001 + r)* + 30001 + r) + 1000(1 + r)
on JTanuary 1, 2015

. Write a polynonmal for the value of Person B's
account on Janoary 1, 2015,

b Write the total value of the two aocounts as a
polynomial in standard form. Then interpret the
coefficients of the polynomial,

¢ Suppose their interest rate §20.05, What is the total
valoe of the two accounts on January 1, 20157
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54,

55,

56.

PROELEM SOLVING
The sphere is centered
am the cube . Find an
expression for the
vl of the cubss
aantsice the sphere,

MAKING AN ARGUMENT Your friend <laims the sum
of two binomials is always a binomial and the product
of two binomials is always a trinondal. Is your frie md
correcl? Explain your reasoning,.

HOW DO YOU SEE IT? You make a tin box by
culting r-inch-by-x-inch pieces of tin off the corners
of a rectangle and folding up each side. The plan for
vour box is shown,

* *

R T R e e SR e Y
| :
i 6~ 2xf

00 L 12-2x_ ' x
|JI-’ X

a. What are the dimensions of the original piece
of tin?

b Write a function that represents the volume of the
box. Withoot roltiplying, determine its degree.

USING TOOLS In Exercizes 57=00, use a graphing
caleulator (o make a conjecture about whether the
two functions are equivalent. Explain your reasoning,

57

58.

39,

&0,

61.

Jix) = (2x — 3y gx) = &cd — 36T + S4x — 27

Bx) ={x +1F,;
f =3 + 10t + 400 + 80r¢ + &dx

fixy = (=x =3y,
gix) =x* + 12¢* + S4x? + 108y + 80

J)=(—x+5Fg0x)= - + 157 — T5x + 125

REASONING Copv Pascal’s Triangle and add rows
forn = 6,7, 8, % and 10, Use the new rows (o expand
(x + 3) and (x — 5)%.

62,

63.

65.

ABSTRACT REASONING “You are given the function
Fixy = {x 4+ anx + Byx + cx + o). When fix) is
written in standand Torm, show that the coeffickent of
s the sumof a, b, ¢, and &, and the constant térm is
the: product of &, &, ¢, and 4.

DRAWING CONCLUSIONS Let gix) = 12¢* + Br+ @
and fe(x) =3x% 4+ 2o? = Tx + 4.

2. What is the degree of the polynomdal gix) + k(x)?
b What is the degres of the polynomial gix) — k(x)?
¢. What i the degree of the polynomial gix) « h(x)7?

. In general, if giv) and f(x) are polynomials such
that gix) has degree m and fx) has degree n,
and m > n, what are the degrees of gix) + hix),
gix) — Mnix), and gix) « Kix)?

FINDING A PATTERN In this exercise, you will
explofe the sequence of square numbers, The first
four square numbers are represented below,

i 4 4 16

& I

a. Find the differences between consecitive squane
mimbers, Explain what yvou notice.

b, Shew how the polynomial identity
in+ 1F — n = 2n + 1 models the differences
between square numbers.

¢. Prove the polynormial identity in part ib).

CRITICAL THINKING Recall that a Pythagorean triple

is a set of positive integers a, B, and ¢ such that

a* 4+ b = ¢ The numbers 3, 4, and 5 form a

Pythagorean triple because 3 + 47 = 5% You can use

the polynomial identity (3 — ¥ + (2P = (¢ + #F

to penerate other Pythagorean triples.

2. Prove the polynomial identity is true by showing
that the simplified expressions for the left and
right sides are the same.

b LUse the identity to generate the Pythagorean triple
wheny =Handy = 3,

¢ Verify that your answer in part (b) satisfies
at + 5=

— Maintaining Mathematical ProfiGiency s s s s o s v

Perform the operation. Write the answer in standard form.
66. 3-2n+(5+9)
6B, (7i)(—30)

{Section 121
67. (12 + 3 — {7 — 8
69. (4+ D2 -i)

172

Chapter 4 Polynomial Functions



Dividing Polynomials

REASONING
ABSTRACTLY

To be proficient in math,
you need to understand &
situation abstractly and

represent it symbolically. D

Egsential Qﬂ'&ﬂiﬂﬂ How can you use the factors of a cubic
polynomial to solve a division problem involving the pol ynomial ?

FAEe L ERIel R Dividing Polynomials

Work with a partner. Match each division statement with the graph of the related
cubic polynomial fix). Explain your reasoning. Use a graphing caleulator to verify
VO ANSWETS,

i J%E = (x = 1)x + 2) b, AIL;] = (x = Ix + 2)
P L S S, L& e e+
c’:+| x—=1Hx+ 3 d,I_: x— 1y 4+ 2)

N (.7 B I8 _
& 1_-T2—L.1 Lix+ 2 1‘.1___5—1;1 Ipx +2)
A, 4 B. 2

] |

Fle LN [el' Il Dividing Polynomials

Work with a pariner. Use the results of Exploration | to find cach quotient, Write
vour answers in standard form. Check your answers by muliplying.

L= (=342 +=E=1)
o D e 2 = =) (¥ 1) d. (P = =dr+4) +{(x =2}
e (B 4+ Axt—d) = (x4 2) L -S4+ 6)=(x-3)

Communicate Your Answer

3. How can you use the factors of a cubic polynomial Lo solve a division problem
involving the polynomial?
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What You Will Learn

B Use long division to divide polynomials by other polynomials.
P Use synthetic division to divide polynomials by binomiak of the form x — k.

Core ymmlﬂ;&ﬂ' B Use the Remainder Theorem.

polnomial leng division,

p 174 i .
synithetic dwision. o, 175 Long Division of Polynomials

When you divide a polynomial f(x) by a nonzero polynomial divisor dix), you get a

Previous quotient polynomial g(x) and a remainder polynomial r(x).
lorg dwesion ) i
dlvisor L— =)+ rx)

aix) dix)
The degree of the remainder rmust be kess than the degree of the divisor, When the

quatient
peranfder

dividend remainder iz O, the divisor divides everdly into the dividend, Also, the degree of

the divisor is less than or equal to the degree of the dividend fx). One way todivide

polynomials is called polynomial long division.

SN Using Polynomial Long Division

Divide 2x* + 3x° + Sz = 1 by x* + 3x + 2.
SOLUTION

Write polynomial division in the zame formal you use when dividing numbers. Include
a'""0" azthe coeffiicient of x* in the dividend. At each stage, divide the term with the
highest power in what is left of the dividend by the first form of the divisor, This gives
the next term of the quotient.
It = 3x+ 5 e—quotient
L+ir+ 22+ 0+ Sr - 1
20 + 67 4o ol taply chson IP,r-?r e

COMMON ERROR ~I® -4l 4+ Sx Subtract. Bring WHT“[‘_ﬂ teim.

el

The expression added to B? - O — Gx Il tiply divisor by ¥
the quotient in the result of -
& long division prablem is

fm not (x).

Sri41lx— 1 Subtract, Bring down mext Leim.
S+ 152+ 10 Kultply drasod by .1: =45

—4x — 11 -w— remainder

174

W+ + 501 i —4r — 11
= = 2yt T e
E> > A4+ 3+ 2 &5 = K0S ¥+ 3x+2

Check
You can check the result of a division problem by nultiplying the quoticnt by
the divisor and adding the remainder, The resilt shoukd be the dividend.

(27 =3+ +3x+ D+ (—dx - 11)
=T+ 3+ 2) -G + 3+ D+ (BT +3x 4+ 2 —dx - 11
=2 + 6% + 40 — 3t — B —Gx + St 4+ 15k 4+ 10 — 4x — 11

=2 + 3¢ + 5 — 1 1/

Mﬂ“ Hﬂ'riﬂg F’rﬂgmﬂf ‘\E Help in English and Spanish at BigideasMath.com
Divide using polynomial long division.

L - =-2+8+x-1 i+ -x+5)+(x=-x+ 1)
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STUDY TIP

Mote that dividing
pelynomials does

not always result in a
palynamial. This means
that the set of polynomials
is not closed under

divisicmn.

Synthetic Division
There is a shorleut for dividing polynomials by binomials of the formx — & This
shortout iz called synthetic division. This method is shown in the next example.

EXAMPLE 2

Using Synthetic Division
Divide —x* + 4x* + Gbyx — 3.

SOLUTION

Step 1 Write the coefficients of the dividend in ocrder of descending exponents,
Inclrde a 07 for the missing x-term. Becanse the divisor isx — 3. use k = 3,
Write the E-value to ihe left of the vertical bar.

O g coefficients of =27 4 dx? 4 %

Evalup —=3 | —1 4 L]

Step2  Bring down the leading coefficient. Multiply the leading coefficient by the

k-value. Write the product under the second coeflficient. Add.
i|j-1 4 0 %

_ r‘rﬂ

e

Multaply the previous sum by the k-value. Write the product under the third
coefficient. Add. Repeat this process for the remaining coefficient. The first
three numibers in the botiom row are the coeflicients of the quoticnt, and the
last mumber is the remainder.

3| -1 4 0 o
-3 3 9
coeffiaents of quotient —e= —1 ¥ A

' s, s e S T GO
x=3

Step 3

18 =— remainder

g

x=13

EXAMPLE 3

Using Synthetic Division

Divide 32) — 222+ 2xr —Sbhyx + 1.

SOLUTION
Use synthetic division. Becanse the divisorisx + 1 =x — (-1} & = — L.
-1 8 =k 2 =3
-3 5 =7
3 =5 7 -12

Monitoring Progress 4’}} Help in English and Spanish at BigideasMath.com
Divide nsing synthetic division.

L -3 -Tx++Ex-2 4 (2 —x-Th+(x+3)
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The Remainder Theorem

The remainder in the synthetic division process has an important interpretation. When
you divide a polynomial f{x) by dix) = x — &, the result is

1) o oty + T2 Polynomial division

dix) dx)
% = g(x) + :r‘—ﬂ:& Substitute x — k For Jx).
Jixd = (x = Eplxh + rix). Iultipky both ades by x = k.

Because cither rix) = 0 or the dégree of rix) is less than the degrec of x — £, you
knowe that £(x) is a constant fonction, So, let rix) = r. where ris a real number, and
evaloate fix) whenx = k.

Jiky =k — kppik) + r Substmute & for x amd r for rix).
fiky=r Smiphfy
This result is stated in the Remainder Theorem.

&) Core Concept

The Remainder Theorem
If a polvnomial f(x) is divided by x — ¥, then the remainder is r = fik).

The Bemainder Theorem tells yvou that synthetic division can be used to evaluale

a polynomial function, So, to evaluale fix) whenx = E, divide fix) by x = &, The
remainder will be fE).

FEALIIREN Evaluating a Polynomial

Use synthetic division to evaluate f{x) = 5 — x* + 13x 4+ 20 whenx = —4,
SOLUTION
-4 | 3 -1 13 29

P The remainder is —359. So, you can conclide from the Rermainder Theorem that
J{—4) = =339,

Check
Check this by substituting ¥ = —4 in the original function.

fl—4) = 5(—4P — (9 + 13(—-4) + 29
= =30 = 16-52+129

— 3350 v/

Hﬂhﬁﬂrihg Prﬂﬂrﬁﬂf ‘1"?' Help in English and Spanish at BigideasMath com
Uze symthetic divizsion to evaluate the function for the indicated value of &,
S flx) =dxt — 10x — 20;x =5 6. fix)=5x'+ ¥ — M - Gx =12
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4.3 Exercises

Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check

synthetic division in Exercise 3.

1. WRITING Explain the Femainder Theorem in your own words. Use an example in your explanation.

2. VOCABULARY “What form must the divisor have to make synthetic division an appropriate mcthod for
dividing a polynomial? Provide examples o support your claim.

3. VOCABULARY Write the polbynomial divisor, dividend, and quoeticnt functions — i =2 =8 18
represented by the synthetic division shown at the right,

4. WRITING Explain what the colored mmbers represent in the

-3 15 =18

Monitoring Progress and Modeling with Mathematics

In Exercises 510, divide using polynomial long division,
(See Example 1.}

5 ¥ +x—17)+(x—4)

6. (32 -14r—5)+{x - 5)

T (Pt x+2)eixt=1)

g (79 +x¥+x) =0 +1)

g (5 -207% -7t =30) + (x¥ + 2x — 4)
0. (dat + 5y =d} +« 0@ =3x = 2)

In Exercises 11-18, divide using synthetic division,
(See Examples 2 and 3.)

M. Lid+Bx+1)+(x=4)

12. (422 —13x—5) + {x —2)

13 (2 =x+ 7)1+ {x+35)

M, B -dr+6)+ (x+3)

15 O249)+{x—3)

16. (3% =52 - 2) = (x - 1)

17. -5 -8 + 13— 12} + (x - &)

18. (® + dx -+ 16¢x = 35) + (x + 5)

ANALYZING RELATIONSHIPS In Exercises 19-22, match
the equivalent expressions. Justify your answers.

19. (1 4+r—-3)=(x—-2)
20, 132 —x—-3)+(x-2)
M. (=343 +{x=2)

22. (x14+x4+3)=(x-2)

A, .1:+1-—|'— B.

x=12 ' x=2

f_.r-ilri o 3
x—12

ERROR ANALYSIS In Exercises 23 and 24, describe and
correct the error in using synthetic division to divide
¥ =5r+3byx~1.
23.
x z (1 o -5 3
2 4 =2
1 2 =1 1

“E’—IE”JEMEJ +25 —x+ 1

=

{1 =3 =5
W=Bx+d_ 5 . B
x— 2 i X— 2
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In Exercizes 2532, use synihetic divislon fo evaluafte the 36, COMPARING METHODS The profit P din millions of
Function for the ndicated valoe of x, (See Evample ) doltars) for a DVD manufacmrer can be modeled by

= P = —aeF + 72x, where x s the number (in millions)
25. fix)= —x' - Bx+30,x = -1 of DVDs produced. Use synthetic division to show
that the company vickls a profit of 5% million when
2 million DW= are produced. s there an casicr
method? Explain.

26, fix)=32+2r—20:x=3

2. sy -t +de +3x=2

37, CRITICAL THINKING What ks the valie of F such that

B T, W e R e :
28. f)=x+x" -3+ fhx=-4 (x¥ — 32 4 kx — 30} = (x — 5) has a remainder

Fero?
29. fix)=xr—-6r+1;x=86 ik BerGl
{ xs ]
. fig=xr-%-Tx=10 & -14 B -2
(L) 26 o 32
M. fiy=x+ai-Tx+1ix=3
38. HOW DO YOU SEE IT? The graph represents the
32 fy=-x - -2x=5 polynomial function fix) =x* + 3% —x — 3,
33. MAKING AN ARGUMENT You use synthetic division HEE _'m.l._:-"_
todivide fix)y by (v = a) and find that the remainder
equalz 15. Your friend conclodes that f{15) = a. U1 L= [ U]
Is vour friend correct? Explain vour reazoning,
=1
34, THOUGHT PROVOKING A polygon has an area ! - |
represented by A = 4 + 8x + 4. The figure has at A S V.Y -
least one dimenzsion equal o 2y + 2, Draw the figure e Y

and label its dimensions. a. The expression fix) + (x — k) has a remainder

af —15. What 15 the value of ¥}

35. USING TOOLS The total attendance A (in thousands) b. Use the graph to compare the remainders of
at NCAA women’s basketbal]l games and the number (P+3d—xr—3)+ir+3)and
T of NCAA women's basketball teams over a period (P43 =—x—=3)+(r+1)

of tirme: can be modeled by

A= =195 + 70.1a% — 188 + 2150

T = 1480 + 725 39. MATHEMATICAL CONNECTIONS The volume
’ - V of the rectangular prism is given by
where 1 is in years and 0 < x < 15, Wrile a function for V=2 + 178 + 4610 + 40. Find an EXPression

the average attendance per team over this peried of tinne., for the mizsing dimension,

40, USING STRUCTURE “You divide twao polynomeals and

obtain the result 55° — 130 + 47 — %ﬁ' What is the

dividend? How did you find it?

— Maintaining Mathematical PrOfiGigncy oo wuieores o peses oies s

Find the zerols) of the function, (Sectlons 2.0 and 3.2}

M. fixy=x*-6ar+9 42, pix)=3x + Ghx - 2)
43, gix) =x*+ l4x + 49 44. hir) =412 + 36
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Factoring Polynomials

MAKING SENSE
OF PROBLEMS

To be proficient in math,

you need to check your
answers to problems and
continually ask yourself,
“Does this make sense?” D}

Essential Question 1owcan you factor a polynomial?

FCNeEVAI[s RN Factoring Polynomials

Work with a partners Match cach polynomial equation with the graph of itz related
polynomial function. Use the r-intercepts of the graph to write each polynomial in
factored forme Explain your reasoning.

2 X +S5x+4=0 b. X —2i-x+4+2=0
o P4+xr=—=0 d P2=3=10

e =5+ d=0 - =-24+2r=10
A, 4 B. 4

-_-"\-u

==
e

A Re L ENlel S  Factoring Polynomials

Work with a pariner. Use the x-intercepts of the graph of the polynomial function
to wrile cach polynomial in fectored form. Explain your réasoning. Check your
answers by multiplying.

L fi=xt-x-2 bhfi)=3"-3-1z

e fi)y=x% — v — 3x d fix)=x -l —x+3
e i) =xt+ 28— -2 Lfix)=x*—10a1+9
Communicate Your Answer

3. How can you factor a polynomial?

4. What information can you obtain about the graph of a polynomial function
written in factored form?
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4.4 Lesson

Core Vocabulary
factored completely, g 180
Tactor by groupimg, o 787
quadratic form, g 187
Previous
zera of & functon
synihetic division

What You Will Learn

B Factor polynomials,
P Use the Factor Theorem.

Factoring Polynomials

Previously, vou factored quadratic polynomials, You can also facior polynomials
with degree greater than 2, Some of these polvnomials can be faciored complelely
using techniques vou have previously karned. A factorable polynomial with imeger
coefficients is factored completely when it is written as a product of unfactorable
polynormials with integer cosfficients.

SN Finding a Common Monomial Factor

Factor each polynomial completely.

a ) — 4! - 5 b. 39" — 48y ¢ 52* + 302 + 452*
SOLUTION
A — gl - Sy =x(x? -4y - 5) Factor common monardal,
=xx — 5x+ 1) Factor trnommal

b 3y — 48y = 3Py — 16) Faclor common monomaal,

=3vy -4y + 4) i Herence of Tewo Squares Pattam
e S HP+ AR =507+62+ D) Factor commuon monamial,

= Sz + 3Q® Pertiect Square Tnnomal Pattem

Monitoring Progress 4*’3 Help in English and Spanish at BigideasMath.com
Factor the polvnomial complefely.
1. % — 7o + 10 2. 3’ —750° 3. 8 — 16m* + Bm®

In part (b)) of Examople 1, the special factoning pattern for the difference of two squares
was used to factor the expression completely. There are also factoring patterns that you
can use to factor the sum of difference of two cubes.

G) Core Concept

Spedal Factoring Patterns
Sum of Two Cubes Example
2+ 8 = (a+ bigd —ab + B 640 + 1 = (40 + 17
= (dy + 1)(16x7 = 4x + 1)
Difference of Two Cubes Example
a = b = (a - B)a® + ab + b 27 =8 = () = 2*
= (3r — 2(%? + 6x + 4)
N
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LOOKING FOR
STRUCTURE

The expression 16x* — 81 is
in quadratic form because
it can be written as v — B1

where v = dx.

>

AN Factoring the Sum or Difference of Two Cubes

Factor {a) x* = 125 and (b) 165* + 345 completely.

SOLUTION
Lr=18=y-¥ Wnite as a® — b
sx=5302+3x+ 2 Mifferemce of Twro Cubes Pattem
b, 165F + 5452 = %8s + 27) Factor commen rverim al,
= 2wl [(28) + 39) Write 857 + 27 as 8 + b
=20 2e 4 34 - G5+ B Sum of Two Cubes Pattern

For some polynomials, you can factor by grouping pairs of termes that have a
common monomial factor, The pattern for factoring by grouping is shown below,

m+rb+ s+ s =na+ B+ Ao+ B
= {r + aNa + I

SEANIINIEN Factoring by Grouping

Factor ¥ + 528 — 4z — 20 completely.
S0OLUTION
T+52 -4z -20=Nzg+ 5 — 4z + 5) Factor by gouang
= (78 — d)(z + 5) Distribiutrve Property
={z=2z+ Dz + 5 Diffterence of Two Scuarss Patterm
An expression of the form aw® + b + ¢, where « is an algebraic expeession, is said to

be in quadratic form. The factoring technigques vou have stisdied can sometimes be
nzed to factor such expressions,

AN Factoring Polynomials in Quadratic Form

Factor (a) 16! — §1 and (b) 37° + 150" + 18p" compleiely,

SOLUTION
& 163t = 81 = (dx¥)? = g2 Jite as &8 = B
= (41! + Widr? — W [hifesence of Two Scuares Pattern
= (dx* + WHi2r — Di2r + 3) [fference of Teo Scquares Pattern
b, 3p° + 15p° + 18p° = 3pHpt + 5p0° + 6) Factor Common monamial,
=3 + 3Up + 2) Factor winomial in quadratic form,

Monitoring Progress 4’3’ Help in English and Spanish at BigideasMath.com
Factor the polynomial completely.

4. o’ + 27 5. 6% — 750
6. X +4dxf —x—4 LW 4y +9+3
8. —16n' + 625 9. Sw® — 5wt + Mw!
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The Factor Theorem

When dividing polynomials in the previous section, the examples had nonzero
remainders. Suppose the remainder is 0 when a polynomial fix) is divided by x — k.
Then,

fioy _
X =% q!"r}+_r—k

= gix)

where gix) is the quolient polynomial. Therefore, fi(x) = (x — &)« gix), so thatx — &
is a factor of fi{x). This result is summarized by the Facior Theorem, which is a special
case of the Remainder Theorem.

READING

Imotherwords, x — kis a % cﬂrﬁ' Gﬂﬂﬂﬂ-pf
factor of #(x) if and only if

Pl The Factor Theorem
I> A polynomial fix) has a factor x — Kk if and only if fik) =0,
STUDY TIP AN Determining Whether a Linear Binomial Is a Factor
In part {b), notice that
direct substitution would Determine whether (a) x — 2 iz a factor of f(x) = x* + 2 — 4and (b) x + 5 Iz a factor
have resulted in more of fix) =3t + 15xF —x + 25.
difficult computations SOLUTION
than synthetic division.
! D . Find f{(2) by direct substitition. b. Find f{—5) by synthetic division.
=2+ -4 -5 |3 15 -1 0 25
— 4 =+ 4 - 4 —I.S {] 5 _15
=4 3 0D -1 5 0
B Becanse f(2) # 0, the binomial P Because fi =5) = 0, the binomial
r— 2iznd a factor of 1+ 5isa factor of
[y =xt+ 2x -4, fixy =3z + 1527 = 32 + 25,

S AL Factoring a Polynomial

Show that x + 3 is a factor of fix) = ' + 3% — x — 3. Then factor f(x) completely,

SOLUTION
Show that fi —3) = 0 by synthetic division.
ANOTHER WAY B R B D o
:I{z?::l tgl::tu::i:l:;an factor 3 0 g 3
Flx) = xHx + 3) = 1x + 3) 1 o 0 -1 0
= fxd = 1) + 2} Because fi —3) = 0, you can conclude that x + 3 is a factor of fix) by the
=l + Nx— 1)+ Factor Theorem. Use the result to wrile fix) as a product of two factors and then
Wz +x+1) factor completely.
D fi=x"+3~-3-3 Wnte crignal pobynomial
= (x 4+ 3ix* — 1) Write a5 a product ol two Tectons.,
=(xr+x— I+ x4+ 1) Ditlerence of Twe Culses Pattem
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>

STUDY TIP

You could alio check

that 2 is a zero using

the original function,

but using the quotient
polynomial helps you find
—the remaining factor.

Bocanse the y-imtercepis of the graph of a function are the zeros of the function, you
can use the graph to approximate the zeros. You can check the approximations using

the Factor Theoram.

AN Real-Life Application

Darring the first 5 seconds of a toller coaster ride, the
function A(r) = 417 = 2117 + 9 4 34 represents the
height & (in feet) of the roller coaster after ! seconds.
How long is the roller coaster at or below ground
bevel in the fiest 5 seconds?

SOLUTION

[ () = 482 = 2110 + 9 + H]

INERY

1410

1. Understand the Problem Yoo are given a function rule that represents the
height of a roller coaster. You are asked to determine how long the roller coaster
iz at or below ground during the first 5 seconds of the ride.

b

Make a Plan Use a graph to estimate the zeros of the function and check using

the Factor Theorem. Then use the zéros to describe where the graph lies below

the: f-axis.

3. Solve the Problem Fromthe graph. two of the zeros appear to be — 1 and 2.

The third 2ero is between 4 amd 5.

Btep 1 [Determine whether —1 i5a rero using synthetie division.

o | 4 =11 Q9 34
-4 I 34
4 =25 W 0 e—

1) =0, 56 =115 azeroof b

and ¥ + 1 is a lactor of hif).

Step2 Determine whether 2 is a zero. If 2 is also a zero, then | — 2 is a factor of
the resulting quoticnt polvnomial. Check using synthetic division.

2 | 4 =25 M
B —34
4 =17 {0 -

The pernamder 50, 908 — X iga

bacior of Rt and 2 15 4 zem of A

So, k(0 = (4 1)( = 2pd = 17}, The factor 4 = 17 indicates that the zero

beetovean 4 and 5 iz % of 4.25.

P The zeros are —1, 2, and 4.25. Only { = 2 and ¢ = 4.25 occur in the first
5 seconds. The graph shows that the roller coaster is at or below ground level

for 425 — 2 = 2,25 secoinds.

4. Look Back Use atable of R
valoes to verify the positive zeros Zero. | 1.25 E']- 25
and heights between the zeros. i :EH;__ . }n.eg ative
§.25 |0
zero—r. A
=g

o B
Monitoring Progress 4’*-‘* Help in English and Spanish at Bigideasiath.com
10. Determine whether ¥ — 4 s a factor of fix) = 2¢2 + 5S¢ — 12,

11. Show that x — 6 is a factor of f{x) = 7 — 52 — ax. Then factor fix) completely.

12. In Example 7, does your answer change when you first determine whether 2 iz a
zero and then whether — 1 is a zero? Jnstify your answer.
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4 . 4 EKEFCISES Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The expression %' — 49 iz in forrm becauss it can be written
as & — 49 vwhere y = .

2. VOCABULARY Explain when yvou should try factoring a polynomial by srouping,.

3. WRITING How do you know when a polynomial is factored completely?

4. WRITING Explain the Factor Theorem and why it is useful,

Monitoring Progress and Modeling with Mathematice

In Exercises 5-12, factor the polynomial completely, In Exercises 23-30, factor the polynomial completely.
(5ee Example 1.) (See Exampic 3.)

5. X =2yl = My 6. 4k — 10047 23 P-3P4+6y-30 MU m-m4+Tm-7

7. 3 — 1929 8 2m® — 240 + G4’ 25. 3a’+ 184+ Ba + 48

9, 27+ 9% — 18g° 0 ¥ =117r7 - 201" 26. 2 — Wk + 5k — 50

1. 10w!® — 19w? 4 Gu? 27. ¥ %t —4r 432 28 F-5F -9+ 45
12, 18¥ + 332 + 149 29, 4g° — 164" — 9% + 36
In Exercises 13-20, factor the polynomial completely. 30. 16 +3m2=-n—-12
(See Example 2.)

. In Exercises 31=38, factor the polynomial
] &

Bt . ¥+ 512 completely. (Sec Exanmple 4.
15. §° —343 16. & - 27 3. 49 -9 32, 4m - 125

17. 34 - 192K 18. 9n° — G561n’ 33 A+ N+ 34, yY'-3—28
19, 1617 4 250 20. 135" - 1080Z° 35. 167" - 8l 36. Bla* - 256
ERROR ANALYSIS In Exercises 21 and 22, describe and 37, 34 +375 — 60! 38, da'l - 3207 + 48nf

correct the error in factoring the polynomial,
In Exercises 39-44, dete rmuine whether the binomial is a

% X factor of the polynomial, (See Fxample 5.
B3x + 27x=3x(x" + 9) 3, fixy =20+ 52 - 3r - 60x -4

= Bxx + 3){x = 3) .
40, pix) =3x" — 28 4+ 29x + 140;x + 7

8. hix)=6xr — 15 — ¥ x + 3

22,
=(x* + 2x)[(x%)2 — (Y2x) + (25)7] 42, pix) =8¢ — 58" + 60x" + 14 x — 6

= (% 4 200 — 2% + 4x?)

=

Bx) = 6x' — 6" — B4 + 14 x + 4

44, Hx) = 48¢* + 360% — 1380 — 36rix + 2
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In Exercises 45-50, show that the binomial is a factor of
the polynomial. Then factor the polynomial completely.

[See Examgple 6.)

45 sy =x —x'—-Wnx+4

46. x)=x-S@ -+ 45;x -5
47. fixy=x' —a&d —Bx+ 48, x— &
48, s =+ 4 = 6l = 250, x + 4
49, A =x -3Tx+ B4 x+ 7

50, Mx)=x'=x!=24x-3Gx+2

ANALYZING RELATIONSHIPS In Exercises 51-54, match

the function with the correct graph. Explain your
reasoning.

S, fix)=(x—2x—x+1)
52, gix) =x(x+2Hx+ lix — 2)
52, A=+ 2z +3Izx—-1)

o4 Hx)=xlx = 2¥x = 1)(x+ 2}

55. MODELING WITH MATHEMATICS The volime
(in cubic inches) of a shipping box is modeled
by ¥V = 2¢% — 1% + 30z, where x is the length

(in inches). Determine the values of 1 for which the

mde] makes sense, Explain vour reasoning,
Sea E.r.f].rf]'_rnr:‘ ."'..l

36. MODELING WITH MATHEMATICS The volume
(incobdc inches) of a rectangular birdcage can be
meodeled by V = 323 — 1747 + 20y — 15, where x
is the length (in inches). Determine the values of
x for which the model makes sense. Explain your
Teasoning.

USING STRUCTURE In Exercises S57-64, us the method
of your choice foFactor the polynomial completely.
Explain your reasoning.

57, at +a - 30at 58. &w' - 343

59. -T2 -9z+ 6 60, 2pfF - 12p°+ 1607
61. 647 + 720 62, 5% — 10zt — 400t
63. l6n' - | 64, OF - 24 4+ 3k -8

65. REASONING Determine whether each polynomial is
Tactored completely. IT not, factor completely.

a 122 —2-6)
b (2 = n)n? + 60)3n = 11)
c. Iy = SN’ — Gy — 4)

66. PROBLEM SOLVING The profit £
(in millions of dellars) for a
T-shirt manufacturer can be
modeled by P = =17 + 4x! + 1,
where ¥ is the number
(in millionz) of T-zhirts
produced. Currently the
company produces 4 million
T-shirts and makes a profit
of 34 million. What lesser number
of T-ghirts could the company produce
and =till make the same profit?

67. PROBLEM SOLVING The profit £ (in millions of
dollars) for a shoe manufactrer can be modelad
by P = —21x* + 46x, where ¥ is the number {in
millions) of shoes produced. The company now
produces 1 million shoes and makes a profit of
525 million, bot it would like to cut back production.
What lesser nomber of shoes could the company
produce and still make the zame profit?
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68. THOUGHT PROVOKING Find a value of & such that

% haz a remainder of O, Justify your answer,

fi) =% =32 — dx

69, COMPARING METHODS You arc taking a fest
whene calculators are not permitbed , Ome question
azks vou to evaluate g(7) Tor the function

gix) =1 — Tx? — 4x + 28 You use the Factor
Theorerm and syathetic division and vour friend uses
direct substitution. Whose method do you prefer?
Explain your reasoning.

MAKING AN ARGUMENT You divide fixyby ix — a)
and find that the remainder does not equal 0. Your
friend concludes that fix) cannot be factored. [s your
friend correct? Explain your reasoning.

71. CRITICAL THINKING What iz the value of k such that
x — Tis afactor of ix) = 2o — 1357 — kx + 1057
Justify your answer.

HOW DO YOU SEE IT? Use the graph to write an
equation of the cubic function in factored form.
Explain your reazoning,

ABSTRACT REASONING Factor cach polynomual
completely.

a. Tact + b =Tod? = bdt
h, xim — 2yn 4 ]

e. bt —at? + 2qth — 2abd + & — B2

75.

74, REASONING The graph of the function

fixy=x*+ 3+ ¥ +x 43
is shown. Can you nse
the Factor The orem (o
factor f{x)? Explain.

MATHEMATICAL CONNECTIONS The standard
equation of a circle with radius r and ceater (f, £} 15
(x = &P + (y = B = r%, Rewrite cach equation of a
circle in standard form. Identify the center and radins
of the circle, Then graph the circle.

! (x, ¥}

L X4+ 4¢P =125
hx-—dx+d+pP=9
e Xt —Bx+16+¥+2y+1=36

<

CRITICAL THINKING Use the diagram to complete
parts {ak-(c).

a. Explain why & - & iz equal to the sam of the
volumes of the solids I, 11, and I11.

b Write an alpebraic expression
for the volnme of each of
the three solids. Leave I | T
YOUr expressions in 3
factoved form. B J_

e Use the results from i

part {ap and part (b) &
Lo decive the factoring a
pattern &* — ¥,

_Maiﬂhiﬂiﬂg Mafhﬂ-maﬁﬂal F't'ﬂﬁﬁiﬁ-ﬂﬂf Fimaewng what you Iaamed in provous grades and lessons

Solve the quadratic equation by factoring. [ Seciion 3.7
77. ¥ -x-30=0
iR f-llx+ 10 =0
Solve the quadralic equation by complefing the square.
81. xt —12v 436 = 144

83 i+ 3Ix+6=0

78. - 1lwr-72=0
BO. 9 — 28c+3 =0
(Seclion £.3]

82, xI—8x=11=0
B4, 4’4+ 36r—-4=0

-
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41-4.4 What Did You Learn?

Core Yocabulary

polviomial, p. JA8 Fascal’s Triangle, p. ji69 factored completely, p. &0
pelynomial function, p. J58 pelyvnomial long division, p. 174 factor by grouping, p. 18]
end ehavior, p, 159 gvnthetic division, p. 175 quadratic form, p. ] 81

Core Concepts

Section 4.1

Common Polynomial Functions, p. /58 Graphing Polynomial Functions, p. {60
End Behavior of Polynomial Funclions, p. /5%

Section 4.2

Operations with Polynomials, p. 166 Pascal's Triangle, p. 169

Special Product Patterns, p. 167

Section 4.3

Folynomial Long Drivision, g §74 The Remainder Theorem, p. i76

Synthetic Division, p. 175

Section 4.4

Factoring Polynomials, p. /30 The Factor Theorem, p. {82
Special Faclonng Patterns, p. /&0

Mathematical Practices
1. Describe the entry points you used to analyze the function in Exercize 43 on page 164,

2. Describe how yoo maintained oversight in the process of factoring the polynomdal in
Exercise 49 on page 185.

---------- S'tuc]}rSki"s---------------------

Keeping Your Mind
Focused

o When you sit down at your desk, review your notes from
the last class

'

« Repeat in your mind what you are writing in your noles

« When a mathematical concepl is partcularly difficult, ask
your teacher for another example



4.1-4.4 Quiz

Decide whether the function is a pelynomidal fonction. I so, write it in standard form and
state its degree, type, and leading coefficlent. (Section 4.0)

1. flvy=54+2* -3 - v — ¢ 2 plx)= j—r-' o = 1 3 RO = AT

4. Describe the x-values for which (a) f is increazing or decreasing,
(b fixh) = 0, and {c) fix) < O (Sectiom 40)

F &
5, Write an expression for the area and perimeter |
Tor the figure shown. (Section 4.2) e
[
K
i | [7]
—x+3 x—
Perform the indicated operation. (Seciion 4.2)
b. (I =4)=32=5x+ 1) L =3+ 2031x—1) B ir=14x+ 3Kx —4)
9, Usa Pascal’s Triangle to expand (x + 2. (Sectien 4.2)
10. Divide 4x* — 203 4+ x2 — Sx + 8 byx? — 2x — 1. (Section 4.3)
Factor the polynomial completely. (Scction 4 4)
11. & - 24° - 8a 12. 8 427 12 P4 -dz-4 14, 490 - 64

15. Show that x + 5 is a factor of fix) = 2 — 2% — 23x + 60. Then factor fix) completely.
(Section 4.4)

16, The estimated price F (in ceniz) of stamops in the United States can be modeled by the
polvnomial function A = 0007F - 0168 + 11 4+ 17, where [ represents the number of
vears since 1990, (Section 4.1)

a. LUse a graphing calculator to graph the function for the interval 0 < § < 20,
Drescribwe the behavior of the graph on this interval.

b. What was the average rate of change inthe price of stamps from 1990 (o 20107

17, The volume Viin cubic feet) of a rectangular wodden crate is modeled by the function
Vicy = 2¢° — 110 + 12v, where 1 iz the width (in feet) of the crate. Determine the valocs
of x for which the mode] makes sense, Explain vour reasoning. (Section 4.4)
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Solving Polynomial Equations

USING TOOLS
STRATEGICALLY

To be proficient in
math, vou need to use
technological tools to
explore and deepen
your understanding

— of concepts.

>

Essential Question 1owcan you determine whether a polynomial
equation has a repeated solution?

SR LIRS I'BE Cubic Equations and Repeated Solutions

Work with a pariner. Some cubic equations have three distinct solitions. Others
have repeated solutions. Match each cubic polynomial equation with the graph of is
related polynomial function. Then selve cach equation. For those equations that have
repeated solutions, describe the behavior of the related function near the repeated zero
uzing the graph o a table of values,

Y -0+ 12x-8=0 bh. X +3x+3x+1=0
e ¥ —-3x+2=0 d. 2+2-2¢=0
e X —3x—2=0 L —-3+2r=0
A, 4 E. 4
- ’{\'\-} 7 -5 ( l; I e
- —d
L 4 D. 4
- [‘ly g 6 # 1
E. 4 F. 4
N} & —§ . "'-l'} 5

] ]

— -

Ao Rl [el Bl CQuartic Equations and Repeated Solutions

Work with a pariner. Determine whether cach quartic equation has repeated
sohutions using the graph of the related quartic function or a table of values, Explain
vour reasoning. Then solve each equation.

e ¥ -+ 5 -2r=0 b -2—-x4+2r=0
e ¥ A+ 4l =0 d, @ + 33 =0

Communicate Your Answer

3. Howw can you determine whether a polynornial equation has a repeated solution?

4, Write a cubke or a quartic polynomial equation that is different from the cquations
in Explorations 1 and 2 and has a repeated solution.
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Core Vocabulary

repeated solution, p 790
Previous

rocts of an equation

real numbers

conjugates

Check 2
-] : &
5:{!’.& oy
—§
STUDY TIP D.

Because the factorx — 3
appears twice, the root
x = 3 has a multiplicity
—of 2.

FEXEE

190 Chapter 4

What You Will Learn

B Find solutions of polynomial equations and zeros of polynomial functions.
P Use the Rational Root Theorem.
B Use the Irrational Conjugates Theorem.

Finding Solutions and Zeros

You have used the Zero-Product Property to solve factotable quadratic equations. You
can extend this technique to solve some higher-degree polynormial equations.

EXAMPLE 1

Solving a Polynomial Equation by Factoring
Solve 2¢9 — I12x? 4 18x =0,
SOLUTION
2 — 12¢* + 18 =0
2y —Gx+ =0

Wiike the equation.

Factor common monomdal,

Zoix = 3 =0 Perteqt Sopeare Tnmomial Pattern
Zr=0 or (x-3¥=0 Zero-Product Properny
=0 or =3 Solve for x.

P The solutions, or roois, arex = Oandx = 3,

In Example 1, the factor x — 3 appears more than once., This creates a nepeated
solutlon of ¥ = 3, Note that the graph of the related fonction touches the y-axis

(bt does not cross the x-axis) at the repeated zero x = 3, and crosses the x-axis at the
#ero x = 0, This concept can be peneralized as follows.

* When a factor x = ¥ of fix) is raizsed to an odd power, the graph of f crosses the
raxisatx =k,

« When afactor x — & of fix) is raised to an even power, the graph of f touches the
x-mxis (but does nol cross the r-axisjalx = k.

EXAMPLE 2

Finding Zeros of a Polynomial Function

Fimd the zeros of fix) = —2r* + 16e? — 32, Then sketch a graph of the function.

SOLUTION
0= —2¢t + 162 — 32
0= =2x* - & + 16)
0= =2 — Hix? —4)
0= =2x+ 2}x — 2ux + ix = 2)
0= —2x + 2Px - 22

Set filx) equal to

Factor ouf — 2,

Factor tringmial in quadratic femm,
[y ference of Twao Squares Pattern
Hewmnle using exponents.
Because bolh factors v -+ 2andx — 2 are raised to an oven power, the graph of
touches the x-axis atthe zeros x = —-2and x = 2.

By analyzing the original function, you can determine that the y-intercept is —32.
Because the degree is even and the leading coeflicient is negative, fix) — —= as

x = =c0 apd fiix) == =00 gz x == 400, Use these characteristics to sketch a graph of
the function.

Polynomial Functions



STUDY TIP

Motice that you can

use the Rational Root
Theorem to list possible
zeras of polynomial
functions.

Monitoring Progress 45?' Help in Engish and Spanish at BigideasMath.com
Solve the e quation.

1. 4xt — 40 +36=0 2. 2 + 24x = 140
Find the #eras of the funcion. Then sketeh a graph of the funetion.

3 fix)=3" — 6?4+ 3 4 fix)=r+32—6r

The Rational Root Theorem

The solutions of the equation 641 + 1523 — 62x — 105 = Dare —%, —%, and E
MNotice that the numerators (5, 3, and 7) of e 2eros are factors of the constant term,
=105, Also notice that the denominators (2, 4, and £) are factors of the leading
cocffickent, 64, These observations are generalized by the Rationai Root Thearem.,

G Core Concept

ANOTHER WAY

You can use direct
substitution to test
possible solutions, but

sy nthetic division helps
you identify other factors
of the polynomial.

>

>

The Rational Root Theorem
Iffix) =@ x" + -« - + ax + a, has integer coefficients, then every rational
solution of fix) = 0 has the following Torm:

P _  factor of constant termag
g Tactor of leading coeffichent a

5

The Rational Reot Theorem can be a starting point for finding solutions of polynomial
equations. However, the theorem lists only possibie solutions. In order to find the
aclual solutions, you must tesl values from the list of possible solutions.

(S FACRIEN  Using the Rational Root Theorem
Find all real solutions of ¥ — 82 + 1lx+ 20 =0.

SOLUTION

The polynomial fix) = ¥* = 87 + 1lr + 20 iz not easily factorable. Begin by using
the Rational Root Theorem.

Step 1 List the possible rational solwtions. The leading coefficient of fi{x)is 1 and
the constant tefm is 20. So, the possible rational solutions of fix) = O are

1 2 4 5 10 X
F=ELEL I EP I T ST
Step 2 Test possible solutions using synthetic divizion until a sohation is found,
Testx = 1: Testx = —1:
1 1 —-& 11 X0 ==i] 1 —-§ 11 X0
1 =7 4 =1 9 =20
1. =7 4 :+I 1 =9 120 f+ﬁ
)= 0 sox— 165 H=1)=10,5085+1
not a factor of fix} is & lactor of fix),
Step 3 Factor completely using the result of the symthetic division.,
X+ Dt =0y + 0 =0 Wiite as a product of Botors
x+1xr—4x—5=0 Factor the inmeinial
P So the solutionsare s = —1,x =4, andx = 5.
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In Example 3, the keading coefficient of the polynomial iz 1. When the leading
coefficient i not 1, the list of possible rational solations of Zeros can increase
drarmatically. In such cases, the search can be shoriened by using a graph.

FHALINN Finding Zeros of a Polynomial Function

Find all real zeros of fix) = 10x* = 1137 = 43?4 Tx + 12,

SOLUTION
3 4 &6 12

Step 1 List the possible rational zeros of [ :%, :%, IE’ IT, IT’ - ety
LA, 1.3 .3 4 6 12 1.3

B A et o L T A i T

140
Step 2 Choose reasonable values from the list above F
to test using the graph of the function. For f, 4
the values b -k g
r:—ér=—l—_[=éa"dt=l_1 U:\j
: 2z i . g
are regsonable based on the graph shown :
at the right. ]
Step 3 Test the values using synthetic division until a zero is found.
L. 10 =11 —42 s - s I =11 =42 712
2 9 & 2
=15 39 5 8 -5 8§ 17 -12
2
10 =26 =3 = -% 10 -16 -4 U 0
2 A
:I--Ibd.i'li'll'.l-.

1
Step 4 Factor out a binomial using the result of the symthetic division,

fixy= (J.' + %}{lﬂsﬁ — 16 — 3dx + 24)  Wite as a product of Factors,

= {_l: + %] (25 — B2 — 1T+ 12)  Factor 2 ot of the second Bactor.
= (Ir + 105 = 8% = 17z + 12) Khudriply the first tactor by 2.
Step 5 Repeat the steps above for gix) = 537 — 827 — 17x +12. Any zero of ¢ will
also be a zero of [ The possible rational feros of g are:
1.2 .3 4 6 12

r=x],+2 3 24 *6 *12, o, T T v o o

- RS- - - HY- A
The graph of g shows that % may be a zero, Synihetic division shows that % is

a zero and gix) =(: - %}{&ﬁ ~ Sx — 20} = (5 — et —x — 4),
It follows that:
FiEy = (2x + 1) = 203} = (2x + 1){5x = P —x —4)
Step 6 Find the remaining zeros of fby solving x* —x — 4 = 0,
_ === Y(=1P —4(l)—4)  Substitute 1 fora, —1 for & and —4 or ¢

X

21} irt the Quacdatic Formuda.
X = ,!.-:F‘i-.-l.l Simplify;
h- The real zeros of fane -%,%,] +21"Iﬁ o Ejﬁ,ﬂ“d@ = =] .56,
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5. Find all real solutions of ©¥ — 50 — 2v + 24 =0,
6. Find all real zeros of fix) = 3! — 209 — 3T + 24x 4+ 12,

The Irrational Conjugates Theorem

In Example 4, notice that the imrational zeros are conjugates of the form a + Vb and
a — V. Thiz Mustrates the theorem below.,

) Core Concept

The Irrational Conjugates Theorem

Let fbe a polynomial function with rational coefficients, and let a and b be
rational numbers such that ¥ is ircational. If & + Vb is a zero of f, then
a— ".-"Eisa.'lsuammuf_,{

(FEACLINRN Using Zeros to Write a Polynomial Function

Write a polynomdal function fof least degree that has rational coefficients, a leading
coefficient of 1 and the zeros 3 and 2 + V5.

SOLUTION

Because the coefficients are rational and 2 + V5 isa zero, 2 = V'3 st also be a zero
by the Irrational Conjugstes Theorem. Use the three zeros and the Factor Theoremito
wiite fix) as a product of three factors.

fixy=ix - 3,3![1;' —{2+5 }][.t‘ o R ‘-"%-H §¥imte fx) in factored form,

= (X — .'-5}[[.1.' -2} = "."E][u' -+ ".IE] Beqoug: terms,
= {x = Nfix = 2* - 5] Khultiply,
= {x — 3}[{;[3' —dx + 4) - ﬂ Exprand binsosmial.
={xr—3x—dx - 1) SimpliFy,
=P = ==3r 4 [+ 3 Kludeiphy.
= -7+ 1lx+3 Combune like tems,

Check

You can check this result by evaluating fat each of its three zeros.
=732+ 113)+3=27T-63+33+3=0 1/
2+ V8 =0+ 8y -1z2+v5 + 1z +V5) +3

=B+ 1V -63-28V5+ 2+ 11V5+3

—ov/

Because [ (2+¥5) =0, by the Irational Conjusates Theorem f{2 — V5) =0, l/

Mﬂ“ H‘ﬂt‘iﬂg Prﬂﬂrﬁfﬂ ‘ﬁl Help In English and Spanish at Bigideasath.com

7. Write a polynomial function [ of keast degree that has rational coeflicients, a
leading cocfficient of 1, amd the 2eros 4 and 1 — V5.
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— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE If a polynomial function has integer coefficients, then every rational

solution of f{x} = O has the form ﬂ where p is a factor of the and g is a factor of
thee .

2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both™ answers,

Find the y-intercept of the graph Find the x-intercepts of the graph
ofy=x" -2 — x4 2, of y=x"—2l—x+2

Find all the real solutions of Find the real zeros of
P_-_x42=0 frymr —xt—x+ 2

Monitoring Progress and Modeling with Mathematics

In Exerclses 3=12, solve the equation. (See Frample 1) 21. USING EQUATIONS According to the Rational Root
g m 3 _ Theorem, which is no!d a possible solution of the
3. r=--1lk=0 4 &-dnt+da=0 equation 2x* — S + 10k - 9 =07
® -9 ®- ©F @3

5. 2 —d = Iy 6. v — ' — LGy = — 32

7. 5w = 50w 8. 9n® = 27w’
22. USING EQUATIONS According bo the Rational Koot

O L Y Theorem, -.:.-hid1 i nedf a pn_%ih]n 2600 of the function
fix) = 4p? = 420" = W07 + 107x* + 33x = 367

10. A+ 40 = 14p! 2

® -5 ®5 ©F @
M. 12nt+48n==-—-&
ERROR ANALYSIS In Exercises 23 and 24, describe and
12, :up" - 27 =0yl -2y correct the error in listing the possible rational zeros of
the Mumction.
In Exercises 13-20, find the zeros of the function. Then

23,
sketch a graph of the function. (See Evample 2) X
13. hix) =x* +1° - 6

#(¥) =7 4 Ba’ — Oy — 45

Fossible ratlonal zeros of f:

1,3,5,9,15,45
14, fix) = x* — 1827 + Bl 35,2

15. =% — 1125 + Wt 24.
Gl X #) =32 + 1332 — 41x + B
16. gix) = —Ix* + ' + 400 Foselble rational zeros of f:
1 1 1 -] 3 e
17, pix) = —dxt + Bx® 4 6002 £, 23, &4, 25, 25, 25, 25, 25
18. Mx) = —x¥ — 2¢ + 150 In Exercises 25-32, find all the real solutions of the

equation. (See Evamgpie 3.
19 b)=-x-x+9%+9

25 P4+ =1Tzr+15=0
. pix) =x° =57 —dx+ 20

26. ¥ -l -S+6=0
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27,

28.

29,

20,

n.

32.

=1 4+ 1% +30=0
P4 - 11x-30=0
P =Tx+60=0

=16+ 5% 4T72=0
2 — 3 — S0 —24=0

W+ -3+ M=0

In Exercises 33=38, find all the real zeros of the
Tunction. (See Example 4.)

33.

34.

35.

36,

ar.

38,

fix) = x — 2" — Wx + 60
$(x) =2% — 28r — 48

Mx) =% + 10x? + 3lx + 30
fix) = 2% — 1457 4 55x — 42
px) =28 —xt = 27x + 36

(%) = 3¢% — 253 + 58x — 40

USING TOOLS In Exercises 3% and 40, use the graph to
shorten the list of possible rational zeros of the function.
Theen find all real seros of the Mmetion.

349,

fix) =4 = 20r + 16 40, fix) =4x% — 4% - 60

In Exercises 41-46, wrile a palynomial function f of
least degree that has a keading coeflicient of 1 and the
given zeros. (See Fxample 5.)

4a1.

43.

45,

47.

48.

-2.3,6 42, =4 =25
-2.14+%¥7 a4, 4.6 -7
-6,0.3 -5 46. 0,5 —5+ Vs

COMPARING METHODS Solve the equation
x = dx? = Oy 4 36 = Dusing two different methods.
Which method do vou prefer” Explain your reasoning.

REASONING Is il possible for a cubic function to have
miore than three real zeros? Explain.

49,

50,

52.

33,

Section 4.5

PROEBLEM SOLVING Al a factory, molten glass is
poured into molds to make paperweights. Each mold
is a rectangular prism with a height 3 centimeters
greater than the kength of each side of its square base.
Each mold holds 112 cubic centimeters of glass. What
arc the dimensions of the mold?

MATHEMATICAL CONNECTIOMNS The volume of the
cube showi 18 § cubde centimeters.

& Write a polynomial
equation that you can
use to find the value of x.

'r--

b Identify the possible #
rational solutions of the
cquation in part (a).

e, Use synthetic division (o find a rational solution of
the equation. Show that no other real solutions exist,

Xx—3

d. What are ihe direenzions of the cube?

. PROBLEM S0LVING Archasologists discovered a

tmge hydraulic concrete block at the mins of Caesarea
with a volome of
045 cubic melers.
The bleck is
rmeters high by
12y = 15 meters
long by 12¢ — 21
meters wide, What
are the dimensions
of the block?

MAKING AN ARGUMENT Your frie nd claims that
when a polynomial function has a keading coelficient
of 1 and the cocfficients are all infegers, every
possible rational zero is an integer, Is your fricnd
commect? Explain your reasoning,

MODELING WITH MATHEMATICS During a 10-year
period, the armount (in millions of dollars) of athletic
equipment £ sold domestically can be modeled by
E(f) = =200° + 2524 = 2808 + 21,614, where [ is
in vears,

. Write a polynomial equation to find the yvear
when abot $24,004,000,000 of athletic
equiprment is sold.

b List the possible whole -mumber solutions of the
equation in part (a). Consider the domain when
miaking vour list of possible solutions.

. Usze synthetic division to find when
$24.014,000,000 of athletic equipime ot is sold.
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54. THOUGHT PROVOKING Write a third or fourth degree
polynomial function that has zeros at i-fn Instify

YOUT ANSWer.

55. MODELING WITH MATHEMATICS You are designing a
marble basin that will hold a fountain for a city park,
The: sides and bttom of the baszin should be 1 fool
thick. Itz outer length shoukd be twice its owter width
and outer height. What should the outer dimensions of
e basin be i it i5 1o hokld 36 cubic feet of waler?

11t

2x

36. HOW DO YOU SEE IT? Use the information in the

a. What are the real zeros of the function f7

b Write an equation of the quartic function in
factored form.

57. REASONING Determine the value of k for each
equation so that the given x-value iz a solution.

P -6l -Tx+k=0:x=4
h 24+t -k =18=0x= =6
e b -3l M+ =0 =5

58. WRITING EQUATIONS Write a polynomial function g
of least degree that has rational coefficients, a leadin
coefficient of 1, and the zeros —2 + V7 and 3 + V2.

In Exercises 59-62, solve fix) = gix) by graphing and
algebraic methods,

89, fin=x+d-x-1;gx)=-x+1
60. fix)=x'— 5+ 2 + B g() = —x?+ 6x — 8
61 fix)=x® — 4t + dx; gx) = 2 + 4

62. iy =x'+2¢ = 112 = 120 + 3
plx) = =xt = Gy -9

63. MODELING WITH MATHEMATICS Yon are building
a pair of ramps for a loading platform. The kefl ramp
15 bwice as long as the right ramp, If 150 cnbic feet
of concrete are used to build the ramps, what are the
dimensions of each ramp?

64. MODELING WITH MATHEMATICS Some ice sculptures
are made by filling a mold and then freezing it. You
are making an joe mold for a school dance. It is to be
shaped like a pyramid with a

height 1 fool greater than the -[

length of cach side of = x+ 1

sqquare base. The volime of the _L

ice sculpture is 4 cubic feet. ¢
What are the dimensions X

of the mokd?

65. ABSTRACT REASONING Leta, be the leading
coefficient of a polynomial function fand a; be the
constant term. If a, has r factors and a, has s factors,
what is the greatest munber of possible rational
zeros of Fthat can be geperaied by the Rational Zero
Theorem? Explain your reasoning.

— Maintaining Mathematical Proficiency oozt woutamed o proncs grados ans ossons

66. Mx)= -3 +2x - 9+ Var
68. fix) = 1xt + 2% — dvt 13

Fimd the 2eros of (e function.  (Seciion 7.2)
70, fix) = Ta? + 42 7. gix) = 127 + 51

Decide whether the function iz a polynomial function. If so, write il in standard form and
state ifs degree, type, and leading coefficient. (Secfion 0]

67, pixy=2 =Tt =31+

69. pix)=2r =S¥ ol dx 41

72, hix) = 5x% + 40

73 fix) = 8 — 1
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The Fundamental Theorem of Algebra

USING TOOLS
STRATEGICALLY

To be proficient in math,
yau need to use
technology to enable you
tovisualize results and
explore consequences.

>

Essential Question 1owcan you determine whether a polynomial

equation has imaginary solutions?

SN LENI[sIV RN Cubic Equations and Imaginary Solutions

Work with a partner. Match each cubic polynomial equation with the graph of its
related polynomial function. Then find ad solutions. Make a conjectune about how you
can use a graph or table of values to determine the number and types of solutions of a
cubic polynomial equation.

2. ¥ =34 x+5=0 b =l=x4+2=0
e X —xl—dy 4+ 4 =0 d. P+ 5+ 8r+6=0
e X —-I+x-3=0 L ¥ —3x+2v=0
A, £ B. f

= -
C. 4 D. .
B J e [
] -5 } . g
Il
-4 =g
E 4 F 6

SN LN Is PN Quartic Equations and Imaginary Solutions

Work with a partner. Use the graph of the related quartic function, of a table of
values, to determine whether each quartic equation has imaginary solutions. Explain
vour reasoning. Then find off solions.

ot -2 -l =0 bhx*-1=0
Gxl+xrd=x=1=0 doxd =3+ 2+3r=2=0
Communicate Your Answer

3. How can you determine whether a polynomial equation has imaginary solutions?

4. [5 it posaible for & cubic equation to have three imaginary sohitions? Explain
¥l M as0ning,
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4_6 Lesson What You Will Learn

B Use the Fundamental Theaorem of Algebra,
B Find conjugate pairs of complex zeros of polynomial functions.

Gﬂfﬁ ymmk% B Use Descartes’s Rule of Signs.
comples conjugates, g 199
Previous The Fundamental Theorem of Algebra

repeated solution

The table shows several polynomial equations and their solutions, including
degree of a polynomaal

repeated solutions. Notice that for the last equation, the repeated solution x = —1

saluticn of an equation is counted twice.
zero of a function
. conjugates Equation Dugron: | Selitionts h::nt::{:::f
W-1=0 | : |
#=2=0 2 +2 2 |
¥-3=0 | 3 |2-1xH3| 3
F+3r-x-1=0 3 | =, =l E

In the table, note the relationship between the degree of the polynomial fix)
and the number of solstions of fix) = 0. This relationship is peneralized by the
Fundamental Theorem of Algebra, firsd proven by German mathematician

Carl Friedrich Gauss (1777 = 18535).

G) Core Concept

The Fundamental Theorem of Algebra

STUDY TIP Theorem If fix) iz a polynomial of degree nwhere 1 > 0, then the equation
Jixy = O has at least ope solution in the sct of complex numbers.
The statements "the

: : Corellary If fix) iz apolynomial of degree g where 1 = 0, then the equation
;T}y:ng‘::ls Zj:::;n?: f(x) = 0 has exactly a solutions provided each solution repeated
calitinne aod "tl':z twvice is counted as two solutions, each solation repeated thres times
paly nﬂr:ial function § L is connded as three solations, and so on,

has exactly n zeres”
are eguivalent.

D The corellary to the Fandamental Theorern of Algebra also means that an ath-degrec
polynomial function fhas exactly n zeros,

SEALIDNN Finding the Number of Solutions or Zeros

a, How many solutions docs the equation x° + 30° + 16x + 48 = 0 have?
b. How many zeros does the function fix) = x* + 6 + 1207 4 8x have?

SOLUTION

a Because x* + 3x° + 16v + 48 = 0 is a polynomial equation of degree 3, it has
three solutions. (The solations are =3, 4, and —4i)

b. Because fix) = x' 4+ &% + 1227 + 8x is a polynomdal function of degree 4, it has
four zeros. (The feros are —2, —2, —2, and (1)
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STUDY TIP

Maotice that you can use
irmaginary numbers to
write (x* + 4) as

(x + 2i){x — 21). In general,
{(a’ + b)) = (a + biYa — bi).

>

AN Finding the Zeros of a Polynomial Function
Find all zeros of fix) = x* + x% = 2x@ = 12v - 8.

SOLUTION

Step 1 Find the rational zeros of £ Because fis a polynomial function of degree 5,
it haz five zeros, The possible ratiopal zeros are =1, =2, +4 and =8, Using
sy nthetic division, vou can determine that —1 isa zero repeated twice and 2
is also a zero,

Step2 Write f{x) in factored form. Dividing f{x) by itz known factorsxy + 1. x + 1,
amd ¥ — 2 gives a quotient of 12 + 4. So,

fixy = (x -+ 1pix — 2ux* -+ 4).

Step 3 Find the complex zeros of £ Solving 3% + 4 = 0, you get v = =2, This
means x¥ + 4 = (x + 2 Mx = 2).

fix) = (x + 1)%x — 2x + 2i}x — 24)
B Fromthe factorization, there are five zeros. The 2eros of fare
=1, =1, % —2i, and 2.

The graph of fand the real zeros are shown, Notice that only the real 208 appear
as r-intercepts. Also, the graph of ftouches the x-axis at the repeated zerox = —1
and crosses the y-axizat v = 2.

5 5

iBrn IRES
z=1 i =0 Y=g | L T=0

Monitoring Progre<s ‘E Help in English and Spanish at BigideasMath com

1. How many solutions does the equationx?® + 3¢ = 144 = 0 have?
2. How many zeros does the function fix) = v = 5x° = 8x + 48 have?
Find all #¢ ros of the polynomial fnetion,

3 i) =xF+Te + 16+ 12

A fix) =yt =3 4 507 = 2% = Gy 4

Complex Conjugates

Fairs of complex numbers of the forms a + i and a — &, where & # 0, are called
complex conjugates. In Example 2, notice that the zeres 27 and — 2§ are complex
conjugates. This illustrates the next theorem.

) Core Concept

The Complex Conjugates Theorem

If fis a polynomidal function with real coefficients, and a + & 15 an imaginary
zero of f, thena — b is also a zero of f

Section 4.6  The Fundamental Theorem of Algebra 199
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Using Zeros to Write a Polynomial Function

Write a polynomial function fof least degree that has rational coeffickents, a leading
coefficient of 1, and the zeros 2 and 3 + [

SOLUTION

Because the cocfficicnts are rational and 3 + i is azero, 3 — [ nmust also be a zero by
the Complex Conjugates Theorem. Use the thres zeros and the Factor Theorem to
write fix) az a product of three factors.

=@ -x-3+Dkxk-3-i) Winee A im Factored form,
=x—-Nx—-3N—-iflix—3+i] Fedroup tenms,
= {xr — M(x — 3)* - Y Mudnply.
=[x = N - 6+ 9 - (=1]] Expand binomial and use (7 = 1,
= (¥ = Bx* = 6x + 109 Samplify.
=r—at+ 10— 2%+ 12x — 20 Buitiply.
=r—fcf+2x—-20 Combane ke tenns.

Check

Your can check this result by evaluating fat each of jts three zeros.
A= -82r+2H-0=8-32+44-20=0 \/
FR+D=0+P -3+ +23+H-20

=18 + 26f — 64 — 48] + 66 4+ 22] — 210

—ov

Becanse fi3 + i} = 0, by the Conplex Conjugates Theorem fi{5 — [) = 0, i‘!

3 % )
Monitoring Progress 4'?} Help in English and Spanish at BighdeasMath.com

Wrile a polymoamial I"unc.'!lmjnr least degree thal has rational coelficients, a
leading coefficient of 1, and the given zeros.

5, =1,4i 6. 3, 1+0Vs 7. V2.1 -3 g 224 - V6

Descartes’s Rule of Signs

French mathematician Rend Descartes {1596 —1650) found the following relationship
between the cocfficients of a poly nomial function and the number of positive and
negative zeros of the function.

G) Core Concept

Descartes’s Rule of Signs
Let fixy = a x" + a,_x" ! + - - - + a;1? + a;x + a, be apolynomial function
with real coefficients.

+ The mumber of posifive real Zems of fis equal to the number of changes in
sign of the coefficients of f(x) or is less than this by an cven mumber,

* The mumber of wegative real 2ers of fis equal to the number of changes in

sign of the coefficients of f{ —x) or is less than thiz by an even mirmber.
L
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AN  Using Descartes’s Rule of Signs

Determing the possible numibers of positive real zeros, negative real 2eros, and
imaginary zeros for fix) =x% — 2% 4+ 3! — 102% — 67 — Bx - B,

SOLUTION
" g 5 . N. . g
fix) = ¥ .1;+ h_*‘{ 10" ~ &0 — 8r — 8.

The coefficients in fix) have 3 sien changes, 50 fhas 3 of 1 positive real zerodz).
fi=xy= (=2 = =3P + -2 = 1=z —&-x)* = §(-x) - &
=15 + = =
R A
The coefficients in i —x) have 3 zign changes, 30 fhas 3 of | negative zero(s).

P The possible mumbers of zeros for f are summarized in the table below.

Positive real zeros | Negative real zeros | Imaginary zeros | Total zeros
3 3 0 &
3 | 2 &
1 3 2 47
1 1 4 &

SEALIGEEN Real-Life Application

A tachometer measures the speed (in revolutions per minute, or RPMs) at which an
engine shaft rotates. For a certain boat, the speed x (in hundreds of RPMs) of the
engine shaft and the speed & (in miles por hour) of the boat are modeled by

s(x) = 000547 — 02252 + 3.62¢ — 11.0.
What is the tachometer reading when the boat travels 15 miles per hour?

SOLUTION
Substitote 13 for six) in the function, Yoo can rewrite the resulting equation as

0 = 000547x% = 0.225x% + 3.62v - 26.0.

The related function to this equation is 4
fix) = 000547x" — 0.2252° + 3.62r — 26.0. By
Descartes’s Rule of Signs, vou know f has 3 or

1 positive real zero(s). In the context of speed, negative —'[" - an
redl zeros and imaginary zeros do not make sense,

g0 you do not need to check for them. To approximate
the positive real zeros of f use a graphing calculator.
From the graph, there is 1 real 2éro, © = 199,

LErD
Re 10 EAREAT  vell
=&

P The tachometer reading is about 19940 RPMs.

Mon Hﬂriﬂﬁ Prﬂgrﬁfﬂ ‘ﬁj Help In English and Spanish at BigideasMath.com

Determine the possibde numbers of positive real 2eros, negative real zeros, and
imaginary seras for the function.

9, fixy=x}+9r-25 10, fix) =3 =7+ 22 = 13+ 8§

11. WHAT IF? In Example 5, what is the tachometer reading when the boat travels
20 mikes per hour?
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4 . E‘ EKEFCISES Dynamic Solutions available at BigideasMath.com

Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The expressions 5 + i and 5 — i are

2. WRITING How many solutions does the polvnomial equation {(x + 8y = 1) = 0 have 7 Explain.

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, identify the number of solutions or 19. Degree: 2 20, Degreec: 3
zeros. (See FExample 1.}

3. P4+ -l x=0 4 S -3aly=0

5. M-l +U-1=0 6. O=-T+-25

7. gis) = 4s® = 5 4 267 =2

B. Bix) =5xd + Txf — xf2

In Exerclses 21-28, write a polynomial function f of
least degree that has rational coefficlents, a leading
coefficient of 1, and the given zeros. (See Fxample 3)

In Exercises 9-16, find all zeros of the polynomnial
Tunctlon, {See Example 2.)

9 = - +Tt+6x—8

21. -5.-1.2 22, -2,1.3
10, fix)=x*+ 5 — Ta¥ — 29¢ + 30
23, 34+ 24, 2.5-i
1 gixd=x' -0 —4xr+ 12
25. 4, -V% 26. 3;2-1
12, hix) =P +502 —dx - 20
27. 21412-V3 28, 3442.1+V7F

13. gix)=x'+4xF + Tx¥ + 162 + 12
ERROR ANALYSS In Exercises 29 and 30, describe and
W hx=x'-+ Tl - - 18 correct the error in writing a polynomial lunction with
ratiomal coefMicients and the ziven zerois).

15 pys+3d - -3 -1k - 16
29, Zeros: 2,1 4+

16. fix) = x% — 200 4 20x? — 21x + 20

i) =(x=2)[x—(1+1)]
AMALY ZING RELATIONSHIPS In Exercises 17-20, = dx—1—1)—2(x=1~1)
determine the number of imaginary zeros for the e
function with the given degree and graph. Explain T x—t—2x+ 2 + 21
your reasoning, =x:=[3+)x+(2+25)
17. Degree: 4 18. Degree: 5
S i . Zeronl+ i
w1
o K sl el @)

=(x=2=x+2+1)
Lg 111 | 4x S +2x+=2x—4=2{=lx=2{="
L =y —4i-3

202 Chapter 4 Polynomial Functions



3.

32.

OPEN-ENDED Write a polvnomial function of degree
Gwith 2eros 1, 2 and =i. Jostify your answer,

REASONING Two zeros of f{x) = x° — & — 14y + 96
are 4 and —4. Explain why the third zero must also be
a real mumber,

In Exercises 33 =40, defermine the possible numbers of
positive real 2eros, negative real geros, and imaginary
e ros for the function. (See Example 4.)

33

24,

35.

36.

37

38.

39.

4.

a.

42,

gx)=x' —xt—8

gix) = =2 + S + 12

gix)=x* ~ 4t + 8x 4+ 7

gx)=x -2 x4+ 4

gR)=x*-3 + 8- 10
=0+l -4 - W + P~ 15

g =204+ -t 4+ ¥+ 524+ 0r - 18
FRY=x" + 4! = 10x + 25

REASONING Which is nor a possible classification of

zeros for fix) = x% — 4¢% + ax? 4+ 2r — 67 Explain.

TA}  three positive real 2eros, two negative real
#eros, and 2ero imaginary 2eros

(B} three positive real zeros, 2ero negative real
2er0s, and two imaginary feros

{0} one positive real zero, four negative real zeros,
and zero imaginary zeros

(D0 one positive real zero, two negative real zeros,
and two imaginary 2eros

USING STRUCTURE Use Descartes’s Rule of Signs
todeterming which function has at least 1 positive
real xero.

B ="+ - -2x-§
B fo=x'+ 48 + 8 + 16x + 16
) fix)= =x! ~ 5xt -4

M f=r+a’+ 7+ 120412

MODELING WITH MATHEMATICS From 1890 to 2000,
the American Indian, Eskimo, and Aleut popalation
Fin thousandsy can be modeled by the function

P = 0004 = 0,248 + 4,91 + 243, where [ isthe
mimber of vears since 1890, In which vear did the
population first reach 7220007 (See Example 5.)

Section 4.6

44. MODELING WITH MATHEMATICS Crver a period of

14 wears, the momber & of inland lakes infested with
Zebra mussels in a certain state can be modeled by

N= 002848 + 05937F — 24648 + 8331 - 25

where {15 time (in years). In which year did the
mumber of infested inland lakes first peach 1207

45, MODELING WITH MATHEMATICS For the 12 vears

that a grocery store has been open, its annual
revemns & (in millions of dollars) can be mode led
by the function

£ = 00000(—§* + 1203 — 7742 + 600f + 13,650)

where {15 the nurmber of years since the store opencd.
In which year(s) was the revenue 31.5 million?

MAKING AN ARGUMENT Your fricnd claims that

2 = [isacomplex zoro of the polynomial function
fixy = 2% — e + v + 50 bt that #s conjugate is
rot a pero. You claim that both 2 — § and its conjugate
st be geros by the Complex Conjugates Theorem.

Whao is cormect? Justify your answer,

47, MATHEMATICAL CONNECTIONS A solid momiment

with the dimenszions shown is to be bail nsing
1000 cbic Teat of muarble. What is the valoe of x7

X

— X

Ift

I ax aft SN
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48. THOUGHT PROVOKING Write and graph a polynomial

A9,

50.

51.

fanction of degree 5 that has all positive of negative
real zeroe. Label each x-imtercept. Then write the
function in standard form

WRITING The graph of the constant polynommial
function fix) = 2 is a line that does not have any
X-intercepis, Does the function contradict the
Fondamental Theorem of Algebea® Explain.

HOW DO YOU SEE IT? The graph represents a
polynomial function of degree 6.

&Y
[y = 0]
A

‘+ Y lrx

8. How many positive real zeros does the function
have? nepative real 2eros? imaginary zeros?

b Use Descartes’s Rule of Signs and your answers
in part {a) to describe the possible sign changes in
the cocfficients of flx)

FINDING A PATTERN Use a graphing cakculator to
graph the function f(x) = (x + 3 forn = 2.3, 4, 5,
6, and 7.

a. Compare the graphs when n is even and n is odd.

b Dezcribe the behavior of the graph near the zero
X = =3 as nincreases.

¢. Use your results from parts (a) and (b) to describe
the behavior of the graph of gix) = (x — 4)*" near
x =4

32,

33,

=FTrEY

DRAWING CONCLUSIONS Find the zeros of each
function,
fix)=x1-3r+6
gy=x-Tx+6
b=+ + 2 +8r—-12
F(x) = x% = 3xd = 0% 4 288 — G

o, Describe the relationship between the sum of the
zeros of a polynomial function and the coefficie nts
of the polynomial function.

b Describe the relationship between the product
aof the zeros of a pobynomial function and the
cocfficients of the polvnomial function,

PROBLEM SOLVING You want (o zave Moy =0 Vol
can by a used car in four vears, Al the end of each
summer, you deposit 31000 earned from summer jobs
into your bank account. The table shows the value of
your deposits over the four-year period. In the table,
I is the grosvth factor 1 -+ r, where r is the anomal
interest rate expressed a8 a decimal.

Deposit Year 1 | Year 2 | Year 3 | Year 4
1st Deposit | 1000 | 1000g | 1000g* | 1000g°
2nd Depogit - 1000
3rd Deposit - - 1000
4th Depaosit - - - 1004

a. Copy and complete the table.

b, Write a polynornial function that gives the value v
of your account at the ¢nd of the fourth summer in
terms of g.

¢ You want to buy a car that costs sbout 54300,
What growth factor do vou need to oblain this
amount? What annual interest rate do you need?

at you ledmad o preous fradés and lesson

Describe the transformation of fix) = x* represented by g. Then gzraph each function.
85. pir)=(x -4+ 6

57. glx)=>5{x+4)

Write a function g whose graph represents the indicated transformation of the graph of £

54. gix) = -t
56. pix)=—(x— 1)

(Sections 1.2 and 2.7)

5B, fix) = x; vertical shrink by a factor -l.‘.lf% and a reflection in the y-axis
59. fix) = |x + 1| — 3; horizontal streich by a factor of 9

60. fix) = x* reflection in the x-axis, followed by a ranslation 2 units right and 7 units up

{Section 2,12
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Transformations of Polynomial

Functions

Essential Question towcan you transform the graph of a
polynomial function?

SRS LENIIS RN Transforming the Graph of a Cubic Function
Work with a partner. The graph of the cubic function 4

fixp=x
is shown. The graph of eéach cubic function g I /. e

represents a transformation of the graph of £
Write a rule for g. Use a graphing caleulator
Lo verify vour answers, o

a. 4 Iy, 4

]
%
]
1
[~y
5]
- 'rd--‘
.-—'-"'-PJ
(-1

[
|
14

1
=31
-
Y~

="
L~}

&y
:--::4_—'1 .
L]

|
[
N [

&
i

Transforming the Graph of a Quartic Function

Work with a pariner. The graph of the quartic function 4

Jixy=x \ }f
is shown, The graph of cach quartic function g - p . e 11
represents a transformation of the graph of f [
Write arule for 2. Use a graphing calculator

Lo verify vour answers. -
a. 4 I 4
|
LOOKING FOR \ !f? w
STRUCTURE e ; it .
To be proficient in i
math, you need to see I i
com plicated things, A -
such as some algebraic
expressions, as being -
single objects or as ﬂﬂ mmun lﬁﬂ'l'ﬁ ?ﬂur A"ﬂ”&[’
being composed of 3. How can you transform the graph of a polynomial function?
several objects,

4. Describe the transformation of fi{x) = »* represented by gix) = ix + 1)* + 3.
Then graph g.
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What You Will Learn

4.7 Lesson

Core Vocabulary .

Previous
pohrnamial function
transfarmations

&) Core Concept

B Describe transformations of palynemial functions.
B Write transformations of polynomial functions.

Describing Transformations of Polynomial Functions

You can transform graphs of polynomial fanctions in the same way you transformed
graphs of linear functions, absolute value functions, and quadratic fupctions, Examples
of transformations of the graph of f{x) = x* are shown below.

glx) = (=xp =x*

Transformation fx) Notation Examples

Horizontal Translation P gix) = (x - 5 5 units right
Graph shifiz left or right. ) ={x+ 2y 2 units left
Vertical Translation pxy=xt+1 1 unit up
Graph shifls up or down ek e px=x-4 4 units down

over y-axis

EXAMPLE 1

Translating a Polynomial Function

Reflection fl=x)

Graph fips over x- or y-axis. =1ix) x) = —af OVEr T-a0iE

Horizontal Stretch or Shrink plx) = (20 shrink by a
factor of %

flax) .

Graph stretches away from 2ix) = III %,1.] stretch by a

of shrinks toward y-axis. factor of 2

Verdical Sireich or Shrink pix) = &t stretch by a
factor of 8

Graph stretches aoway from @< J ) Fix) = .:‘f shrink by a

of shrinks toward v-axis. faclor of 4£

Degcribe the transformation of f(x) = 1 represented by gix) = (x + 5§ + 2.

Then graph each funclion.
SOLUTION

Motbee that the function iz of the form
gix) = (x — i) + k. Rewrile the function

to identify & and &
j=({x=({-5)yP+2
glx) = | ‘}] i

I
fi k

P Because h= —Sand k= 2, the graph of g
ig a translation 3 units left and 2 uniis up

of the graph of f

Mﬂ“ Hﬂriﬁg Prﬂgrﬂﬂf ‘ﬁ:' Help in English and Spanish at BigideasMath.com

1. Describe the transformation of fix) = x* represented by gix) = (x — 3¢ — L.

Then graph ¢ach function.
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REMEMEER

Vertical stretches and
shrinks do not change the
x-intercept{s) of & graph.
You can observe this using
the graph in Example 3{b).

AN  Transforming Polynomial Functions

Drezcribe the transformation of frepresented by g, Then graph each fanction,

8. f(x) = x4, glx) = —xt b, f(x) = 5, g(x) = () - 3
SOLUTION
@ MNiotice that the function i of b, Maotice that the function is of

the ffIC:IITJ gix) = —ax*, where the form gx) = {ax)* + k, where

a=q. a=2andk = -3,

P So, the graph of g isa P So the graphof gisa
reflection in the x-axis amd a horizontal shrink by a factor of
vertical shrink by a factor of % and a translation 3 units down
L of the graph of f. of the graph of f,

ALY A
L 7 }
41—Lyd r|
Jr

Monitoring Progrecs "3 Help in English and Spanish at BlgidessMath.com

2. Describe the transformation of fix) = x° represented by gix) = 4(x + 2. Then
graph each function.

Writing Transformations of Polynomial Functions

SEANRIEN  Writing Transformed Polynomial Functions

Let fix) = x* + x* + 1. Write a rule for g and then graph each function. Describe the
graph of g as a transformation of the graph of [,

a gix) = fi—x) b gixh = 3fix)
SOLUTION
a. ix) = fi—x) b pix) = 3f(x)

= (=xP + (—x)F + 1 = 3%+ x? -+ 1)

=3 + 3a 4 3

. r
P The graph of g is a reflection P The graph of g is a vertical streich
in the y-axis of the graph of f. by a factor of 3 of the graph of f.
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FHALINEN  Writing a Transformed Polynomial Function

Let the graph of g be a vertical stretch by a factor of 2, followed by a translation 3
anits up of the graph of f(x) = x! — 232, Write a rule for g.

SOLUTION
Step 1 First write a function & that represents the vertical stretch of £
fo(x) = 2« fix) Multply the output by 2.
=t — 25 Subrtitute x* — 2 Tor fix).
= 2t — 4yl Distnbiitive Propery

Step 2 Then write a function g that represents the translation of &,

gixy = fix) + 3 Add 3 to the sutput,
=2 —4xi 43 Substitute 2x* — dx for Ax).

P The transformed function is gix) = 24 — 4x2 + 3,

SRR Modeling with Mathematics

The fumction 1) = L—.rﬂ — x° represents the volume (in cubic feet) of the square

pyramid shown. The function Wix) = Vi3x) represents the volume (in cobic feet) when
x is measared in vards. Write a rule for W. Find and interpeet Wi{10)

SOLUTION

1, Undersiand the Problem You are given a function V whose inputs are in feet
and whose outputs are in cubic feet. You are given another function W whose inputs
are in vards and whose outpats are in cubic feel. The horizontal shrink shown by
Wix) = Vi3x) makes sense becanse there are 3 feet in 1 vard. You are asked to write
a mle for Wand interpret the catput for a given input,

Make a Plan ‘Write the transformed funciion Wixy and then find W10,
Solve the Problem Wixh = W3x)

= %{il‘}-" — (3x)p Replace x wath 3x in W
= Oy — O S il

L

Mext, find W10},
W10} = 9{10)F — H10)? = 9000 — 900 = 8100

P Whenx is 10 vards, the volume of the pyramid iz 8100 cubic feet.

4, Look Back Because W10 = W30, you can check that your solution is correct
by verifving that V{30) = 5100,

W30) = L(30) — (307 = 9000 - 900 = 3100 v

P F ol
Monitoring Progress 4@ Help in English and Spanish at BigideasMath.com

3. Let fix) = x* — 4Ax + 6 and gix} = —fix). Write a mule for g and then graph each
fanction, Describe the graph of g as a transformsation of the graph of £

4, Letthe graph of ¢ be a horizontal stretch by a factor of 2, followed by a
translation 3 nnits to the right of the graph of f{x) = &' + 3. Write a rule for g.

5. WHAT IF? In Exarmple 5, the height of the pyramid is 6r, and the volume {in cubic
fect) is represented by Vix) = 2v', Write a mle for W. Find and interpret Wi(7).

Polynomial Functions



4 .7 EKEI'CISES Dynamic Solutions available at Biglde asMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The graphof fix) = (x + 2’ isa ___ _ translation aof the
graph of fix) = 1°,

2. VOCABULARY Dwscribe how the vertex form of quadratic functions is similar to the form
Fix) = aix = & + kfor cubic functions.

Monitoring Progress and Modeling with Mathematics

In Exercises 3=, deseribe the fransformation In Exercises 11=16, describe the fransformation
of f represented by g, Then graph each funetion. af f represented by g, Then graph each funetion,
(See Examiple 1.) (See Examiple 2, )

3. fi=xgx)=x"+13 M. fix)=2' g(0) = — 2!

4. fix) =x% o(x) = (x = 5) 12. fix) = x5 ¢(x) = =3zt

5 = glxd=(x -2 -1 13. fix)=2" gx) =5+ 1

6. fivy=xfgy=(x+ 1), -4 M. flx) =2 () = 2t + 1
ANALY ZING RELATIONSHIPS In Exercises T-10, match 15, fix) =2 glx) = ELI + 4y
the function with the correct transformation of the
graph of f. Explain your reasoning. 16. fix) =2 gix)=({,y -3

In Exercises 17-20, wrile a rule for g and then
graph each Munction. Describe the graph of g as a
transformation of the graph of £ (See Evample 3.)

17 fi =¥+ 1Lgx)=fix+12)

Y 18, fix) =& -2 + 3. 20) = 3Ax)
7. y=fix=2) 8 y=fx++2 19. f(x) = 26 — 223 + 6, g(x) = —3fx)
9 y=fix—2)4+2 0. y=fix)-2 20 foy=r+x - Lz =fl-x)-5
A. ¥ B. ¥ 21. ERROR ANALYSIS Describe and correct the ermor in

graphing the function g{x) = (x + 2 — 6.
: W ) * X
2 ¥

L3 i

Sectiond4.7  Transformations of Polynomial Functions 209



22.

ERROR ANALYSIS Dwescribe and cormect the emmor in
dezcribing the transformation of the graph of fix) = x*
reprezented by the graph of gix) = (3x) — 4.

The graph of g8 a horizontal shrink by
afactor of 3, followed by a translation
4 units down of the graph of f.

In Exerclzes 23-26, write a rule For g that represents
the indicate d fransformations of the graph of f.

(5ee Examnple 4.)

23.

24,

25,

26,

28.

29.

fixy = 2 — & ranslation 3 units left, followed by a
reflection in the y-axis

fix) = x* + 2v + &; vertical stretch by a factor of 2,
followved by a translation 4 units right

fixy = 2% + 252 — 9 horlzontal shrink by a factor of }
and a translation 2 units up, followed by a reflection
inm the r-axis

fixy = 2% = x3 4+ ¥ + 4; reflection in the y-axis
and a vertical stretch by a factor of 3, followed by a
translation 1 umt down

MODELING WITH MATHEMATICS The volome V¥
iincubic feot) of the pyramid is given

by ¥x) = x* = dv. The function
Wix) = Vi3x) gives the
wolierne (o cubdc Teet)
of the pyramid when x
i5 measured in yards,
Write a rale for 1.
Findd and interpret Wi5). (See Example 5.)

2w — A}t Gx + Bt

MAKING AN ARGUMENT The volume of acube with
side length x is given by Vix) = x'. Your friend claims
that when you divide the volume in half, the volume
decroases by a greator amount than when yvou divide
cach side length in half. Tz your friend correct? Justify
VOUT AnsWer,

OPEN-ENDED Drescribe two transformations of the
graph of fix) = x where the order in which the
transformeations are performed is important, Then
describe two transformations where the order is mof
important. Explain your reasoning,.

30, THOUGHT PROVOKING Write and graph a

3.

32.

33,

transformation of the graph of fix) =x* = 3! + 2r — 4
that results in a graph with a y-intercept of —2.

PROBLEM SOLVING A portion of the path that a
hummingbird fies while feeding can be modeled by
the function

fix)= —3xx —Hix —T7)0<x <7

where t is the horizontal distance (in meters) and fi(x)
is the: height (in meters). The hummingbird feeds each
Lime it is at ground level.

a. Al what distances does the huromuingbard feed?

b A sscond hummingbird feeds 2 meters farther
away than the first hummingbied and Mies twice
as high. Write a fupction (o model the path of the
second humminghird.

HOW DO YOuU SEE IT?

Determine the

redl zeros of each

function, Then describe |

the transformation of the ™45 T=y
graph of fthat resulis ]
in the graph of g.

MATHEMATICAL CONNECTIONS
Write a function V¥ for the volume
{in cubic vards) of the right
circular cone shown. Then
write a function W that gives
the volume (ip cubic vards)
of the cone when x is
measured in feet. Find and interpret W(3).

— Maintaining Mathematical PrOfiGioncy i iuiwuiesnes oo e s v

Find the mininnm value or maximum value of the function, Describe the domain and range of the
function, and where the function is increasing and decreasing.

35. fix) =4 — 1t

34, hith=(x+ 57 =T
31 pix) = —(x + 2jix + B}

38. hix)=z{(x—1)* -3

(Sechion 2.2)
36. fix) = 3x — 10}z + 4)
39, fix) = —2F +4x - 1

210
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Analyzing Graphs of Polynomial

Functions

ATTENDING
TO PRECISION

To be proficient in math,
you need to express
numerical answers with
a degree of precision
appropriate for the

w praoblem context.

>

Essgential Qﬂ&ﬂﬁﬂﬂ How many turning points can the graph of a

polynomial function have?

J ! 1 1 1 1 ‘aF
A furning peinf of the graph of nsming point | |
a polynomial function is a point il °
o the graph at which the
function changes from

*  increasing todecreasing, or

*  decreasing to increasing.

| ]| turning peint
| Y y—pp——

EXPLORATION 1

Approximating Turning Points

Work with a pariner. Maitch each polynomial function with its graph. Explain
vour reasoning. Then use a graphing cakeulator to approxinate the coordinates of
the twrning points of the graph of the function. Round your answers (o the neares!
hundredth.

a fix)y=22+3x -4 b flx)=x4+3x + 2

)

e fi) =28 -2 —x+ 1 d fix)= x4+ 5 -2

e fixy=x! -3+ 2x—1 Efix)=-28% -3+ 52 +3

A. 4 B. Z

SN ]

] U

A

g

e " D. _

4 U/f ; P P

E. _F F _:
LAY

B 4 - |

Communicate Your Answer

2. Hew many turning poinis can the graph of a polynomiéal fupction have?

3. 1sit possible to sketch the graph of a cubic polynomial function that has no
turning points? Justify your answer.
Section 4.8
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4.8 Lesson

Core Vocabulary .

local maxirmum, g 274
local mimienum, o 274
even function, p. 275
odd function, p. 275

Previous

end behavios

IF!ETEHEIHI.:J

dhac rehand

syrmmetnc about the y-axis

212 Chapter 4

What You Will Learn

B Use x-intercepts to graph polynomial functions,
P Use the Location Principle to identify zeros of polynomial functions.

B Find turning points and identify local maximums and local minimums
of graphs of pelynomial functions.

P [dentify even and odd functions.

Graphing Polynomial Functions

In this chapier, You have learned thatl #eros, factors, solutions, and X-infercepls are
closaly related concepts. Here is a summary of these relationships,

Goncept Summary

Zeros, Factors, Solutions, and Intercepts

Let fix) = ax" + a, 3" ' + - - - + ax + a,be a polynomial function.
The following statements are equivalent.

Zero: kisa zero of the polynomial function f

Factor: x = kiza factor of the polvnomdal fix).

Solution: I is a solution {or root) of the polvnomial equation fi(x) = 0.

x-intercept: If K is a real number, then £ is an x-intercept of the graph of the
polvoomial function - The graph of passes through (&, 0},

EXAMPLE 1

Using x-Intercepts to Graph a Polynomial Function

Graph the function
) = 2l + 3)x = 2P,
SOLUTION

Step 1 Plot the x-intercepts. Becanse -3 and 2 are 2eros [ ] |
of £, plot { -3, 0) and (2, 0). A 3. O

Step 2 Plot points between amnd beyond the s-intercepts.

X t -7 =] 0 1 3 {2, 0)_4x]

y | £ [3] 2 I

wed it

Step 3 Determine end behavior, Becanse fix) has three factors of the form x = §and
a constant factor of 'E-_,Hs a cubic function with a positive kading coefficient.
50, f(x) = —w0 as x = —o0 and fix) = +o0ag x — +o0.

Stepd  Draw the graph so that if passes theough the plotted points and has the
appropriate end behavior,

Mﬂhﬂﬂl’ﬁ!ﬂ Prﬂgmsg 4ﬁ: Help in English and Spanish at BigldeasMath.com
Graph the function.

1. fix) = Ll,:: + 1Hx — 4)° 2, fixy =1+ 2)x — iz — 3)

Polynomial Functions
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20

T
q=1.5

|V

The Location Principle

You can use the Location Principle o help vou find real 2eros of
polynomial functions.

G) Core Concept

The Location Principle

If fis a polynondal function, and a and & are two real numbers such that fila) < O
and f{fr) = 0, then has at least one real zero between a and b

To vse this principle to locate real zeros of a palvnommial
function, find a value a at which the polynomial fonction
is negative and another value b at which the function is
positive. You can conclude that the fonction has al leasi
one peal zero between a and b,

S AR | ocating Real Zeros of a Polynomial Function

Find all real weros of

fi) = 6% + S = 17x - 6.

SOLUTION
Step1  LUse a graphing calculator to make a table. X1
0 -%
Step 2  Use the Location Principle. From the table e B
shown, you can see that f{1) <0 and E ;gg
S(2) = 0. 50, by the Location Principle, E m!
Shas a zero between 1 and 2. Because fis a X1

polynomial function of degree 3, it has

three zeros, The only possible rfional 2ero
between | and 2 s 2. }Jsingwnttn:tic divizion,
Yol can confim that -3 iz a Zero,

Step 3 Write fi{x) in factored form. Dividing fix) by its known factor x - % gives a
quotient of 6x? + 14x + 4. So, you can factor fix) as

0 =[x — 2)iax? + 14x + 9)
= Ax - )3t + 7x + 2)
= 2x — )3 + 1ix +2)
P Fromthe factorization, there are three zeros, The reros of fare

3 1
% ~1and -2,

Check this by graphing f

Monitoring Progress 45}) Help In English and Spanish at BigideasMath.com
3. Find all real zeros of fix) = 187 + 210 — 13x - 6.
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READING

Local maximum and local
Finim um are somaetimes
referred to as relatie
maxinwem and refative

= FTHITLIT,

25

>

el

&
Aagimum |
=0 L Tad

H1ntmsm
e P O s T

=1

Turning Points

Another important characteristic of graphs of polynomial functions is that they have
luming poinks corresponding Lo local maxinum and minimm va lpes.

* The ycoordinate of a iurning point is a ALY
local maximum of the function when the funiction is - I
polot is higher than all nearby points. decreasing.- inaeasing
+ The y-coordinate of a turning point is a lacal maximum
local minimum of the function when the - -
point is lower than all nearby points, x
: . . oA [l i inaam
The mrning points of a graph help determine: Tuericlion s
the intervals for which a function is increasing Increasing
of decreasing. Y

G) Core Concept

Turning Points of Polynomial Functions
1. The graph of every polynomial fanction of degree i has af mosin = 1
rning points,

2. If apolynomial fopction has n distinet real zeros, then itz graph has
evactly n — 1 ming points.

SYANLINIEN Finding Turning Points

Graph each function. Identify the x-intercepts and the points whers the local
maximus and local minirmms ooour. Determine the intervals for which each
function = increasing of decreasing,

a fix)=x -3+ 6 b plx) = x4 — 6% 4+ 3?4 10k — 3
SOLUTION
a, Lse a graphing calculator to graph the function, The graph of £ has one x-intercept

and two furning pointzs. Use the graphing calculator’'s zero, sy, and menimam
features to approximate the cobrdinates of the points,

P The xintercept of the graphisx = —1.20, The function has a local maximum
at (0, ) and a local minimum at (2, 2). The function is increasing when
X = Oandx > 2 and decreazing when b < 1 < 2,

b. Usze a graphing calculator to graph the function, The graph of g has four
A-infercepts and three rning points, Use the graphing calculator’s zere, puevimn,
and miniruen features 1o approximate the coordinate s of the points,

.- The r-intercepts of the graph are x = —1.14, x = 0.29, r = 1 82, and
x = 503, The function has a local maximom at (111, 5.11) and local
ménimums at (=037, =651} and (3,96, =434}, The function is increasing
when =057 < x < L1 and x = 3.9 and decreasing whenx < —0.57 and
1.11 < x < 3.96,

L M
Monitoring Progress *:'3* Help in English and Spanish at BigldeasMath.com

4. Graph fix) = 0.5x + x* = x + . Identify the x-intercepts and the points where
the local maximoms and local mininums ofcar. Determine the intervals for which
the function is increasing or decreasing,

Chapter4  Polynomial Functions



Even and Odd Functions

&) Core Concept

Even and Odd Functions
A function fis an even function when fi —x) = fix) for all x in itz domain. The
graph of an even function s symmetric aboul the y-axis.

A function fis an odd Phmctlon when i —x) = —fi(x) for all x in its domain, The
eraph of an odd function is syrunetric aboud e origin, One way (0 recogpnize

a graph thit iz symmetric about the origin is that it looks the same after a 1807
rotation about the origin.

Even Function Odd Function

¥ ¥
{x, ¥}

(=%, ¥} [x, ¥)

)

For an even function, if (r, ypizonthe  For an add function, if (x, y) iz on the
graph, then {—x, ¥} is alzo on the graph.  graph, then (=x, =¥} is also on the graph,

Identifying Even and Odd Functions

Determing whether cach function is even, odd, of neither,
a firy=xf - T hgix)=x*+xt—1 e hxy=xi+12
SOLUTION
a. Feplace ¥ with —x in the equation for [, and then simplify.
fl=xy= (=2 = N-x)p= 2+ M= -{x? - Tn) = —fix)
P Becamse fi-x) = =fix), the Tunction is odd.
b, Replace ¥ with —x in the equation for g, and then sirmplify.
pl=x=(-xr+ (=2 -1=x'+2-1=g0)
P Because g{—x) = gix), the function is even.
¢ Replacing x with —x in the equation for & produces
M-0=(-xf+2=-x+2

h Because fix) = »* + 2 and —hix) = —x* — 2, you can conclude that
B =) & mx)and i =x) ¥ —hix). 5o, the function is neither even mor odd.

Mﬂﬂﬁﬂriﬂﬂ PI'DQI'EEE 4% Help in Engish and Spanish at BigidesasMath.com
Determine whethe r the function is ever, odd, or neither,

5. fix) = =xt+5 6. fix) = x* - 5¢? T fix) = 2x?

Sectiond.8  Analyzing Graphs of Polynomial Functions 215



4- 8 EKEFCISES Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE A local maxirmum or local minimum of a polynomial function occurs at
a point of the graph of the function.

2. WRITING Explain what a local maximum of a function is and hew it may be different from the
mexirmmim valoe of the function.

Monitoring Progress and Modeling with Mathematics

ANALYZING RELATIONSHIPS In Exercises 3-6, maich the ERROR ANALYSIS In Exercises 15 and 16, describe and
function with its graph. correct the error in using factors to graph f.

3 fxXd=0x=1x=Nx+ D) 15. fix) = (x + 2x = 1)
4. hix) ={x+2fx+1)
5 po=x+INr=1x+2)

6. fixh=(x-1%x+2)

ERuE

In Exercizes 7-14, graph the function. (See Fexamgple 1. )

In Exercises 17-22, find all real 2eres of the function.
(See Exampie 2.

i 17. fixi=xr"-dvi-x+4
2 fiy=(x-Dx+1) B fix)=d{x+ 20x+ 40

18, fix)=x" — 22 —4x + 12
9. Bix)=(x+1¥x—1)x—3

19 M=+ Tt =51 — 4
10. g(x) = 4x + 1ix + 26x = 1)

_ : 20. hix) =dx = 2x? - My - 18
1. Mx) = z{x = 5)fx + 2){x = 3)

. 21, gy =4x  + 2 —51x + 36
12. gix) = six + 4)x + E)ix — 1}

22, fixy =20 =32 =32 - 15
13, W)= =32+ x4+ 1)
1M, fix)=(x—4u2xi =2t + 1)

216 Chapter 4 Polynomial Functions



In Exercises 23=30, zraph the function. Tdentify the
xeintercepts and the points where the local maximums
and local minimums socur, Determine the intervals for
which the funclion is incneasing or decneasing,

(See Example 3.}

23 =20+t -3

2 Hx)y==-x'+ X

25. hy)=xt— 3 +x

2. fi=2-4a*+21+2

27, fix) =05 -+ 2.5

28, fix) = 07x* — 3" + 5x

2 ho=x¥+2-17x—-4

30, sy =x' =5+ 24+ x -3

In Exercises 31- 36, estimate the coordinates of each
tuming point. State whether each corresponds to a local

maximum or a local minimum. Then estimate the real
#eros amd find the least possible degree of the Tumction.

31. 3% [ #E1
t4

33, 34,

35. 36.

OPEN-ENDED In Exerclses 37 and 35, skefch a graph of
a polymoamdal function fhaving the given characteristics,

37. + The graph of fhas x-intercepls al x = —4,x =0,

and x = 2,
* [has a local maximuem vale whenx = 1.

* fhas alocal mininuam valoee wheny = —2.

Section 4.8

38. =+ The graph of fhas x-infercepis atxy = =3, x = |,
and x = 3.

¢ fhas alocal meximom vale wheny = 1.
*  fhas alecal minimum value whenxy = — 2 amd
when xy = 4.

In Exercises 3946, dete rmine whether the function is
even, odd, or aelther., (See Exvample 4.)

39, ) =47 40. pix) = —2x% + 4t

M, fiy=x1+ 3 -2

42. flo =+ -x

43. pix)=2+5x+1

44, fity= - +2%-9

45, flx) =x' —12¢

46. fx) =25 + Jat

47. USING TOOLS When a swimnmer does the

breaststroke, the function

§ = =241 + 10604% = 1870¢° + 165004
- 3743 4 14447 = 2434

models the gpeed 8 (in meters per second) of the
swimmer during one complete sroke, where | is the
mimber of seconds gince the start of the stroke and
0 < 1< 1.22. Use a graphing calculator to graph
the function. At what time during the stroke is the
swimimer traveling the fastes?

48. USING TOOLS During a recent pericd of time, the
mimer 5 (in thouzands) of students eprolled in public
achools in a certain country <an be modeled by
8= 164x% — 102¢7 + 1710x + 36,300, where x is
time (in years). Use a graphing calculator to graph the
function for the inferval O = x 5 41, Then describe
hovw the public school enrollment changes over this
period of timse,

49, WRITING Why is the adjective local, used to describe
the roasc s and minirmums of cubie nctions,
sommetimes nod required for quadratic functions?

Analyzing Graphs of Palynomial Functions 217



50,

5.

52.

HOW DO YOU SEE IT? The graph of a polynomial
fumction is shown,

o Iy -

=3

| Wd B
=4 fl =7 2

—ti- =10 —
I ' _

=Y |

[T 1w
a. Find the zzros, local maximom, and local
rmami mum valiees of the function,

h. Compare the x-intercepts of the graphs of y = fix)
andy = —fix).

o Compare the maximum and minimum values of
the unctions ¥y = fix) and y = =F(x),

MAKING AN ARGUMENT Your friend claime that the
product of two odd functions is an odd fonction. [s
your friend comect? Explain your reasoning.

MODELING WITH MATHEMATICS You are making a
rectangular box out of a 16-inch-by-20-inch picce of
cardboard. The box will be formed by making the cuts
shown in the diagram and folding up the sides, Yoo
want the box to have the greatest volume possible.,

X F 1
X x-l'
16 in
E Il

F. -

I 200 {

a. How long should you make the cuts?
h What iz the maximum volome?
. What are the dimmensions of the finished bhox?

53, PROBLEM SOLVING Cmonset hits are tenmporary,

all-purpose smuctures shaped like half-cylinders.
You have 1100 square feet of material to badld a
quonsel hut.

a. The surface area § of a quonset hut is given by
S = o + mré. Substitwte 1100 for § and then
write an expression for £ interms of r.

b The volume Vol a quonset hut is given by
= s mrid. Write an equation that gives Vas a
function in terms of r only.

. Find the value of rithat maximizes the volome of
ihe hat,

54. THOUGHT PROVOKING Write and graph a polynomial |

function that has ome real zero in each of the intervals
=2ex< =1,0=x<],andd4 =x < 5. Isthere a
maxirmim degree that such a polynomial function can
have? Justify your answer.

. MATHEMATICAL CONNECTIONS A cylinder is

inscribed in a sphere of radins 8 inches. Write an
equation for the volume of the cylinder as a function
of . Fing the value of & thal maximizes the volome of
the inscribed cylinder, What is the maximum volume
of the cvlinder?

B
\ s

I
1

— Maintaining Mathematical Proficiency riccozwatuicmet o pescus poses angiessens

State whether the table displays linear date, quedratic doiz, or neither. Explain,  (Section 24)
a1

6. | Monthe, x al1]2]a

Savings (dollars), y | 100 | 150 | 200 | 250

Time (seconds), x | 0 1 2 3

Height (feet), y | 300 | 284 | 236 | 156

218 Chapter 4
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Modeling with Polynomial Functions

Essential Question 1owcan you find a polynomial model for
real-life data?

SN LENI[sI' BN Modeling Real-Life Data

Work with a pariner. The distance a baseball travels after it 15 hit depends on the
angle at which it was hit and the initial speed. The table shows the distances a
baschall hit at an angle of 35° travels at various initial speeds.

Initial speed, x :
5
il k) B0 B5 O O | 100 | 105 ) 110 [ 11

Distance, y (feet) | 1 i 220 | 247 | 275 | 304 | 334 | 365 | 397

a. Recall that when data have equally-spaced x-values, you can analyze patterns in the
differences of the y-valoes 1o determine what type of function can be used to model
the data. If the first differences are constant, then the set of data fits a linear model.
If the zecond differences are constant, then the set of data fits a quadratic mode],

Find the first and second differences of the data, Are the data linear or quadratic?

USING TOOLS Explain your reasoning.
STRATEGICALLY 194 220 247 275 304 334 365 397

To be proficient in

math, you need to use

technalogical toals to

explore and deepen

your understanding

of concepts. b, Use a graphing caleulator to draw a scatter plot of the data. Do the data appear

[:> linear or quadratic? Use the regression feature of the graphing calculator to find a
lincar or quadratic model that best fits the data.

4

plq S 120

¢, Use the mode] you found in part (b) to find the distance a bazeball travels when it
iz hit at an angle of 35" and travels at an initial speed of 120 miles per hour.

d. According to the Faselall Afmanae, “Any drive over 400 feet is noteworthy.
A blow of 430 feet shows excoptional power, as the majority of major league
players are unable to hit a ball that far, Anvthing in the 300-foo range is
penuinely historic.” Estimate the initial speed of a baseball that travels a
distance of 300 feel,

Communicate Your Answer

2. Heew can vou find a polynomial mode] for real-life data?

3. How weell does the mode] you found in Exploration 1{b) fit the data? Do vou
think the mode] is valid for any initial speed? Explain your reasoning.
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4_9 Lesson What You Will Learn

B Write polynomial functions for sets of points.
P Write polynomial functions using finite differences.

Core vmmhrﬁ' B Use technology to find models for data sets.
finite differences, p. 220
Previous Writing Polynomial Functions for a Set of Points
scatter plot You know that two points determine a line and theee points not on a line determine

a parabola. In Example 1, you will see that four points nol on a line or a parabola
determine the graph of a cubic function.

SEALILRIR Y Writing a Cubic Function

Write the cubic lunction whose graph is shown.
SOLUTION

Step 1 Use the three v-intercepts to write the
function in factored form.

fix) = alx + 4dx = Dix = 1)

Check Step 2 Find the value of a by substituting the
Check the end behavior of f, coordinates of the point {0, —0).
The degree of fis odd and —f6 = g{0 + 440 = 1){0 = 3)
a < 0. 50, f{x) = o2 a8
x —» —oo and fx) - —e0 @ -6 = 12a
¥ = oo which malches B
3
the: graph. t/

.r The function is fix) = —%{x +4¥x — Lijx — 3

Monitoring Progress 4? Help in English and Spanish at BigiteasMath com
Write a cubic funclion whose graph passes through the given points,

1. (—4, 00,0, 10, (2,0), {5, 0) 2. (—1.0) (0, —123,(2,0), (3,09

Finite Differences

When the r-values in a data set are equally spaced, the differences of consecutive
y-values are called finite diffe rences. Recall from Section 2.4 that the first and
second differences of y = x° are:

ecqually-spaced x-values
A

--|

o -1 { | | 2 3
e | 4 1 0| 1 | 4 | 9
"-\. ;H‘xf /\\' '-.\"‘\-"". H‘\-.-'.

twrst ditterences; S _\
N/ "\ 'A‘\ / N

s differemoes: 2 E

Notice that ¥ = x* has degree twe and that the second differences are constant and
nomrero. This illustrates the first of the two properties of finite differe noes shown on

the next page.
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G Core Concept

Properties of Finite Differences
1. Ifapolynomdal function ¥ = fix) has degreo o, then the rih differences of
function vales for equallv-spaced x-valoes are nonzero and constant.

2. Conversely, if the nth differences of eqoally-spaced data are nonzero and
constant, then the data ¢an be represented by a polynomial function of

degree n.

The second propety of finite differences allows you to write a polynomial function
that models a set of equally-spaced data.

FEALIGNIEN  Writing a Function Using Finite Differences

Use finite differences Lo
determine the degree of the e 1
polynomial function that fits | 1 4 10|20 35 | 56| 84
the data. Then use technology

to find the polynomial function,

-
T
_—
LA
on
)

SOLUTION

Step 1 Write the function values, Find the first differences by sublracting
consecutive values., Then find the second differences by subtracting
consecutive fird differences. Continue until you obtain differences that
are noderd and constant.

_ﬂl}- fi2y fi3 fi A% fig AT Wit function values for
15 S8 &4 equally-spaced x-values,

/'a/w'w TR
K/K;\/\/ /
\/ x/ w “w’

First differences
Second differenoes
Third differemces

Because the thied differences are nonzero and constant, you can model the
data exacily with a cubic fanction.

Step2 Emnter the data into a graphing calcolator and nse
cubic regression to obtain a polyvnomial funetion. yraxs vhoc! #exvd
F . B :
b Ilhc-au.'s: : = 01666666667, 5 = 0.5, and o= 3313333333
7 =0.333333333, a polynomial function that ::?1

fitz the data exactly is

fixy = 'Ex’ - %rz - L—x.

Monitoring Progress 4’3 Help in English and Spanish at BigideasMath.com

3. Use finite differences to
determine the degree of the - -3 =2|-1] 0 ' 2
polynomial function that fits fo)| 6 15| 2 | . 6 | -20
the data. Then use technology
i find the polynomial function,
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Finding Models Using Technology

In Exarmples 1 and 2, vou found a cubic model that axactly fits a set of data. In many
real-life situations, you cannot find models to fit data exactly. Despite this limitation,
you can still use technology to approximate the data with a pelynomial model, as
shown in the next example,

EXAMPLE 3

Real-Life Application

The table shows the total U5, biomass energy consurmptions y (in trillions of
Eritizh thermal units, or Biasy in the year {, where ¢ = 1 comesponds to 2001, Find
a polvnomial made] for the data. Use the model to estimate the total ULS, biomass
energy consumpdion in 2003,

According to the LS, Department
of Energy, biomass includes

“agricultural and forestry

residues, musnscipal sold wastes,
industrial wastes, and terrestrial
ard adquatic crops grown solely
for ener gy pur poses. ™ Among the
uses for Biomass is production of
electricity and liquid fueks sudh

as ethanol

222 Chapter 4

t l 2 3 4 3 O

¥ 24522 2101 2607 30 317 3267

t T & 9 10 11 12

¥ 3493 3866 3951 4286 4421 4316
SOLUTION

Step 1 Enter the data into a graphing
calculator and make a scatter
plot. The data sugpest a
cubic maodel.

4500

Slep2 Use the cubric regrestion feature.
The polynomial madel is

¥y = —2545F + 51.95F — 118.11 + 2732,

yoax ot 0l
a==2, S4LI25045
B=51. U557 845
c=-118.1139%40
d=2T32. 141414
Ri=_TEERLTI225T

i
2500

Step 3  Check the model by graphing Btep4  Use the Irace feature Lo
it and the data in the same estimate the value of the

viewing window., model when § = 15,
4500 SO0
[ Tr=-2 SE532 S0L 5325 b 2 Fe_
i 13 i W= 13 e T AT
2500 FLCITE

P The approximate total US. biomass energy consumption in 2013 was about
43835 trillion Btus.

Monitoring Progress ‘% Help in English and Spanish at BighteasMath.com
Usze a graphing caleulator to find a pelymomial function that fits ihe data.

4. 1| 2 .

X 2| 4] x| 6 Q2|4 ]| 6] 8|10

¥ 5 | 13|17 |11 |11 |56 ¥yl 8|0 |15]|69)96 |8/
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4 " g EHEI’ C|5E5 Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Goncept Check

1. COMPLETE THE SENTENCE When the x-values in a set of data are equally spaced, the differences of

consecutive y-values are called

2. WRITING Explain how vou knew when a set of data conkld be modeled by a cubic function.

Monitoring Progress and Modeling with Mathematics

In Exercises 3=6, write a cuble function whose graph iz 1. (-2 968), (—1.422), (0, 142), (1, 26), (2, —4),
shown. (See Example 1.) (3, —2), (4. 2), (5, 2), (6, 16)

12. (1, 0), (2.6} (3. 2, (4, 6, (5, 12), {6, —10),
(T, =114), (8, =378), (9, —004)

13. ERROR AMNALYSIS Describe and correct the emmor in
writing a cubic function whose graph passes through
the given points.

x (=&, 0), (1.0), (3.0).(0,.54)

B4 = a(0 — 6)(0 + 1)(0 + 3)
B4 =—18a
a==3
) = = B{x — B)(x + 1)(x+ 3)

14. MODELING WITH MATHEMATICS The dol paticms
show pentagonal numbers, The number of dots in the
nth pentagonal number is given by fi{n) = 1—..11[3.": = 1}
Show that this function has constant secomd-order

In Exercises 7=12, use finite differences (o determing differenoes.
the degree of the polynemial funciion that fits the data, “"*
Then wse technology tofind the polynomial funetion, :#}‘ ' ' '
(See Examiple 2. ) T._’i 4 .ih_!h .'
ot
T L]
T | =y -3 0 2 & 9
t 15. OPEN-ENDED Write three different cubie funclions
Hed| -2 | 15 | —4 | 49 | 282 | 803 that pass theough the points (3, 0), (4, 0), and (2, 6).
; Justify vour answers,
g |x -1 0 1 2 3 4
: 16. MODELING WITH MATHEMATICS The table shows
)| -14| -5 | -2 | 7 H# | 9 the ages of cats and their corresponding ages in
luman years. Find a polynomial mode] for the data
9. (=4, =317 (=3, =370 (=2 21} (=1, 7}, (0, =1}, for the first 8 years of a cat’s life. Use the mode] to
(1, 3y, (2, —4T), (3, =289, (4, —533) eatimate the age (in hurman years) of a cat that js 3

vears obd. (See Example 3]

1. (—6, T44), (—4, 154), (=2, 4}, {0, —6), (2, 186},
(4, 154), (6, 684), (8, 2074), (10, 4984) Age of cat, x 1214 | 6|7

Human years, ¥ | 15 | 24 32[-1:} EE]

3

a8
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17. MODELING WITH MATHEMATICS The data in the
table show the average speeds y (in mikes per hour)
ol a pontoon boat for several different engine speeds
X {in hundreds of revolutions per mimie, or RPMs).
Find a polynomial model for the data. Estimate the
average speed of the pontoon boat when the engine
speed is 2800 RPMs,

10 | 20 [ 25 | 30 | 45 | 55
45 | 89 (138 | 189 209 | 377

18. HOW DO YOU SEE IT? The graph shows typical
speeds v {in feel per second) of a space shultle

X secomds after it is lannched.

Space Launch
g S
3%“"":::;“““
- RPN rGEENEEE
I
= Mmo40 ed 80 1odx
Tire (Seconds)

@ What type of pelynomial function models the
data? Explain.

b. Which rth-order finite difference should be
constant for the function in part (a)? Explain.

19, MATHEMATICAL CONNECTIONS The table shows the
mumber of diagonals for polygons diagonal
with n sides. Find a polynomial
function that fits the data, Determine
the: total mober of diagonals in

the decagon shown,

Number of

PR 3|4 |5 (6| 7|8
Number of

d‘gmﬂuﬂ 2159|1420

20, MAKING AN ARGUMENT Your friend states that it
i= not pogsible to determine the degree of a unction
given the first-order differe nces. [ your friend
cortect ? Explain your reasoning.

21. WRITING Explain why you cannot abways nse finite

differences to find a model Tor real-life data sets.

22. THOUGHTY PROVOKING A, B, and C are zeros of a
cubic polynomial fupction. Choose valees for A, B,
and & such that the distance from A to B 15 kess than
or equal Lo the distance from A to ©. Then write the
function using the A, B, and C values you chose,

23. MULTIPLE REPRESENTATIONS Order the polvnomial
functions according to their degree, from least
to greatest.

A. fix)= -3x+ 2% +1

I
X pl -1 K] | 2 3
Rix) | % & 4 2| 0| -2
0. x = | ] i | 2 3
kix) | 25 & 7 4 -3 | 10

24, ABSTRACT REASONING Substitute the expressions
Li+1l,z+4+2,...,2+5 for x in the function
fix) = a® 4 It + ex + d o generate six equally-
spaced ordered pairs. Then show that the third-order

differcmoes are constant.

29, i+ 3r =35

3. Hi+=-3+1

Solve the equation using square rosts.  (Secion 3.0

25 ¥ —-6=130 26. S5xi-—38 =187
27. ¥x—-3¢=M 28, '_;{,r+5]3=-1
Solve the equation using the Quadratic Formula, (Secrion 3.4)

30, 2+ l=2¢

32.

—Main'mr" ""lg Ma'ﬂlﬁmaﬁﬁql Prﬂfiﬂiﬁﬂﬂf Bsasng whal you leained n predous grades and legsons

4y — 20 =3t
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4.5-4.9 What Did You Learn?

Core Yocabulary

repeated solution, p, 750 focal minmirmarm, g, 254 finite differences, p. 220
complex conjugates, p, /99 even function, p, 215
local meximom, p 214 odd function, p. 215

Core Concepts

Section 4.5

The Rational Root Theorem, p. [91 The Irrational Conjugates Theorem, p. J93
Section 4.6

The Fundamental Theorerm of Algebra, p, 198 Dezcartes’s Bule of Signs, p, 200

The Complex Conjugates Theorem, p. 199

Section 4.7

Transformations of Polynomial Functions, p. 206 Writing Transformed Polynomial Functions, p. 207
Section 4.8

Leros, Factorg, Solutions, and Infercepls, p. 212 Turning Poinis of Polynomial Functions, p, 254
The Location Principle, p. 213 Even amd Odd Functions, p. 245

Section 4.9

Writing Polynomial Functions for Data Sets, p. 220 Properties of Finite Differences, p. 224

Mathematical Practices

1. Explain how understanding the Complex Conjugates Theorem allows you to construct your argument in
Excrcise 46 on page 2003,

2.  Describe how vou use structure Lo accurately match each graph with its transformation in Exercizes 7-10
on page 209,

P Performance Task - - - - - - - - - - - - -

For the Birds -
Wildlife Management

How does the presence of humans affect the population of
sparmows in a park? Do mone humans mean fewer sparrows?
Or does the presence of humans increase the number of sparmcws
Up to-a point? Ane thera a minimum number of sparows that
can be found in a park, regardiess of how marny humans
there are? What can a mathematical model tell yvou?

T explore the answers to these questions and mone, go to
BigideasMath.com
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.
4 c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com

Graphing Polynomial Functions o 157 164)

Graph fix) = + 3 — 3 — 10,

T graph the function, make a table of values and plot the comesponding 3 =1 Ay T
points, Connect the points with a smooth carve and check the end behavior, [ 7777 197 | t(_'a', 4}

x =3 | =2 | -1 0 | s 3
fi))| -1 o | -5|-10| -9| 4 | 35

The degree iz odd and the leading coefficiont is positive,
So, fix) = —o0azsx & —<0amd fix) = +0asx — 4, ‘W {0 —10)
Dwecide whether the function is a polynomial funetion, If so, write it in standard form and state
its degree, type, and leading coefficient.

1. hix) = —x* + 2% — 1527 2. py=x"—5% 4 1324+ 8
Graph the polynomial function.
3. bix)=xt+ 6% -5 4. fix)=3'—5xi+1 5. px)=—x'+x+12

Adding, Subtracting, and Multiplying Polynomials p 105 172

a Multiply (x — 2}, (x — 1), and {x + 3} in a horizontal format.
ir = 32ixr = 1Hx+3)= X+ 2Wx 4 3)
= (¥ X+ 24+ L5 i+ 213
X =34+ w4+ —-Gr 4+ 6
¥ -Tx+ 6

b. Use Pascal's Triangle to expand (dr + 2%,

The cosfhicients from the fourth row of Pascal’s 'I'riangk' are 1.4 6.4 and 1.
(de + 23 = 1{dx) + HdeP(2D) + 6427 + 44(2P + 102
25604 + 512x% + 384 + 128x + 16

Find the sum or dillferemnce,
6. (AP —IN -5 - (-8 + 4+ 3)
7. (P 430 = 6+ (2 =3+ D)
B (3?4 9c 4 13) - (x7 — 2x + 12)
Find the product.
0 (y4+dy=-Tiy+3) 10. (2m + n)? 11. (54 iz + d)(s = 3)

Use Pascal’s Triangle fo expand the binomdal.
12, (m + 4p 13. (3a+ 2 14, (z+ 1)
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m Dividing Polynomials (oo 173 178)

Use synthetic division to evaluate fix) = =2r* 4 dv? + &y + 10 when x = =3,
3 2 4 10
6 — o
: -2 10 -2 T5

&

F The remainder is 76, 3o, you can conclids from the Remainder Theorem that fi—3) = Té.
You can check this by substituting x = —3 in the original function.

Check

f(=3) = =A=3p +4(=3)* + E(=3)+ I
=54 +36— M4 +10

-6 v/

Divide using polynomial long division or synihetic divizion.
15 (F+ 8 4+3x—-D=0d+ 204+ D)

16. (H+3 -4+ S8+ 4+xr+4)

17 (A =32 =Ty +{x + 4)

18. Use synthetic division to evaluate gix) = 4x* + 2x* — 4 whenx = 5,

m Factoring Pﬂl]’“ﬂmiﬂh g, T78-T8a)

a. Factor 2 + 8¢ completely.

¥4+ Er=xiv?4+ 8 Factor commaen menamial
= Xz + 2%) White 7 + Basa? + b?
= X1+ 2Mx* = 2x + 4) Sum of Two Cubes Pattern

b, Determine whetherx + 4 is a factor of fix) = x* + 4% + 2v + &,
Find fi —4) by synthetc division.
-4 |1 4 O O 2 8
= 0 ] 0 =3

| {0 {0 ] i (i
P Because f{—4) = 0, the binomial x + 4 is a factor of fix) = 2 + 42 + v + &,

Factor the polynomial completely.
19. G4 =8 0. 27 =127 + 10g 21. 20° = Tag* - 8a + 28
22. Show that x + 2 is a factor of fix) = x* + 2 — 27x — 54, Then factor f{x) completely,
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m Solving Polynomial Equations (pp 150 196

a. Find all real solutions of x* + 3* = 8x = 12 =10,

Step1  List the possible rational solutions, The leading coefficient of the poly nomial
fix) =3 + 2% = ¢ = 12z 1, and the constant term is = 12. So, the possible
rational sohlations of filx) = O are

sl 2 0 810
e by L o ot i

Step 2 Test possible solutions uging synthetic division antil a solution is found,

2 1 1 -8 12 -2 11 1 -8 -12

2 g —4 —2 2 12

l 3 2 =l6 1 l & 0

A A

r'j:']. = 1), w0 X 75 mel @ factor of .'-I:.lr] f[ :":I L sox + 215 a factor of r-i.lrll

Step 3  Factor completely using the result of synthetic division.

T+t —-x—-6 =0 Winte as a product of factors
X+ 2+ Ny —3 =0 Factor the mnomial,
P So, the solutions arex = —2and x = 3.

b. Wrile a polynomial function f of least degree that has rational coeficients. a leading coefTicient
of 1, and the zeros —4 and 1 + V2,

By the Irational Conjugates Theoeem, 1 — ‘-"_E muest also be a 2ero of £

fix)=i{x+ 41[.1 - (1 +v2) ]E.x -{1=v2 ]] Winte f{x) m factored form.
= {X+ 4}[!.:' =1}y = "-"li*”u. = 1)+ ‘r".l‘.] R qproanps temms,
= (x+ [x — 1) - 2] Mudtiply,
= ({x + -l]l[ll;w2 -2 4 1) = 2] Expand binvpmial.
=(x+4xi-2x-1) Sirnplify.
=y =2 ~x + 43 -~ 8y — 4 Mudtiply:
= 17 4+ It =Gy — 4 Combane ke ey

Fimd all real solutions of the equation,

23 r+iIrr=-10x-24=0 M A -lr=-H=0

Write a polynomial function f of keast degree that has rational coefTicients, a leading coefTicient
of 1, and the given zeros,

25. ,2-V3 2. 2,3,V5 27. -2,5,3+V6

28, You pze 240 cabic inches of clay to make a sculpiore shaped as a rectangular prism. The widih
is 4 inches less than the length and the height & 2 inches more than three times the length, What
are: the dimensions of the sculpture? Justify your answer.
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m The Fundamental Theorem of Algebra o 197 204

Find all zeros of fix) = x* + 2x* 4+ dr? + 18x = 27.

Step 1 Find the rational zeros of £ Because f iz a polynomial function of degree 4, it has foor zeros,
The possible rational Zeros are =1, =3, =9, and = 27, Using synthetic division, vou can
determdne that 1 iz a zero and —3 15 alzo a 2ero.

Step 2 Write fix) in factored form. Dividing fix) by its knevn factors © — 1 and ¥ + 3 gives a
quotient of x* + 2. S0,

Fix) = {x = 1)(x + 3ix* + 0.

Step 3 Find the complex reros of f S-::-hfing.tf + 9 =0, you pet x = =3, This means
o409 = (x+ 3i}x — 3.

Jix) = {x — Dix + Bz + 3z — 39
B Fromthe factorization, there are four zeros, The zeros of fare 1, =3, =34, and 3,

Write a polymomial function fof least degree that has rational coefficients, a leading
coefficient of 1, and the given aeros,

29. 3,1+ 30. =1, 24 31. =5, -4,1 - V3

b
K

Determine the possible numbers of positive real 2eros, negative real zeras, and imaginary
#eros for the funetion.

32, fiy=x—-1x+8 33 fix)= -6 — X+ P4+ 2o + 1B

Transformations of Polynomial Functions (oo 205 2100
Describe the transformation of fix) = x?* represented by g(x) = (x — 6/* — 2, Then graph
egch Munetion.

Motice that the function is of the form gix) = (v — &Y + L.
Rewrite the function to identify & and &.

glx) = (x = 6F +(=2)
0

f k

P Because i = Gamd k = =2, the graph of g is a translation
& mnits right and 2 units down of the graph of [

Describe the transformation of f re presented by g. Then graph esch function,
34, fix) =25 g(x) = (—xp + 2 35 fix)=x% plx) = —{x + 9

Write a rule for g.
36. Letthe graph of g be a horizonial stretch by a factor of 4, followed by a translation
3 units right and 5 units down of the graph of f{x) = 2% + 3x.

37. Let the graph of g be a ranslation 5 units up. followed by a reflection in the y-axis of
the graph of fix) =x* — 23— 12
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m Analyzing Graphs of Polynomial Functions (o 211 218

where the local masinmms: and local minimums ooear

plot {—2, O, {0, 0), and (2, 0).
Step 2 Plot points between and beyvond the x-intercepls,

Step 1  Plot the r-intercepts. Becamse =2, O, and 2 are 2eros of [

Ix| -3 | =-2|=-1] 0| 1] 2

3

¥ —15) 0 3 0 | -3]0

15

and fix) = +oragr — oo,

has the appropriate énd behavior.

38, fix)= -2 — A =~ ]

40. fix) =20 + 3 4. pH=3-7

Deetermnine whether the function is even, ool or reitfier,

Step4  Draw the graph 50 it passes through the plotted points and

Graph the Tunction fix) = wix + 2ZHx = 25 Then estimate the poinis

Step 3 Determine end behavior. Becanse f{x) has three factors of the
form x — & and a constant factor of 1, fis a cubic function
with a positive leading coefficient. S0 fix) —» —o0 asx —» —a0

.- The function has a local maximum at {—1.15, 3.08) and a local minimuom at (1.15, —3.08).

Grraph the fonction, Identify the r-intercepts and the points where the local maximoms and local
minimms eccur Determine the inte rvals for which the function 2 increasing or decreasing,

3, fix)=xt+ Ix? -3l - Br 4+ 2

42, hx) =x%+ 3

m Modeling with Polynomial Functions pp 210024)

Wrile the cubic function whaose graph is shown,

factored form

Six) =alx 4+ 3y + Ix = 2)

the point (0, —12).
12 = a(0 + 330+ 1)0 = 2)
-1 —

i

[

L2~ ]
Il

P The function is fix) = 2x + 3)x + Lhx — 2).

B &

Ulse finite differences to determine the degree of
the polynomial function that fits the data. Then nse
technology to find the polynomsal funclion,

Chapter 4 Paolynormial Functions

Step 1 Use the three x-dntercepts fo write the function in

Stepl Find the value of a by substituting the coondinastes of

1 |
1
..IFI.

Write a cubic function whose graph passes through the poings (~4, O, (4, O), (0, &), and (2, 0.

2 3 4 5167

24| -27| -8 | 45 | 144 3m|




Write a polymomial function fof least degree that has rational coefficients, a leading
coefficlent of 1, and the given zeros

$. 3,1-132 2, -2.4,%

Find the product aor quotient.
3. EF=4NrE =T +5) . (== =11+ =2x+1)

5 (2 =32+ -1+ + D 6, (2x + 3

7. The graphs of f(x) = x* and gix) = (¥ — 3)* are shown,
a. How many zeéros does each function have? Explain,
b, Describe the transformation of frepresented by g
¢ Dwetermine the intervals for which the function g is increasing of decreasing,

B. The volume Viin cubic feet) of an aquarinm is modeled
by the polynomial fupction Wx) = x% + 2x¥ - 13x + 10,
where x is the length of the tank.
a. Explain how you know x = 4 is not a possible rational 2ero.
b, Show that x — 1 isa factor of Vix), Then factor Vix) completely.
¢ Find the dimensions of the aquarium shown,

Volume = 3 fit

9. One special product pattern is (a — &) = a* — 2ab + b, Using
Pazcal’s Triangle to expand (a — b)* gives la* + 2a(—&) + 1(—8)",
Arc the two cxpressions equivalent? Explain.

10. Can you use the synthetic divizion procedure that vou learned in this chapter to
divide any two polynomials? Explain.

11.  Let Tbe the momber (in thousamds) of new tneck sales. Let © b the number
(in thousamds} of new car sales, During a 10-vear period, T and " can be modelod
by ithe following equations wiere | iz tme (in vears).
T= 234 — 33087 + 35008 — T500¢ + 9000
C = 141* — 330¢% + 24008 — 59008 + 8900

a. Find a pew model & for the total namber of new vehicle zales.

. Isthe function § sven, odd, or neifher? Explain your reasoning.

12. Your friend has started a golf caddy basiness. The table shows the profits p (in dollars) of
the business in the first 5 months. Use finite differences to find a polynormial model for the
data, Then use the mode] to predict the profit after 7 months.

IMonth,e| 1 | 2 | 3 | 4 | 5
|Profig | 4 | 2 | 6 | 22 | 56 |

Chapter 4

Chapter Test

231



1.

4 Cumulative Assessment

The synthetic division below roprose nts fiy)
X = 3 iz afactor of fiix). Justilfy vour answer,

] L =3
3
1 0

=2

ix = 3), Choose a vale for /1 5o that

= 3
2
1 1

2. Amnalyze the graph of the polynomial function to determine the sign of the kading
cocfficient, the degree of the function, and the number of real zeros, Explain.

3.

232

4
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Which statement about the graph of the equation 12(r — ) = —(y + 4)% is nof true?

(K The vertex is (6, —4).

(B The axis of symmeiryisy = —4,

(E'J The focus is (3, —4).

(D) The graph represents a function.

A parabola passes through the point shown in the graph, The equation of the axis
=, Which of the given points could lic on the parabola? If the
axis of symmetry was x = a, then which poiniz could lie on the parabola? Explain

of symmefry isx =

YOI Fe asoning,.

(. 1)

(=3 1)

Chapter 4
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« Select valoes for the function to model each transformation of the graph of
fix)=x.

gix) = !_.r - :I +

a, The graphis a translation 2 unils up and 3 units left.
b. The graph is a translation 2 units cight and 3 units down,

€. The graph iz a vertical stretch by a factor of 2, followed by a translation
2 units up.

di The graph iz a translation 3 units right and a vertical shrink by a factor of 1
followed by a translation 4 units down.,

. The dizgram shows a circle inscribed in a square. The area of the shaded region is
21.5 square meters. To the neares tenth of a meter, how long iz each side of the square?

e
W

(A) 4.6 meters (B> 5.7 meters ) 97 meters D 10.0 meters

«  Classify cach function as even, odd, or neiiher. Justly yvour answer,

a. fl) =0 b fix) = 4x% + &
e fix) =3 4+ 1265 + 1 d. fix) =2*
e fixy=x"-4x L fix)=2+ 4+ x* -5

. The volume of the rectangnlar prism shown is given by V= 2v? 4+ Ta® = 18y - 63,
Which polynomial represents the area of the base of the prism?

A =4+x-2

I

I =
By 224+ 21 -x i ¥—4

P
) 13x+ 21 + 2 o

&
(D> 2x¥ - 21 - 13x e
-
-
-

. The mumber & (in tens of thousands) of relirees receiving Social Security benefits is
represenied by the funclion

F=02860" —46810 + BRI +403, 0<i<ID

where | represents the number of years since 2000, Identify any turning points on the
given interval. What does a arning point represent in this siluation?
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