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Maintaining Mathematical Proficiency

Finding x-Intercepts

Example 1 Find the x-intercapt of the graph of the linear equation p= 3x — 12,
¥=3r— 12 Wnite the equation
0=3x - 12 Substitute O for y
12 = 3x Aakd 12 1o each <ids

4=x Devide each side by 3

P The x-intercept is 4.

Find the x-intercept of the graph of the linear equation.
1L y=2+17 2 y=—6x+8§ 3. y=—10x — 36

4, y=353x—3) 2 ¥y =4+ 1) b. 3x+ 6y =24

The Distance Formula

The distance o between any two points (v, ¥ ) and (x4, y.) 15 given by the formula

d=v{x, - @+n -y

Example 2 Find the distance between (1, 4)and (=3, 6).

Let {xy, v ) = (1, 4) and (x,, %) = (-3, 8}

iz = '-,."l__:.z — xR + {y; — %P Wmie the Dystance Formula

Wi=3 =10+ (6—40 Sk tituse
- -i:"g___ul—+j_-" Sampdity.
=V1t+ 4 Evaluate powers
- V0 Adkd
== i 47 Uee & calodatia
Find the distance between the two points.
7. (3.5),(-4.7) 3 (—-1.00,(-8.4) 9. (3, 100,59

10. (7. -4). (-5, 0) 11. (4, —8), (4. 2) 12. (0,9, (-3, —6)

13. ABSTRACT REASONING Use the Distance Fornmuila to wrile an éxpression for the distance
between the two points (a, ¢) and (&, ¢). Is there an easier way to find the distance when the
xr-coordinates are equal? Explain your reasoning.

Dynamic Solutions available at BigldeasMath.com




Mafh E-‘ma't‘inal I Mathematically proficient stiudents distinguish correct reasoming from
Practices

Howed reasoning.

Using Correct Logic

&) Core Concept

Deductive Reasoning

In deductive reasoning, you start with two or more statements that vou know o
assiime to be true . From these, you deaiee of infer the truth of another statement.
Here is an example.

1. Premise: If this traffic does not clear, then I will be late for work,

2. Premise: The: traffic has not cleared,

3. Conclusion: T will be late for work.

This pattern for deductive reasoning is called a syliogism,
N

Recognizing Flawed Reasoning

The syllogisms below represent common types of Towed reasaning. Explain why each
conclusion 15 not valid.

a. YWhen it rains, the ground gets wet, b When it rains, the ground gets wet
The ground is wet. It is not raining,
Therefore, it st have rained. Therefore, the ground is not wet.

¢ Police, schools, and roads are de All students use ccll phones,
Necossary. My uncle uses a cell phone,
Taxes fund police, schools, and roads. Therefore, my uncle is a stodent,
Therefore, (anes are necessary.

SOLUTION

a, The ground may be wet for another reason.

b The ground may stll be wet when the rain stops.

¢. The services could be funded another way.

d. People other than students use cell phones.

Monitoring Progress

Decide whether the syllogism represents correct or Hawed reasoning. I Hawed,
explain why the conclsion is not valid.

1. All mammals are warm -blocded, 2. Al mammals are warm-blooded,
All dogs are mammeals, My pet is warm-Mooded.
Therefore, all dogs are warm-blooded, Therefores, my pet is 3 manndal,

« T amsick then 1 will miss school. 4, If T amsick then I will miss school.

1 muzE=sed school I did mot russ schood.
Therefore, 1 am sick. Therefors, T am not sick,

46 Chapter 2 Quadratic Functions




Transformations of

Quadratic Functions

LOOKING FOR
STRUCTURE

To be proficient in math,
you need to lock closely
to discern a pattern or
structure.

>

Esscential Quﬁﬂﬁﬂﬂ How do the constants a, k. and F affect the
graph of the quadratic function g{x) = aix — h)* + k?

The parent function of the quadratic family is fixy = 1%, A transformation of the
graph of the pare nt function is repre sented by the function g{x) = aix - ) + k,
wheres a # 0,

Identifying Graphs of Quadratic Functions

Work with a pariner. Match each quadratic function with its graph. Explain your
reasoning. Then use a graphing calculator to verify that your answer is correct.

8 gix) = —(x = 2)* gl =(x=2F+2 c Hx)= =(x+2p¢-12
d px) =03 —2P -2 e g0) =2 - 2) Lagt)=—(x+20"+2
A, i B.

o5 PESESENEE EES———
e

Communicate Your Answer

4

2. How do the constants a, & and & affect the graph of \E /
|

the quadratic function gix) = alx — )* + k7

3. Write the equation of the quadratic function whose -
graph is shown at the right. Explain your reasoning.
Then wse a graphing calculator to verify that your
couation is correct, 4

Section 2.1 Transformations of Quadratic Functions 47



What You Will Learn

B Describe transformations of quadratic functions.
P Write transformations of quadratic functions.

Core Vocabulary o . : ;
I T— Describing Transformations of Quadratic Functions
parabola, p 45 A quadratic function is a function that can be written in the form fix) = aix — &) + £,
vertex of a parabola, p. 50 where a # 0. The U-shaped graph of a quadratic function iz called a parabola.
vertex form, p 50 In Section 1.1, you graphed quadratic functions using tables of values. You can also
Previous graph quadratic functions by applying transformations to the graph of the parent
transformations function fix) = x*,
% Core Concept
Horizontal Translations Vertical Translations
fix) =22 fly =22
fix— &) =(x— h# A+ k=x'+4k
y={x— by, ; y = x4
fi <0 ¥ = x* K
¥={x— hy,
=0
- ¥
o shifts left when & < 0 » shifts down when k < O
¢ shifts right when ff > 0 o shifts up when & > O

ARSI Translations of a Quadratic Function

Describe the transformation of f{x) = ¥ represented by gix) = (x + 4)* = 1. Then
graph each function.

SOLUTION

Maotice that the function is of the form
#x) = (x = I* + & Rewrite the function
bo identify & and k.

p0x) = (e — (-4 + (-1)
A A
| |

] K

P Because k= —dand & = —1, the graph
of # 15 a translation 4 units left and 1 unit
down of the graph of f

Mon Hurihg Fragrﬁss ‘}? Help in English and Spanish at BigideasMath.com

Deseribe the transformation of fix) = x? represenied by g. Then graph
each Munetion,

1. gl = (x = 3 2, plxy=(x—22~-2 3 gl ={x +57+1

48 Chapter 2 Quadratic Functions



G) Core Concept

LOOKING FOR
STRUCTURE

In Example 2b, notice that
gix) = dx* + 1, 50, you can
also describe the graph of
g a5 avertical stretch by

a factor of 4 followed by
a translation 1 unit up of
the graph of f.

>

Reflections in the x-Axis Reflections in the y-Axis
Iﬂ_.f . .[! .lﬁ:':-} —: _[E
—fix} = =y = —2* fA=xy=(=x)t=x
by fy=xf ¥y ad
X
¥
¥ e

¥ = x? js its own refection
flips over the x-axis in the y-axis.

Horizontal Stretches and Shrinks | Vertical Stretches and Shrnks

J-'I:.le = _[? .Iﬂ:‘r.:l =_:|_-dE
fiax) = (ax)* a « fixy = ar?
¥ o= (ax)t,

a > 1 y-_:.'"!

¢ horizontal siretch (away from # vertical stretch (away from
y-axisiwhenO = a < 1 x-axis) whena = |1

# horizontal sheink (toward y-axis) o wvertical shronk (foward y-axis)
whena > 1 . whenl<a<l

(FAAINRN Transformations of Quadratic Functions

Describe the transformation of fix) = 1% represented by g. Then graph each function.
o fix) = —E:.rf' b. g(r) = (2x)* + 1

SOLUTION

a. Motice that the function is of the form b. Motice that the function is of the

nx) = —ax®, where a = ]I form gix) = (ax)* + &k, wherea = 2
and ik = 1.

P So.the graph of g is areflection
in the r-axis and a vertical shrink B So, the graph of g is a horizontal
by a factor of © of the graph of /. shrink by a factor of 1 followed

by a translation 1 unil up of the

graph of £

Section 2.1 Transformations of Quadratic Functions 49



50

Monitoring Progress *ﬁl H#lp in English and Spanish at BighdeasMath.com

Describe the transformation of fix} = x? represented by g. Then graph
each Mnction,

1 o =
4. gix) = %x]' 5. g0y =3x - 1§ 6. g(x) = —(x+ 3+ 2

Writing Transformations of Quadratic Functions

The lowest point on a parabola that opens up or the highest point on a parabola
that opens down is the vertex. The vertex form of a quadratic function is
fixy = alx — k) + k owhere a # 0 and the vertex is (, §).

By =alx— B +k
aindicates a rellection 4 | 2 [ kindicates a

i-n ll'.:. X-Ax5 ﬂndr” a [ h ||'Hil.'ﬂ kes ] | Wer I.l'l\ﬂ II-'II'ISL]BI.M
verticall steefch or shrink. a honizontal
| tramskation

FENUINIEN Writing a Transformed Quadratic Function

Let the graph of g be a vertical stretch by a factor of 2 and a reflection in the x-axis,
followed by a translation 3 units down of the graph of fix) = 2, Write a rule for g oand
identify the vertex.

SOLUTION

Method 1 Identify how the transformations affect the constants in vertex form.

reflection in -axis 1
Z o i
8 = &=

vertical stretch by 2 |
translation 3 units down} £ = -3
Write the transformed function.

pixy=alx —hP + & Vertex form of 4 quadratic lanction
= ~Hx =0 4 (-3) Substitute —2 for a, 0 for by, and =3 for &,
= = =3 Simplify.

P The transformed function is gix) = —2¢* — 3. The vertex Is (0, -3).
Method 2 Begin with the parent function and apply the transformations one a a time

in the stated order.
First write a fupction f that represents the reflection and vertical siretch
of f.

hix}= —2.R/x) Muluply the output by — 2.

= — 2yt Substtute &= for A,
Then write a function g that represents the translation of &,
pix)y = hx) - 3 Subiract 3 from the gutput,
= =gt =1 Substitute — 2x¥ for b}

.- Thee transformed function is gix) = =2t = 3, The vertex is {0, =3).

Chapter 2 Quadratic Functions



FENIRN  Writing a Transformed Quadratic Function

Let the graph of g be a translation 3 units right and 2 units up, followed by a refection

REMEMEER in the y-axis of the graph of fix) = x? — 5x. Write a rle for g.
To multiply two binomials,
use the FOIL Method. SOLUTION
s Eirst (AT Step 1 First write a function & that reprosents the translation of f,
L;r 11]{# o R )= fix = 3)+ 2 Sulbtract 3 from the imput. Add 2 to the sutput,
Ouer  Last =x-3-Sxr—+12 Replace x wath x — 3 im fxk

E) =1 - 1lx + 26 Samphily.
Step 2 Then write a function g that represents the reflection of f.

g2ix) = M—x) Multiply the input by —1.
= (—xP = 11{—x) + 26 Replace x wath —x im hixh
=+ 1l + 26 Simplefy

SEANEREN Modeling with Mathematics

The height i (in feet) of waler spraving from a fire hose can be modeled by

) = =003 + 1 + 25, where ¥ iz the horizontal distance (in feet) from the fire
truck, The crew raises the ladder so that the water hits the ground 10 feet farther from
the fire truck. Write a function that models the new path of the water,

SOLUTION

1. Understand the Problem Yoo are given a function that represemts the path of
waler spraying from a fire hose. You are asked to write a function that represents
the path of the water after the crew raises the ladder.

2. Make a Plan Analyze the graph of the function to determine the translation of the
ladder that canses water to travel 10 feet farther. Then write the function.

1, Solve the Problem Use a graphing caleulator to graph the original function.
Because 50} = 0, the water originally hits the ground 50 feet from the fire
truck. The range of the function in this context does not include negative values.

However, by observing that i(60) = =23, vou can determine that a translation
23 units (feet) up causes the water to travel 10 feet farther from the fire truck,

glx) = hix) + 23 Bk 23 to the oulpul
= —0083x* + x + 48 Substiwste for Ax) and smplify

P The new path of the water can be modeled by gix) = —0.032% + x + 48,

4. Look Back To check that your solution is correct, verify that g(60) = 0,

glel) = —03(60)F + 60+ 48 = 108+ 60 +48 =0 /

Monitoring Progress ‘m Help in English and Spanish at BigideasMath.com
7. Let the graph of g be a vertical shrink by a factor uf% followed by a translation
2 units up of the graph of fix) = &%, Write a rule for g and identify the vertex.

8. Letthe graph of g be atranslation 4 units left folkowed by a horizontal shrink by a
factor of % of the graph of fix) = 12+ x. Write a e for £

9. WHATIF? In Example 5, the water hits the ground 10 feet closer to the fire truck
after lowering the ladder. Write a function that models the rew path of the water.

Section 2.1 Transformations of Quadratic Functions 51



2.1 Exercises

Dynamic Solutions available at BigldeasMath.com

Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The graph of aquadratic function is called a(n)

2. VOCABULARY Identify the vertex of the parabola given by fix) = {x + 2F — 4.

Monitoring Progress and Modeling with Mathematics

In Exercises 3=12, describe the transformation of
fix) = & represented by g, Then graph each funclion.
(&ce Exampie 1)

3, pix)=xr-3 4 pxi=x+1
5. () =(x+ 2 6. glx) = (v — 4)°
7. g0 =i(x - 1% 8 pxh=(@x+3)F

9. pif=(x+6'-2 1MW g=x-9P+5

M. g =a-72+1 12. gl=(x+10°-3

AMNALY ZING RELATIONSHIPS LY
In Exercizes 13-16, maich the
function with the correct
iransformation of the graph
of f. Explain your reasoning,

=y

13, vy=fix— 1) 14, y=fix)+ 1

15, y=fix=1)+1 16, y=fix+1) -1

v/

=
=y

C. ¥}

I
o
¥

L i

52 Chapter 2 Quadratic Functions

In Exercizes 17=24, describe the transformmation of
fixh = x? represented by g. Then graph each function,
(&ee Exampie 2.)

17, gix) = —x3 18, giv) = (—xF
19, gix) = 3¢ 20. gix) = 3

21 glx) = () 22, #(x) = —(2x)*
23 gixp=2x"—4 24, gix) =z —1)F

ERROR ANALYSIS In Exercises 25 and 26, describe
and correct the error in analyzing the graph of
fix)= —6a + 4.

25.
The graph |5 a reflaction in the
y-axls and avertical stratch
by afactorof & followed by a
translation 4 units up of the graph
of the parent quadratic function
26,

x The graph |5 a translation 4 units
dovwn, followed by avertical

stretch by afactor of & anda
reflection in the x-axis of the graph
of the parent quadratic function

USING STRUCTURE In Exercises 27-30. desceribe the
transformation of the graph of the parent quadratic
function. Then identify the vertex

27. =3z +2F +1

28. fix)=—4lx+1)* -5

29, fix)=-2T4+5

30. fix) = Hx = 1)}



In Exercizes 31-234, write a rule for g described by the
transformations of the graph of £, Then identify the
werlex. (See Examples 3 and 4.)

3. fix) = x% vertical stretch by a factor of 4 and a
reflection in the x-axis, followed by a translation
2 units up

32. fix) = x% vertical shrink by a factor of Land a
reflection in the y-axis, followed by a translation
3 unitzs right

33. fix) = &af — 6 horizontal streich by a factor of 2 and
a translation 2 units up, followed by a reflection in the

y-axis

34. fix) = (x + 6)" + 3: horizontal shrink by a factor m‘%
and a translation 1 unit down, followed by a reflection

im the x-axis

USING TOOLS In Exercises 35=40, match the function
with ils graph. Explain vour reasoning.

35, ) =2x— 1P -2 36 gi=zc+1y-2

3 gy = =2x =1+ 2

38, () =20+ 1¥+2 30 gix)=-2Ax+1y -2

40, g(x) =2x -1+ 2

Section 2.1

JUSTIFYING STEPS In Exercises 41 and 42, Justify each
step in writing a function g based on the fransformations
of fix) = 2x* + 6.

1. translation 6 units down followed by a reflection in

the x-axis
hix)=fix) — 6
=2+ G -6
gx) = —hix)
= —({2? + fix — 6)
=—-2'—6Ge+ 6

42, reflection in the y-axis followed by a translation

4 units right
hix) = fi—x)
= 2{—x)* + 6(—x)
= 2y? — fix
(%) = Kz = 4)
=2(x — 4P — 6{x — 4)
= 2 — 22v + 56

43, MODELING WITH MATHEMATICS The function
fx) = =003(x = 14) + 6 models the jump of a red
kangaroo, where x is the horizontal distance traveled
(in feet) and Mix) is the height (in feet). When the
kangaroo jumps from a higher location, it lands
5 feet farther away. Write a function that models the
second jurmp. (See Evample 5.)

i
\

44. MODELING WITH MATHEMATICS The function
fify = =161 + 10 models the height (in feet) of an
object [ seconds after it is dropped from a height of
10 feed on Earth. The same object dropped from
the same height on the moon is modeled by
git) = — 5 + 10, Describe the transformation of
the graph of fio obtain g. From what height nost the
object be dropped on the moon ot hits the groond at
the: same time as on Earth?

Transformations of Quadratic Functions 53



45, MODELING WITH MATHEMATICS Flying fish use

their pectoral fins like airplane wings (o glide through
the air,
a. Wrile an equation of the formy = afx - B+ k

with wertex (33, 3) that models the flight path,
assuming the fish leaves the water at (0, 0).

b What are the domain and ranpe of the function?
What do they represent in thiz sifuation?

¢. Dwocs the value of a change when the flight path
has vertex (30, 7 Justify your answer,

46. HOW DO YOU SEE IT? Describe the graph of g as a

transformation of the graph of fix) = x*.

47.

449,

COMPARING METHODS Let the graph of ¢ be a
translation 3 units up and 1 unit right followed by
a vertical siretch by a factor of 2 of the graph of
fix) =%,

a. Identify the values of a, &, and k and use vertex
form to write the transformed function,

b Uz function nolation towrile the ransformed
function. Cormprare this function with your
function in part (a),

¢ Supposs the vertical sretch was performed first,
followed by the translations. Repeat parts (a)
and (b,

d. Which method do you prefer when writing a
transformed function? Explain.

THOUGHT PROVOKING A jump on a pogo stick
with a conventional spring can be modeled by

fix) = —05(x — 6)* + 18, where x is the horizontal
distance (in inches) and fx) is the vertical distance
{in inches), Write at least one transformation of

the function and provide a possible reason for

vour transformmation,

MATHEMATICAL CONNECTIONS The area of a circle
depends on the radins, as shown in the graph. A
circular earring with a radius of r millimeters has a

circular hole with a radins u-l'i—r millimeters, Describe

a transformation of the graph below that models the
area of the blue portion of the earring.

L]
=

[
=

=

o

Area (square units)

]

Radius (umnits}

k=
-
b | —
LT
&

— Maintaining Mathematical Proficiency r«cvneuwstuicne v s gases s ieascas

A line of symumetry for the figure is shown in red. Find the coordinates of point A.

(5kilis Review Hardbook)

50. Ay 51.

y=1]
o ———— -

- ‘ - =

A

52.

Chapter 2 Quadratic Functions



2.2

Characteristics of

Quadratic Functions

ATTENDING TO
PRECISION

To be proficient in math, you
need to use clear definitions
inyour reasoning and
discussions with others.

Essgential Quﬁﬂﬁﬂﬂ What type of symmetry does the graph of
fixy = alx — A¥ + Lk have and how can you describe this symmetry?

AN LT s /Ml Parabolas and Symmetry

Work with a pariner.

a. Complete the table, Then use the values
in the table to sketch the graph of the

function

fix) = 1x2 = 2x = 2 ?

on graph paper. pur ] 54 =3 |

ool -z|-1|e 22| O I
m| [ [ [T ] OO F
¥ ! 3 4 '; sl 0000 et -
o] | [ [ |

Tlze the resubts in part () to identify the
verlex of the parabola.

. Find a vertical line on vour graph paper 50
that when vou fold the paper, the left portion of
the graph coincides with the right portion of

the graph. What is the equation of this line? . 1—a
How does it relate to the vertex? 111

. Show that the vertex form
fix) = zlx =20 -4

iz equivalent to the function given in part (a).

EXPLORATION 2

Parabolas and Symmetry

Work with a pariner. Repeat Exploration 1 for the function given by

fly=-2t+ 20+ 3 = —Hx -3 +6.

Gommunicate Your Answer

3. What type of symmeiry does the graph of fix) = ax
woul describe this symimetny?

Hy + ¥ have and how can

4, Describe the symmetry of each graph. Then use a graphing caleulator to verify

YOUr ANSWer.
a fixr)=—@x—1y +4
d. fix) = ;1: + 2)

bh. ixy=@x+ 13 -2

e fix)= -t +3

Section 2,2

Characteristics of Quadratic Functions

e fixy=2x—-3)+1
L fix)=3x-50+2

55



Core Vocabulary

axi of symmetry, p. 56
standard form, g 56
roinimumn value, o 58

LS

maximum valee, p 55
intercent form, o 59

Previous
A-inlercapt

56

Chapter 2

What You Will Learn

B Explore properties of parabolas,

P Find maximum and minimum values of quadratic functions.
B Graph quadratic functions using x-intercepts.

P Solve real-life problems.

Exploring Properties of Parabolas

An axis of symmetry is a linc thal divides a parabola
inter mirror images and passes through the vertex.
Because the vertex of fix) = alr — &7 + kis (h §),
the axis of symmedry is the vertical line x = &,

Previously, vou nsed ransformations to graph quadratic
functions in vertex form. You can also use the axis of
symmetry and the verlex to graph quadratic functions
written in vertex form.

SN  Using Symmetry to Graph Quadratic Functions

Graph fix) = =2(xr 4 3} + 4, Label the vertex and axis of symmetry,

SOLUTION
Step 1 Identify the constants a = —2, i = =3, and k = 4.

Step 2 Flol the vertex (fr, k) = ( =3, 4) and draw
the axis of symmetry ¥ = =3,

Step 3 Evaluate the function for two values of x,

{-3.4)

7]

A== fA-P=-2A-2+3F+4=2
x==Lf-1)=-2A-1+3F+4=—4

Flot the points (=2, 2), (—1, —4), aml
their reflections in the axis of symmetry,

Step 4 Draw a parabola through the plotted points.

Cuadratic functions can also be written in standard form, fix) = ax® + bx + ¢,

where a ## 0. You can derive standard form by expanding vertex form,
fi=alx - P+ k Yerte fom
fix) =a(x? — M+ K+ & Expand (x — hF
flx) = ax* — Joke + alf + & Dastnbutive Property

fix) = ax? + (—2ak)x + (ah® + k) Group like terms

%, ¥ s
fix) = e + by + ¢ Let b= —Fah and |t ¢

Thiz allows you 1o make the following observations.

ahs +

K.

i =

a = g: 5oya has the zame meaning in vertex form and standard form,

-Jah: Solve for hto cbtain k = - i'!-:i. So, the axiz of symimery sy =

¢ =al! + k: Invertex form fix) = afx — k)? + k, notice that fil) = ak* + &

a0, ¢ 15 the y-inlercept.

Quadratic Functions

.:-c'lf

2a



COMMON ERROR

Ee sure to include the
negative sign when
writing the expression
for the x-coordinate of
the vertex,

G) Core Concept

>

Properties of the Graph of f{x) = ax? + bx + ¢
y=al+ b+ eaz0 y=at+hx+ca<c

o The parabola opens up whena = 0 and opens down when a < O,

» The graph is namower than the graph of fix) = x* when |a| = 1 and wider
when |a| < 1.

- b . b b
o The axis of symmetry isx = = and the mjs(—ﬁ_ f{——}}.

o The y-intercepd is ¢. So, the point (0, ¢) i5 on the parabola.

Yo

SEAGAIN  Graphing a Quadratic Function in Standard Form

Graph fix) = 3x% — v + 1. Label the vertex and axis of synmumetry.

SOLUTION
Step 1 Ideotify the coefficientsa = 3,0 = —6, and ¢ = 1. Because a > 0,
the parabola opens up.
Step 2 Fimd the vertex, First calculate the x-coordinate.
- AL =
a  2(3) EEFYY
Then find the y-coordinate of the vertex. 11 T
A =317 -6l +1=-2
&0, the vertex 15 (1, —2). PIot this point,

Step 3 Draw the axis of symmetry x = 1.

Step 4 Identify the y-intercept ¢, which is 1. Plot the
point {0, 1) and its reflection in the axis of
syrmometey, (2, 1)

Blep § Evaluate the function for another value of x,
aichasx = 3.

fBH=33F-63+1=10
Plot the point (3, 100 and its reflection in the axis of symmetry, (— 1, 10).
Step & Draw a parabola through the plotied paints,

Monitoring Progrecs ‘ﬁ:' Help in English and Spanich at BigideasMath com
Graph the function. Label the vertex and axis of symmetry.

1. fix) = —3x + 1y 2. gy =2x -2+ 35
)y =xi+x—1 4. pix)= =2t = &x + |
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STUDY TIP

When a function fis
written in vertex form,

you can use iy = & and

k= f(— -111] to state the
23

properties shown.

>

Finding Maximum and Minimum Values

Because the verlex is the highest or lowest point on a parabola, itz y-coordinate is
the mavinugm value or minimin value of the function. The vertex lies on the axis of
symumetry, 50 the function is ncreasing on one gide of the axis of symmetry amd
decreasing on the other side.

G) Core Concept

Minimum and Maximum Values

For the quadratic function fix) = ax® + br + ¢, the y-coordinate of the vertex
15 the minimmom value of the Tonction when g = 0 and the maximum value
when i < 0.

a=0 a<i

x=-%

4
J N easing T LI

(R T8 CER R a1 o decreasing

U ETILITT

AT 173

M i nd mam valuoe f{—%}

A
|

Maximum value; f( —%)

L]
-

o Domain: All peal onmbers » Domain: Al real mumbers

Kange: y E_f{ —%} Eange: y EIE—%]

o Decreasing 1o the left of x = — » Increasing to the lefl ofx = —

B

i
Za

Increasing to the rght of x = - ¢ Decreazsing tothe right of x = =

K=
e

SEALZNIEN Finding a Minimum or a Maximum Value

Find the mininmim value or maximmm valee of fiv) = .'If"[? = 2t — 1. Describe the
domain and range of the function, and where the function is increasing and decreasing.,

SOLUTION

Identify the coefhickents a = % b=-2 and ¢ = —1. Because a > 0, the parabola
opens up and the function has a minimum valee. To And the minimim valee, calculate
the coordinates of the venex,

x=-f=-"2os whp y@=lot-an-1=-3

2a 2{ |_} 2
i

P The minimum value is —3, So, the domain is all real numbers and the range is

¥ 2 —3. The function is decreasing to the left of ¥ = 2 and increasing to the

right of x = 2,

o ; )
Monitoring Progress ‘t-'* Help in English and Spanish at BigideasMath.com

5. Find the minimum value of maximom valoe of (a) fix) = 4% + 16r = 3 and
b ixy = =5 4+ 5y + 9. Describe the domain and range of each function,
and where each function is increasing and decreasing.

Quadratic Functions

Check
10
-0 \ / 0

e

M1 riti s

K=7 T==3

=10
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Graphing Quadratic Functions Using x-Intercepts

When the graph of aquadratic function has at least one x-intercepd, the function can be
written in interce pt Form, fix) = @y — gy — g), where a # 00,

G) Core Concept

Properties of the Graph of f(x) = a(x — p)(x — ¢

o Because fip) = 0 and fig) = O, p and x = ey
g are the x-intercepts of the graph of
the function,

# The axis of synumeiry is haliway between
ip, 0y amd (g, O). So, the axis of symmetry
sx =219

2

HREMEMEER

An x-intercept of a graph
is the x-coordinate of a
paint where the graph
intersects the x-axis. It

— occurs where fix) = 0.

¥ = alx - pix - q}

=y

{4, 0
» The parabola opens up when a > 0 and
opens down whena < 0,

Yo,

Graphing a Quadratic Function in Intercept Form

Graph fix) = =2y 4+ 3}y = 1}. Label the x-intercepts, vertex, and axis of symmeiry,
SOLUTION
[:> Step 1 Identify the v-intercepts. The x-intercepts are

P = —3and g = 1, s0 the parabola passcs
through the points (=3, 09 and (1, 0).

Step 2 Find the coordinates of the vertex,

sulidomoth,

2 2
fi-l)==3-1+3U-1—-1)=8%

So, the axis of symmetry isx = —1 and
the vertex iz (=1, B}

COMMON ERROR

Remember that the
x-intercepts of the graph
of fix} = alx — pl{x — g) are
p and g, not —p and —q.

Step 3 Draw a parabola through the verleX and
the points where the x-intercepts oocur,

Check You can check your answer by penetating a table of values for fon a

araphing calculator.
T KT
=% =11
ity T The values show
F E symimetry aboul x = —1
x-intercepl — o 5o, the vertexis {1, 8

2

X=-1

o s i
Mon Ifﬂrlhg Prﬂﬂ ress ‘]‘5‘ Help in Engish and Spanish at BigideasMath.com
Graph the function. Label the s-intercepts, vertex, and axis of symmetry,

6. fix) = —(x + 1)}x + 5) 1. plx) = {[,:.- — &)y — 2)
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Solving Real-Life Problems

Modeling with Mathematics

The parabrola shows the path of your first golfl shot, where 1 is the horizontal distance

¥ {in yards) and y is the corresponding height {in yards). The path of your second shot
can be modeled by the function fix) = —002vix — 50). Which shol travels farther
(50, 25) before hitting the ground? Which travels higher?
SOLUTION

1. Understand the Problem You are given a graph and a function that represent
the paths of tevo golf shots, You are asked to determine which shot travels farther
b fore hitting the ground and which shot iravels higher,

2. Make a Plan Determine how far each shot travels by interpreting the t-intercepis.
Determine how high each shot travels by finding the maximum value of each
function. Then compare the values.

A Salve the Problem

First shot:  The graph shows that the y-intercopts are 0 and 100, So, the ball
fravels 100 vards before hitting the groand.

i 100 yd i

Becauss the axis of symimetry is halfway betwesn {0, 0) and

(100, 0), the axis of symmetry isx = g +11m = 0. S0, the vertex
is (50, 25) and the maxinmuam height is 25 yards.
Second shot: By rewriting the function in intércept form as

fix) = —0.02(x — 0)(r — 80), vou can se¢ that p = 0 and g = 0.
50, the ball fravels B0 vards before hitting the ground.

To fAind the maxionmm height, Aind the coordinates of the verex.,

Bt g_0+80
2 2

J(40) = —0.02(40K40 — 80) = 32
The meaxinmm height of the second shet is 32 vands,

B Because 100 yards > 50 vards, the first shot travels farther,
Because 32 yards > 15 vards, the second shol ravels higher.

4. Look Back Tocheck that the second shot travels higher, graph the function

representing the path of the second shot and the line v = 25, which represents the
maximm height of the first shot,

The graphrises above ¥y = 235, so the second shat travels higher. 1{

= 40

Monitoring Progress 45; Help in English and Spanish at BighdeasMath.com

8. WHAT IF? The graph of your third shot s a parabola through the origin that
reaches a maximum height of 28 yards when x = 43, Compare the distance it
travels before it hits the gronnd with the distances of the first two shods.
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2 Y 2 EKEI"EI SES Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Gore Goncept Gheck

1. WRITING Explain how to determine whether a quadratic function will have a mininmm value

OF @ maxirmm value.

2. WHICH ONE DOESN'T BELONG? The graph of which function docs nof belong with the

other three? Explain,
fix) =322+ 6r — 24 fix) =324+ Mz -6
fix) =3(x — 20x + 4) f)y=3x+1¥-27

Monitoring Progress and Modeling with Mathematice

In Exercises 3=14, graph the function. Label the vertex REASONING In Exercises 19 and 20, use the axis of
and axis of symmetry. (See Fvanmple 1.} symmetry to plot the reflection of each point and
3. f(0) = (x — 37 & Hx)= @+ d) complete the parabola.
15.

S5 gi)=(+3F+5 6 y=-TV-1
7. y==d4(x =22 +4 & g =2x+1)}=-73

9, fix)=-20x—-1¥-510. Mx)=4x+4)V+6

M, y=—qr+27+1 12 y=lr-30+2

In Exercises 21-30, graph the function. Label the veriex

- A 2 - e o [
B miaE =l e ) and axis of symmetry. (See Example 2.)

ANALY ZING RELATIONSHIPS In Exercises 15-18, use the 2. y=al+ 2+ 22. y=3x—6x+4
axis of symmetry to match the equation with its graph.

23, y=—4x'+8x+2 M fix)=-—x'—6x+3
15, y= '3'[3‘-' 3]1 + ] 16. y= (x + '1.:|:I -7

25. gixy=-x'-1 26, fix) =6zt — 5
17. y=3x+12+3 18 y=(x-22-1

27. 20) = =15x2 4 3x + 2

A B.
28. i) =05 +x-3
29, y=3-3c+6 3 y= -3 —dr—1
. WRITING Two quadratic functions have graphs with
vertices (2, 4) and (2, —3). Explain why you can not
c D. use the axes of symmetry to distinguish between the

o functions,

32, WRITING A quadratic fupction iz increasing to the left
of x = 2 and decreasing to the right of x = 2. Will the
vertex be the highest or lowest point on the graph of
the parabola® Explain.
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ERROR ANALYSIS In Exercises 33 and 34, describe
and correct the errvor in analyzing the graph of
y=drd 4+ M4x - 7.

33,
The x-coordinate of the vartax s

The y-Intercept of the graph Is the
value of ¢, whichis 7.

MODELING WITH MATHEMATICS In Exercises 35 and 36,
x is the horizontal distanee (in feet ) and y is the vertical
distance {in feet ). Find and interpret the coordinates of
the veriex,

35. The path of a basketball thrown at an angle of 45° can
be modeled by y = =0.02¢7 + x + 6,

36, The path of a shot put released at an angle of 35° can
be madeled by y = —0.01x% + 0.7x + 6.

37, ANALYZING EQUATIONS The graph of which
function has the same axis of symmetry as the graph
af y =xt 4+ 4+ 27
&) y=2+2x+ 2
B y==3x2-6Gr+2
L y=xl=Ix+2
M y= 524+ 1w+ 2

3B, USING STRUCTURE Which function represents the
widest parabola? Explain your reasoning,

A y=2Nx+3p

B y=xt-35

) y=05x-10"+1
D y=-x+6

62 Chapter 2 Quadratic Functions

In Exercises 3948, find the minimmm or maximum
value of the function. Describe the domain and range of
the function, and where the funetion is inecreasing and
decreasing, (See Exarmple 1)

29, y=62 -1 40, y =97 +7

M, y=-x—4r—-2 42 gix)=-l-Gr+5

43, fixy= -2+ 8 +7
44, gix) =3x'+ 18x - 5
45, My =222 - 1 46. hix) = x* - dx

A7 y=i1-3r+2 48 fly=3+ 60+ 4

49, PROBLEM S0LVING The path of a diver is modeled
by the fanction f{x) = =9 + 9y + 1, wher fix) is
the height of the diver (in meters) above the water and
X 15 the horizontal distance (in meters) from the emd of
the diving board.

a. What is the height of the diving board?

I What is the maximum height of the diver?

¢. Describe where the diver is ascending and where
the diver is descending.

50. PROBLEM SOLVING The engine torque
v {in food-pounds) of one model of car is given by
¥ = =375 + 23.2r + 38.8, where x is the speed
iin thousands of revolutions per minute) of the engine.

a. Find the engine speed that maimizes tongquc.
What is the maximum torgue?

b Explain what happens to the engine torque as the
speed of the engine increases.

MATHEMATICAL CONNECTIONS In Exercises 51 and

52, write an equation for the area of the fizure. Then
determine the maximum possible area of the figure,

1. [ [] 52

20 = b




In Exercizes 53=60, graph the function. Label the
reinterceptis), vertex, and axis of symmetry.
[See Example 4.)

53.
35.

57.

59. fix) = —2(x — 3)?

¥ =%+ 3x = 3) 54, y=ix+ lix—=3)

y=3x+2)x+6 56 fix)=2x-35Kr-1)
gix) = —x{x + 6} 58. ¥y=—dx{x+T)

60. y=4x—TF

USING TOOLS In Exercises 61-64, identify the
r-intercepts of the function and describe where the
graph is increasing and decreasing, Use a graphing
calculator to verily your answer

B1. fix)=3ix — 2)ix + 6)

62,

63.

4.

65,

B

67,

y=Hx + 1y — 3

300 = —4(x - Hix - 2)

hx) = —5(x + 5)(x + 1)

MODELING WITH MATHEMATICS A soccer player

kicks a ball downfield. The height of the ball increases
untl it reaches a mesd

height of 8 vards, 20 vands
away from the player. A
secomd Kick is maodeled by
¥ = x4 = 0.008x), Which
kick travels farther before

.
- -

hitting the ground? Which :
kick travels higher? (See Example 5.)

MODELING WITH MATHEMATICS Although a football
field appears to be flat, some are acimally shaped

like a parabola so that rain rons off to both sides,

The cross section of a feld can be modeled by

y = —0000234x(x — 160), where x and y are
measmred in fecl. What is the width of the Geld? What
is the maximuam height of the surface of the hicld?

¥ 73.

surface of

featball field

¥
Mot drawm fo soale =
REASONING The points (2, 3) and (—4, 2) lie on the
graph of a quadratic function. Detérmine whether you
can use these points to fnd the axis of symmetry. If
not, explain, If 5o, write the equation of the axis
of sV mmeiry,
Section 2.2

6a.

G,

70,

T2,

OPEN-ENDED Write two different quadratic functions
in intercept form whose graphs have the axis of
symmetry x = 3.

PROBLEM SOLVING An online mmsic store sells about
4000 songs cach day when it charges $1 per song. For
cach 5005 increase in price, about B0 fewer songs

per day are sobd. Use the verbal mode] and quadratic
Tunction to determine how much the store should
charge per song to maxinmize dadly revenue.

Revenue Price Sakes
(daollars) (dollars/song) {s0ngs)
Rix) = (1 4005) & ($000 = By)

PROBLEM SOLVING Anelectronics store sells

T0 digital cameras per month at a price of

§320 cach. For ¢ach 320 decrease in price, about

5 more cameras per month are sold. Use the verbal
meadel and quadratic function to determine how mach
the store should charge per camera (o maximize
monthly reve nue.

Revenue Price Sales
(dollars) — (dollarsicamera) {cameras)
Rixy = (320200 +  (J0+ 51)

. DRAWING CONCLUSIONS Comgare the graphs of

the three quadratic funciions, What do you notice?
Rewrite the functions fand g in standard foom fo
Justify your answer.

Jix) = (x + 3)(x + 1)
g =x+2 -1
fix) =2+ 4x +3

USING STRUCTURE Write the quadratic function
Jixy = x* + x — 12 In intercept form. Graph the
function. Label the x-inercepls, y-inlercepl, vertex,
and axis of symmetry.

PROBLEM SOLVING A woodland jumping

mze hops along a parabolic path given by

g = =027 + 13x, where ¥ i3 the mouse's horizontal
distance traveled (in feet) and y 15 the corresponding
height (in feet). Can the mouse jump over a fence that
is 5 feet high'? Justify your answer.

ot drawn (o soale
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74. HOW DO YOU SEE IT? Consider the graph of the 77, MAKING AN ARGUMENT The point (1, 5) lies on the

fametion fiix) = alx = pix = g). graph of a quadratic function with axis of symmetry
x = —1.Your friend savs the vertex could be the point
G (0, 5). Is your friend correct? Explain.

T8, CRITICAL THINKING Find the y-intercept in
terme of a, p, and o for the quadratic function
fix) = alx = pix = gq).

79, MODELING WITH MATHEMATICS A kernel of
i " popcorn contains water that expands when the

Y kernel is heated, causing it to pop. The equations
below represent the “popping volome™ ¥ (in cubic

p+ E} : centimeters per gram) of popeorn with moisire
= ﬁﬂmdm!{ 2 DRI Brapiic content x (a5 a percent of the popcorn’s weight).
B g;:;ﬁgﬁ::ﬁ AL AITHES 8 YL () Hot-air popping: ¥ = —0.76lix — 5.52)(x — 22.0)
] ' Hot-oil popping: y = —0.652(x — 535)x — 21.8)
75. MODELING WITH MATHEMATICS The Gateshead -
Millenniwm Bridze spans the River Tyne. The arch . 1 < |
of the bridge can be modeled by a parabola. The arch o J-_',;
reaches a maxdmum height of 50 meters at a point ,ﬁ""’ L. N
roughly 63 meters across the river. Graph the curve [ - i

of the arch, What are the domain and range? What do
they represent in this sitwation?

a. For hot-air popping, what moisiure content
e mizes popping volome? What is the
i mum volume?

b For hot-oil popping. what moisture content
meaccimizes popping volume? What is the
s i volums:?

¢. Uss a graphing calculator to graph both functions
inthe same coordinate plane. What are the domain
and range of each function in this situation?

76. THOUGHT PROVOKING You have 100 feet of Explain,
fencing toenclose a rectangnlar garden, Draw three
possible designs for the garden. Of these, which 80. ABSTRACT REASONING A function is written in
hflsu'rc‘gmaleﬂma?h-{akeacmpﬂm?abmlﬂm intercept form with a > 0. What happens to the vertex
dimensions of the rectangular garden with the greatest of the graph as a increases? as a approaches 07

possible arca, Explain your reasoning.

— Maintaining Mathematical Proficiency ro ot mamed in o sraes a0 tessons

Solve the equation. Check Tor extranesus selutions. (3L Beview Hardbood)

B8l. Wr-6=0 §2. Wr—-4-2=12
83 VSr+5=0 g4, Vir+8="r+4

Solve the propertion. (5Ll Review Handlrook]

ARt
o
o0

s =X LmX k=
. omg 8% 1=3 87. —
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2.1-2.2 What Did You Learn?

Core Yocabulary

quaciratic function, p, 48 standard forny p. 36
parabola, p, 48 minimam valee, p. 55
vertex of a parabola, p. 30 maximmm value, p. 58
vertex form, p. 50 intercept form, . 39

axis of symmmetry, p. 56

Core Concepts

sSection 2.1

Horizontal Translations, p, 48 Reflections in the y-Axis, p, 49

Vertical Translations, p. 48 Horizontal Stretches and Shrinks, p. 49

Reflections in the x-Axis, p. 49 Vertical Stretches and Shrinks, p. 49

Section 2.2

Propertics of the Graph of fix) = ax? + br + ¢, Propertics of the Graph of fix) = aly = piix = g,
o537 P39

Minimum and Maxinmm Vilues, p. 58

Mathematical Practices

1. Why does the height von found in Exercise 44 on page 53 make sense in the context
of the situation?

2, How can you effectively communicate your preference in methods to others in
Exercise 47 on pape 547

2. How can you use technology to deepen your understanding of the concepts in
Exercise 79 on page 647

o Study Skills - --------------- ——
Using the Features of

Your Textbook to Prepare

for Quizzes and Tests

+ Read and understand the core vocabulary and the contents
of the Core Concepl boxes

+ Review the Examples and the Monitonng Progress questions
Use the tutorials at BigldeasMath com for additional help

¥ Review previcusly completed homework assgnmenis



Describe the transformation of fix) = xt represented by g. (Section 2.1)
1.

Wrile a rule for g and identify the vertex. (Section 2.1)

4. Let g be a translation 2 units up followed by a reflection in the r-axis and a vertical stretch
by a factor of 6 of the graph of fix) = x°.

3. Let g be a translation 1 anit left and 6 units down, followed by a vertical shrink by a factor
ol '— of the graph of fix) = 3(x + 2)%.

6. Let gbe a horizontal shrink by a factor of j followed by a ranslation 1 nnit up and 3 units
right of the graph of fix) = (2r + 1)* — 11.

Graph the function. Label the vertex and axis of symimetry. (Section 2.7
T. fay=2x— 13 -5 8 A=+ 6y -2 9, fix) =7 - 8x —x?
Find the x-intercepts of the graph of the function. Then describe where the function is increasing
and decreasing. (Section 2.2}
10, glx) 3E A+ ZHx +4) 11. g(x) = ;kl Six+ 1) 12. fix) = 0dx(x = 6)
13. A grasshopper can jump incredible distances, up to 20 times its length. The height
{im inches) of the jump above the ground of a 1-inch-long grasshopper is given
by Ry} = — i,r: + &, where x is the horizontal distance (in inches) of the pmp. When

the grasshopper jumps off a rock, it lands on the ground 2 inches farther. Write a function
that models the new path of the jump. (Section 2.1)

F N
- b
= -
.’ b
o b
(0, &) (20, 0}

Not drawm o Srale

14. A passenger on a stranded lifeboat shools a distress Aare into the air. The _ .{E 4, 196)
height {in feet) of the flare above the water is given by f(f) = — 161t — 8), A Lot
where { is time (in seconds) zince the flare was shot, The passenger shoots a
socond fare, whose path is modeled in the graph. Which flare travels higher?
Which remains in the air longer? Justify your answer. (Section 2.2)
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Focus of a Parabola

Egsential Qﬂ'ﬁﬂiﬂﬂ What is the focus of a parabola?

EXPLORATION 1 Analyzing Satellite Dishes

Work with a partner. Vertical rays enter a satellite dish whose cross section is a
parabola. When the rays hil the parabola, they reflect at the same angle at which they
entered. (Sec Kay 1 in the Aigure.)

a, Draw the reflected rays so that they intersect the y-axis,
b, What do the reflected rays have in common?

¢. The optimal location for the receiver of the satellite dish is ot a point called the
Sfocus of the parabola. Determine the location of the focus, Explain why this makes
gonse in this situation,

JI:II.

T - I ¥

| incoming angle |

=

anqgle

cItgoan i
-I 1

CONSTRUCTING
VIABLE
ARGUMENTS -

To be proficient in math,
you need to make
conjectures and build
logical progressions of
statements to explore the
truth of your conjectures.

-
bl il
=

AU NeLENe S Analyzing Spotlights

Work with a partmer. Beams of Llight ame coming from the bulb in a spotlight, located
i the focuz of the parabola. When the beams hit the parabola, they reflect at the zame

D’ angle at which they hit. (See Beam 1 in the hgore ) Draw the reflected beams. What do
they have in commeon? Woukd vou consider this to be the optimal resull’? Explain.

'

Ol
angla

—

| incaming angle J

2 = l-'.r--'.r:.ﬂT 1 1 X
Communicate Your Answer

3. What is the focus of a parabola?
4. Describe some of the properties of the foouns of a parabola.

Section 2.3 Focus of a Parabola 67



Core Vocabulary

focus, p. 68
directnix, o 68
Previous
perpendicular
Distance Formula
COngrieEns

STUDY TIF

The distance from a

point to a line is defined
as the length of the
perpendicular segment
from the point to the line.

68 Chapter 2

What You Will Learn

B Explore the focus and the directrix of a parabola.
P Write equations of parabolas.
B Solve real-life problems.,

Exploring the Focus and Directrix

Previously, you learned that the graph of a quadratic function is a parabola that opens
up or down. A parabola can also be defined as the set of all points (x, ¥) in a plane that
are equidistant from a fixed point called the foens and a fixed line called the directrix.

& s of
gymimelny

Thee Toous is i the interion
of the parabola and lies on
the axis of symmetry.
~The diredr is

- [ perpendicular to the
Thie vertesx lies hal bway 3 4 axis of symmetry
betweaen the foous and == e

the directrix

EXAMPLE 1

Use the Distance Formula to write an equation of the
parabola with focus Fid, 2) and dircctnix y = —2,

SOLUTION

Notice the line segments drawn from point F to point £ _ L1
and from point P to point 0. By the definition of a - - 1 Dfx, — .3!]-'_
parabola, these line sepments must be congruent, y= =2 |

PD = PF
Voo =)+ @ =i =i -0+ (- wF
Ve =+ — (-2F =V —0f + o — 2§
Viy + 2)?
4+ 2 =y (y = 2R

V+ady+d=xl+yl-dy+4

By = xf
y = Ly

5

Definiticen of a paralssla

Distanoe Formuda

Substinste for x,, y,, x;, and .

Yxt 4 (y = 2)¢ Samplify

Square sadch ade
Expand

Combine like tenms

Dpade ead sicde by &

Hﬂﬂ Hﬂ'rfﬂg Prﬂgrﬂrﬂﬂ' ‘ﬁr‘ Help in English and Spanish at BigldeasMath.com

1. Use the Distance Formula to write an equation T:.r
of the parabola with focus F{0, —35) and f-'[-i'L- 3} ;

directrix y = 3, "":{l

f 1

Quadratic Functions



LOOKING FOR
STRUCTURE
1

MNotice that y = 4_,5”: is

of the form y = ax’. 5o,
changing the value of
p vertically stretches or
shrinks the parabola.

>

STUDY TIP

Motice that parabolas
opening left ar right
do not represent functions,

Yo can derive the equation of a parabola that opens wp or down with vertex (0, ),
focus (0, p), and directrix ¥ = —p osing the procedure in Example 1.

? Vix —x2+(y - (-pE =VYix -0+ {y - p)*
y+py=x+-pF
¥4 2py + pt = x4 ¥ = 2py + p?

-
x

i1 4py = x*
: s
-r,—";— %, —p}
[y ==p| ].-'=-f]~'--.3|.'2
A

The focus and directrin each lie |p| units from the vertex, Parabolas can also open left
of fght, in which case the equation his the form x = %}E when the vertex is (0, 0

&) Core Concept

Standard Equations of a Parabola with Vertex at the Origin
Vertical axis of symmetry (x = 0)
1

eyl ¥ :.- directrn: ¢ .
L ©.p) vertex: (0 O e
Directrix: y = —p > g directrix 3
| i
p=0

Horizontal axis of symmetry [y = 0}

Equation: x = ---1n:|i'2 ¥ 1
¥ focus dlr_ﬂ:trm
Focus: (g, () {p, @ X==p
Directrix: x = — vertex: X VErLEx *
2 ﬂlrer_t;::x (0, 0) 0, 0}
r
p=0 p=0

EXAMPLE 2

Graphing an Equation of a Parabola
Identify the focus, directrix, and axis of symmetry of —4x = . Graph the equation,

SOLUTION

Step 1 Rewrite the equation in standard form,
—d4y = -!',.E

x= —iﬂ

Wiite the ongnal equstion.

Dovade each sicle by =d.

Step 2 ldentify the focus, ditectrix, and axis of symmetry. The equation has the form
xX= %}*1. where p = ~1. The focus is (p, 0), or (=1, 0). The directrix is

¥ = =p orx = |, Because yis squared, the axis of symmetry is the y-axis.

Step 3 Use a table of values to graph the =1 | =2 3 | =4
cquation, Notice that it is easier to y T
substitnte y-valoes and solve for ¥, X =025 | =1 | =2.25| =4
Opposite y-values resalt in the
same x-valoe,
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Writing Equations of Parabolas

FEVLSNIEN  Writing an Equation of a Parabola

EEEEFCEIN Write an equation of the parabola shown.
o SOLUTION
' Because the vertex is o the origin and the axis of svmmetry is vertical, the equation
':1 ; has the formy = #.‘:’3. The directrix is y = —p = 3, 50 p = — 3. Substlitute —3 for pto
. write an equation of the parabola,
ES RSN S
YR T r
P So, anequation of the parabola is y = —ﬁ,\"f.
Monitoring Progress 4\} Help in English and Spanish at BigitsasMath.com
Identily the focus, directrix, and axis of symmetry of the parabola. Then graph
the equation.
2. y=051° 2 —y=xt 4. y'=6r
Write an equation of the parabola with vertex at (0, 0) and the given directrix
or focus,
5 directrix: x = =3 &. focus: (-2, 0) 7. focus: {1}. %J
The vertex of a parabola is not always at the origin. As in previous transformations,
adding a vahlie to the input or output of a function translates its graph,
G) Core Concept
standard Equations of a Parabola with Vertex at (h, k)
Vertical axis of symmetry (x = h)
i 1 K=1Hh
El.'ll.lil.lﬂ'l'l.: ¥F= E{t — f]'}} + F vl | ['“.-:_k " ]:'}'
STUDY TIP Focus: (. & + p)
The standard form for a Directrix: y =& —p
vertical axis of symmetry ¥
leoks like vertex form. To

remem ber the standard
form for a horizontal axis

of symmetry, switch x and Harizental axis of symmetry (y = k)
¥, and hand k. I e
D Equation: x = ;1;(].' —kF + h vk / h kil ol
Focus: i +P,£’} l E’ |:_|";- o, k) E L
Directrix: x =k —p .I,.-g _ ::h~p,f;;. - -
¥ -.’frk‘ / Xy
p=0 pe0

Y
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AN  Writing an Equation of a Translated Parabola

Wirite an equation of the parabola shown,

SOLUTION
Because the vertex iz not at the origin and the axis of symmetry i honzontal, the
equation has the formy = #{}' — k) + k. The vertex (&, &) is (6, 2) and the focus

e+ p k) isd10, 2), s0k = 6.k = 2, and p = 4. Substitute these values (o write an
equation of the parabola.

I=L{}r—2}"+f&=%[j—?}i+ﬁ

41y
. . 1 -7 4
P So. anequation of the parabola is x = TEy = 2t 4+ 6,

Solving Real-Life Problems

Farabolc refleciors have cross
sections that are parabolas.
Incoming sound, light, or other
energy that arrives at a parabolic
reflector parallel to the axis of
symumetry is directed to the Tocus
(Driagram 1). Similarly, encrgy that is emitted from the focus of a parabolic reflector
and then strikes the reflector is directed parallel to the axis of symmetry (Diagram 2.

Focus

Diagram 1 Diagram 2

SN Solving a Real-Life Problem

An electricity-generating dish uses a parabolic reflector to concentrate sunlight onto a
high-frequency engine located at the focus of the reflector. The sunlight heats heliom
to 650°C to power the engine. Write an equation that represents the cross section of the
dish shamwn with its vertex at (8, 0). What is the depth of the dish?

SOLUTION
Becanse the veriex is at the origin, and the axizs of symmetry is vertical, the equation

has the form y = %ﬂ. The engine iz al the focus, which is 4.5 meters above the

vertex. S0, p = 4.5, Substitute 4.5 for p to write the equation.

| 1
1 = ——yd

TR ST:
The depth of the dish is the y-value at the dish’s outside edge. The dish extends

E = 4.25 meters to cither side of the vertex (0, 0), so find y when x = 4.25,
1

1%

¥ = [-.I.'lﬁ.jl =]

P The depth of the dish is about | meter,

Monitoring Progress 45}3' Help in English and Spanish at BigideasMath.com

8. Write an equation of a parabola with vertex (— 1, 4) and focus (-1, 2).

9. A parabolic microwave antenna is 16 feet in diameter, Write an equation that
represents the cross section of the antenna with its vertex at (0, O) and its focus
10 feet to the right of the vertex. What is the depth of the antenna?

Section 2.3 Focus of a Parabola FA |



2.3 Exercises

Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check

calledthe  and a fixed line called the

directrix y = 5.

1. COMPLETE THE SENTENCE A parabola is the set of all points in a plane equidistant from a fixed point

2. WRITING Explain how to find the coordinates of the focus of a parabola with vertex (0, 0 and

Monitoring Progress and Modeling with Mathematics

In Exereises 3=10, wse the Distance Formla fo wrile an
equation of the parabola, (See Example 1)

3. Ay 4,

k. *:.f Dix, 4)
FiD, 1 LR —t
NG } by Y

X

|¥=—1] 2B Y
Hi, = 4}*’

5. focus: (0, —2) 6. directrix: y=7
directrix: ¥ =2 focus: (=73

7. vertex: (0, () 8. wvertex: {0, 0)
directrix: ¥y = —6 focus: (0, 5)

8. wvertex: {0, 0 10, veriex: (0,0
focus: {0, — 1) dirgctrix: y = -9

11. ANALYZING RELATIONSHIPS Which of the given
characteristics describe parabolas that open down?
Explain your reasoning.

[E" focus: (0, —&)
directrix; y = 6

(L focus: {0, 6)
directrix; ¥y = =6

(B} focus: {0, —2)
directrix: y = 2

(P focus: (0, ~1)
directrix: v = 1

12. REASONING Which
of the following are
possible coordinates of

the point F in the graph

shown? Explain.

& (-6-1) ® (-5 © (4.1
D> (L 4] E 6 -1 E (2-3)

72 Chapter 2 Quadratic Functions

In Exercises 13-20, identify the focus, direetrix, and
axiz of symmetry of the parabola. Graph the equation.
(See Exantple 2.)

13. y=1? 14 y=—5od
15. r= —%}3 16, v = :l'_q}.i
17. y* = 16x 18. -1 = 48y

19, G +3py=10 20, Bxi—-y=0

ERROR ANALYSIS In Exercises 21 and 22, describe and
correct the error in graphing the parabola.

L 8 ¥ | [ |
T

23. ANALYZING EQUATIONS The cross seclion {with
units in inches) of a parabolic satellite dish can be
modeled by the equation y = 31::""}' How far is the
receiver from the vertex of the cross section? Explain,



24.

AMNALYZING EQUATIONS The cross section (with
units in inches) of a parabolic spotlight can be
modeled by the equation x = . How far is the bulb
from the vertex of the cross section? Explain.

In Exercises 25-18, write an equation of the parabsla
shown., (See Example 3.)

25.

z.ﬁ. E -_ I %
Ay ¥=j
Yy | directrix
virbex
X
verlex x
 id |
Mo,
v | diredri
= + =S T
¥ 3 28,
== -
X =3 - :’ﬂl
e —
vertex = e
% - -
: X
directrix directrix

In Exercises 29-36, write an equation of the parabola
with the given characteristics.

29,

.

33.

35.

direcinix; £ = =3

30. focus: {} D}
directrix: x = —%

focus: (5, )

directrix: x = =10 32 directrix: y = 3
vertex: (0, 0) vertex: (0, )

; 5 :
focus; (0, =3 34, focus: {ﬂ. 2)
directrix: y = f'; directrix; y = -;,"'~
focis: [1}. ﬂ 36, Tocus: {—;U}
vertex; (0, 0) vertex: (0, 0)

In Exercises 37=40, write an equation of the paraboala
shown. (See Example 4.)

ar.

In Exercises 41-46, identify the vertex, focus, directrix,
and axis of symmetry of the parabola, Deseribe the
transformations of the graph of the standard equation
with p = 1 and vertex (0, 0}

a1.

43.

45.

a7,

y=jr=3P+2 A2 y=-{x+ 4

r=y -3+l A4 y=(x+ 35

r= -3y +42+2 46 r=4y+5F-1
MODELING WITH MATHEMATICS Scientists studying
dolphin echolocation sinmlate the projection of a
boftlenose dolphin’s clicking sounds using computer
models. The models originate the sounds at the focus
of a parabolic reflector. The parabala in the graph
ghows the cross section of the reflector with focal
Iength of 1.3 inches and aperture widkh of 8 inchos.
Write an equation to represent the cross section

of the reflector. What iz the depth of the reflector?
{See FExammple 5.)

f

apertune

Y

i
focal length
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48. MODELING WITH MATHEMATICS Solar encérgy can be
concentrated using long troughs that have a parabolic
croas section as shown inthe fgure, Write an equation
i peprezent the cross section of the trough, What are

the domain and range in this simation? What do
they represent?

49. ABSTRACT REASONING As|p|increases, how docs
the width of the graph of the equation y = ;—Fx?
change? Explain your reasoning.

50, HOW DO YOU SEE IT? The graph shows the path of a

vollevball served from an initial height of 6 feot as it
iravels over a net.

L eA

2]

N

x

Y, ‘mc
a. Label the veriex, focus, and a point on
the directrix.
b An underhand serve follows the same parabolic

path bat i hit from a height of 3 feet. How does
this affect the focus? the directrix?

5.

CRITICAL THINKING The distance from point £ to the
directrix is 2 units. Wrile an equation of the parabola.

Ay

P—2, 1)
Wo, o) x

Y

THOUGHT PROVOKING Two parabolas have the
sarme Tocus (@, &) and focal kength of 2 units. Write
an equation of éach parabola. Identify the directrix of
each parabola.

REPEATED REASONING Use the Distance Formula
to derive the equation of a parabola that opens 1o
the right with vertex (0, 0), focus (p, 03, and
directrix x = —p.

D{-p, vig—
E

PROBLEM SOLVING The laks rectim of a parabola is
the line sepment that i paralle] to the directrix. passes
through the focus, and has endpoints that lie on the
parabola. Find the length of the lats rectum of the
parabxla shown,

latus &Y
rectum | Flo, 2)
A
W, ) x
— -
|¥=—-2|y

—Maintaining Mathematical Proficiency recocuwsmns s gase snd s

55. (1, —4), (2 —1) 56. {(—3,12), (0,6}

Bl olsls] 7 ]n

4 ') 24 29 | 4

57.

&0,

Write an equation of the line that passes through the points,
(3, 15 (—5,5) 58. (2. —1), (0. 1)

Use a graphing caleulator to find an equation for the line of best fit. | Section [3)

fSection §.3)

0 3 10 12 16

18 | 15 9 7 2
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Modeling with Quadratic Functions

Egcential Q"mﬂ How can you use a quadratic function to model

a real-life situation?

RS E RIS LRE Modeling with a Quadratic Function

Work with a partner. The graph shows a AP
quadratic function of the form

Pify=at* + bt + ¢
[P = af? + bt + ¢|

""-\___:__________..-

which approximates the yearly profits for a
company, where (1) is the profit in year §.

2. s the value of a positive, negative,
or #era? Explain.

Yearky profit {dollars)

b, Write an expression in terms of a and & that
represenis the year § when the company
made the least profii,

e, The company made the same yearly profits in 2004 and 2012. Estimate the vear in
which the company made the least profit.

-

Year

d. Assume that the model is still valid today. Are the yearly profits corrently
increasing, decreasing, or constant? Explain,

F e Eleli Bl Modeling with a Graphing Calculator

Work with a pariner. The table shows the heights fi {in feet) of a wrench [ seconds
after it has beon dropped from a baikding under construction.

Time, 2 | 0 | 1 | 2| 3| 4
Height, i | 400 | 384 | 336 | 256 | 144

a. Use a gpraphing calculator 1o create a scatler 400
plot of the data, as shewn at the right, Explain

MODELING WITH why the data appear to fit a quadratic model,
MATHEMATICS b, Use the guadratic regression feature Lo find

To be proficient in math, a quadratic mode] for the data.

you need to routinely

interpret your results in ¢, Graph the quadratic function on the =ame screen

the context of the as the scatter plot to verify that it fits the data.

situation.

D d. When does the wrench hit the gronnd? Explain.

Communicate Your Answer

3. How can you use a quadratic function to model a real-life situation?

4. Use the Intérnel or some other reference 1o find examples of real-life situations
that can be modeled by quadratic funclions.
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What You Will Learn

B Write equations of quadratic functions using vertices, points,

and x-intercepts.
BﬂrﬁVmabulamh B Write quadratic equations to model data sets.
Previous - . .
average rate of change Wrrtlng Quadratlr: Equatlﬂnﬁ

systern of three linear
equations Gy Core Concept

Writing Quadratic Equations
Given a point and the vertex if, k) Use vertex form:

y=ax— '+ &
Given a point and x-interce pts p and g Use intercept form:
y=alkx - pix —q

Given three points Write and solve a system of three
equations in three variables.

AR  Writing an Equation Using a Vertex and a Point

T Human Cannonball The graph shows the parabolic path of a performer wio is shot out of a cannon, where
yis the height (in feet) and x is the horizontal distance traveled (in feet). Wrile an

40 equation of the parabola. The performer lands in a net 90 feet fromthe cannon, What
= is the height of the net?

30
% 't SOLUTION
g From the graph, you can see that the vertex (h, &) is (50, 35) and the parabola passes

o through the point (0, 15). Use the vertex and the point to solve for a in vertex form.

"0 20 0 @ 0% Yy=ax—-ay+k Vertex form
Horizontal distance 15 = aid — 500% + 35 Subystitute for b, k, x, and y.
ffes) —20 = 2500 Samplty
~0008 = a Diveche eadh side by 2500

Because g = —0.008, i = 50, and & = 35, the path can be modeled by the equation
y= =000y - 50}! # 35, where 0 2 x 5 %), Fipd the height when x = 90,

¥ = —0.008(90 — 50§ + 35 Sabystitute 99 for x
= —000B(1600) + 35 Samplafy.
_ Sampliky

B So. the height of the net is about 22 feet,

or w
Monitoring Progress 4% Help in English and Spanish at BigideasMath.com

1. WHAT IF? The vertex of the parabola is (30, 37.5). What is the height of the net?

2. Wrile an equation of the parabola that passes theough the point {~ 1, 2) and has
vertex (4, =9,
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Temperature (°C)

REMEMEBER

The average rate of
change of a function f
from x, to x. is the slope
of the line connecting
(x4, Axpd) and (xz, flx)):

fix;) — fx,)
Xy=¥y

AN Writing an Equation Using a Point and x-Intercepts

A meteorologist creates a parabola to predict the te mperature tomorrow, where ¥
iz the number of hours after midnight and y is the temperature {in degrees Celsius).

a. Write a function fthat mesdels the lemperature over Ume. What is the coldest
temporature?

b, What is the average rate of change in temperature over the interval in which the
temperalure iz decreasing T increasing? Compare the average rates of change,

SOLUTION

2. The x-intercepts are 4 and 24 and the parabola passes throagh (0, 9.6). Use the
-intercepts and the point (o solve for a in idercepd forme

¥ =4ix = Y = q) Intercepd form
06 = a(l — 4W0 — 24) Substitte for g, g, x, and y
9.0 = G Sarmphiy
0l =a Drvide sach ude by 96,

Becase a = 001, p = 4, and g = 24, the temperature over time can be modeled
by fixd = iy — 4px — 24}, where 0 = x = 24, The cokdest temperature is the

i = N
ol pinmim valoe. So, find fx) when x = I+ 14.
Sil4) = 0.1{14 — )14 = 24) Substitete 14 for x,
= =10 Sirmplify

P So, the coldest temperature is —10°C al 14 hours after midnight, or 2 p.

b, The parabola opens up and the axis of symmetry isx = 14. So, the function is
decreasing over the interval O < ¥ < 14 and incréasing over the intérval 14 < x < 24,

Average rate of change Average rafe of change
overd < x < 14 over 14 = x < 24
filld) — A0y _ —10 - 9.6 _ 14 Ji24) — f(14) _ 00— {—10) _ 1
14-0 14 ' 24 — 14 10

¥

WO, 98) |

74, O
i {24, 0)

- 10 = o
(14, =10) |

P Because | —1.4] > |1, the average rate at which the temperature decreases
from midnight to 2 e is greater than the average rate at which il increases
from 2 #.m. to midnight.

& 5 2
Mon Ifﬂrlhg Prugmﬂ 4"“" Help in English and Spanish at BigideasMath.com

2. WHAT IF? The y-intercept is 4.5, How does this change your answers in
parts {a) and (b)?

4. Write an equation of the parabola that passe s through the point (2, 5) and has
X-intercepts =2 and 4,
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78

Writing Equations to Model Data

When data have equally-spaced inputs, vou can analyze patterns in the differences of
the outputs to determine what type of function can be used to model the data. Linear
data have constant firsf differences. Quadratic data have constant second differences.
The first and second differences of fix) = 1* are shown below.

Equally-spaced x-values
A,

x |=3|=2|=1| 0|1 |2]|3
Flx)

9 4 1 0 1 4 9
NN
Sl Nl N N RS

hirs differences;
secomnd differences:

Writing a Quadratic Equation Using Three Points

Time, ¢ | Helght, i MNASA can create a weightless environment by flying a plane in parabolic paths. The
ol table shows heights f (in feet) of a plane [ seconds alter starting the flight path. After
10 26,900 about 20,8 seconds, passengers begin to experience a weightless environment. Write
i5 a0 (135 and evaluate a function to approximate the height at which this oocurs,
20 30,600 SOLUTION
s 31,625 Step 1 The input values are equally spaced. 5o, analyvze the differences in the outputs
30 32,100 to determine what type of function you can nse to model the daa.
33 IS 10y K15y B2 25y R30Y B35 RAD)
40 31,400 26,900 29025 30,600 3},615 32100 32,025 3],4&(:
o) el BOHTY ORAE N V4
2125 15'-‘55 1025 -_17"‘:11 -T5 - 23
M et el U Tt
—550) —-550 -550 -—-5%0 550
Becanse the second differences are constant, you can model the data with a
quadratic function.
Step 2 Write a quadratic function of the form f(f) = at® + bt + ¢ that models the
data, Use any three points (£, i) from the table to write a system of equations.
Ulse {10, 26,9000 1004 4+ 10k 4+ ¢ = 26,900 Ecpuation 1
Use (20, 30,6000 4004 + 208 + ¢ = 30,600 E cpuation 2
Use (30, 32,100 900a + 308 + ¢ = 32,100 Equation 3
Use the elimination method to salve the system.
l. Subiract Equation 1 from Equation 2. },_ =300 + 108 = 3700 Newr Equiation 1

Chapter 2

Sulstract 2 bmes new Equation 1

A== =L from new Equatien 2.
a=-]] Sodve for a,
b =T00 Sulbstiuite into e Equation 1 1o bind b
= 21,000 Substitute into Equation 1 1o find
The data can be modeled by the function kif) = — 11 + 700§ + 21,000,

Step 3 Evaluate the function when § = 20,8,
R20.8) = =11(20.8) + TO0(20.8) + 21,000 = 30,800.96
P Passengers begin to experience a weightless environment at about 30,800 feet,

Quadratic Functions



Miles per | Miles per
hour,x | gallen, y

14.5
17.5
21.2
2.7
r it
5.8
258
25.1
4.0
1.5

BaBsns8&8R8HE

e |
L=

STUDY TIP

The coefficient of
determination R shows
how well an equation fits
a set of data. The closer R?
~— 5 to 1, the better the fit.

Raoal-life data that shiow a quadratic relationship nsoally do not have constant

second differences becanse the data are not evactly quadratic. Relationships that are
approximately quadratic have second differences that are relatively “close” in value.
Many technology tools have a quadratic regression feature that you can use o find a
quadratic function that best models a set of data.

FEALGNE N  Using Quadratic Regression

The table shows fuel efficiencies of a vehicle at different speeds. Write a function that
models the data. Use the model (o approximmate the oplimal driving speed.

SOLUTION

Becanse the y-vahies are nod equally spaced, vou cannot analyze the differences in the
ciitputs, Use a graphing calculator to find a fupction that models the data,

Step 1 Enter the data in a graphing Step 2 Use the quadralic regression
cakulator using two lists and feature. A quadratic model
create a scatter plot. The data that represents the data s
show a quadratic relationship. y = —0.014x% + 1.37r — 7.1

Quadieyg
yzand e
= &34
b=l BAE2TRBAT
== 144052413
Ri=. 90924 {5882

Step 3 Graph the regression equation with the scatter plot.
In this context, the “optimal” driving speed is
the speed al which the mileage per gallon is
maximized. Uzsing the murvinuon feature, you
can e that the maxinmm mileage por gallon is
about 26.4 miles per gallon when driving aboat
45.9 miles per hour 0

1%

ELTH]
IR e LR L B T

P So, the optimal driving speed is about 49 miles per hour.

Monitoring Progress 4’3} Help in English and Spanish at BlgideasMath.com
5. Write an equation of the parabola that passes through the points (—1, 4), (0, 1),
and (2, 7).

6. The tabke shows the estimated profits v (in dolbars) for a concert when the
charge isx dollars per ticket. Write and evaluate a function to determine what
the charge per ticket should be to maximize the profit.

Ticket price, x 2 5 B 11 14 17
Profit, v 2000 | 6500 | 8600 | 8900 | 7400 | 4100

7. The table shows the results of an experiment testing the maximum weighis
¥ (in tonz) supporied by ke x inches thick, Write a function that models the data,
Howw much weight can be supported by jee that is 22 inches thick?

lce thickness, x 12 14 15 1% 20 4 27
Maximum weight, ¥ | 3.4 T.6 100 | 183 | 250 | 4005 | 543
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2 . 4 EKEFCISES Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check
1. WRITING Explain when it is appropriate touse a quadratic model for a set of data,

2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both™ answers,

What is the average rate of What is the distance
change over 0 S x < 27 from f{0) to f2)7?
What is the slope of the i JI2) = KO)
line seg ment? What Is &=t

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, write an equation of the parabola in 15. WRITING Explain when to use intercept form and
vertex form., (Sov Example 1.} when touse verfex form when wriling an equation of
3 4 a parabola,

16. ANALYZING EQUATIONS Which of the following
edquations represent the parabola®

5. passesthrough (13, B) and has vertex (3, 2)

6. passosthrough (<7, = 15) and has vertex (=5, %
7. passes through (0, —24) and has vertex (— 6, —12) & y=2x—Dix+ 1)
8. passcs through (6, 35) and has vertex (—1, 14) B y=2x+057"~-43

T y=2Ax—-05)*—-45
In Exerclses 914, write an equation of the parabola in ot FEOL y

intercept form. (See Example 2.) DD y=2x+2z-1)
% In Exercizes 17=20, write an equation of the parabola in
vertex form or interoept form.
- 17 18.

Flare Signal g |

1. x-intercepts of 12 and —&; passes through (14, 4)

12, x-intercepis of 9 and 1; passes through (3, - 18)

13. x-imtercepts of —16 and — 2; passes throagh (—18, 72) Time (seconds)

14, xrintercepts of —7 and —3; passes through (— 2, 0.05)
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19.

22,

23,

. ERROR AMALYSIS Describe amd correct the emor in

writing an equation of the parabola,

| y=ax—=plx—q)
4=a(3 - 143+ 2)

=1
=%

o j=%{x—1}{1+ﬂj

MATHEMATICAL CONMNECTIONS The area of a
rectangle is modeled by the graph where v is the

arca (in square meters) and x is the width (in moters).
Write an equation of the parabola. Find the
dimenzions and corresponding area of one possible
rectangle. What dimensions resalt in the

I b area’?

o ¥

Width (meters)

MODELING WITH MATHEMATICS Every rope has a
safe working load, A rope should not be used to lift a
weight greater than its safe working load. The table
shows the safe working loads § (in poands) for ropes
with circnmference C (in inches). Write an equation
for the safe working load for a rope. Find the safe
working load for a rope that has a circumterence of
10 inches, (Ser Example 3.)

e —— P

Circumferencs, C | O | 2 3

Safe working
load, 5

0 | 180 | 720 | 1620

Section 2.4

24,

25.

26,

27,

28.

MODELING WITH MATHEMATICS A baseball is
throovn up in the air. The table shows the heights

y {in feet) of the baseball after x seconds. Wirile an
equation for the path of the baseball. Find the height
of the baseball after 5 secomds.

Time, X il 2 4 &
Baseball height, y | 6 22 22 4]

COMPARING METHODS You use a system with three
variables to find the equation of a parabola that passes
through the points ( —8, 0, (2, —20), and (1, 0). Your
fricnd uscs imercept form to find the equation, Whose
method iz easier? Justify your answer,

MODELING WITH MATHEMATICS The table shows the
distances v a motorcyelist is from home after x hours.

Time (hours), x L 1 2 3
Distance (miles),y | © | 45 | %0 | I35

# Determine what type of function you can use Lo
mode] the data. Explain your reasoning,.

b, Write and evaloate a fonction to determine the
distance the motorcvelis is from home after
& honars,

USING TOOLS The table shows the heighis

fiin feet) of a sponge { seconds after it was dropped
by a window cleaner on top of a skvacraper.

(See Example 4,)

Time, 0 1 13 | 23| 3
Height, it | 280 | 264 | 244 | 180 | 136

A Use a graphing calculator to create a scatfer
plot. Which better represents the data, a line or a
parabola? Explain.

b Use the regression feature of vour calculator to
find the moade] that best fils the data,

¢, Use the model in part (b) to predict when the
spomge Will hat the ground.

d. Idemtify and interpret the domain and range in

thas siluation.

MAKING AN ARGUMENT Your friend states that
quadratic functions with the =ame r-intercepis have
the same equations, vertex, and axis of symmetry. s
vour friend correct? Explain your reasoning.
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In Exercises 29-32, analyae the differences in the 34. THOUGHT PROVOKING Describe a real-life situation

outputs to determine whether the data are linear, that can b modeled by a quadratic equation. Justify
quadratic, or peither. Explain. If linear or quadratic, YOUr answer.
write an equation that fits the data,
2% [price decrense 35, PROBLEM SOLVING The table shows the heights y of
{dollars), x 0 3 0 (15| 20 a competitive waler-skier x seconds after jurmping off
R " a ramp. Write a function that models the height of the
(51000), ¥ 470 | 630 | 690 | 650 | 5310 waler-skier over time. When is the water-skier 5 feet
: above the water? How long is the skier in the air?
30,
Height (feet), yy | 40 | 42 | 4 | 46 | 48 Height (feet),y | 22 (225 (175 12 |24
3.
Time (hours), x 1 2 3 4 3
Population 36. HOW DO YOU SEE IT? Use the graph to determine
(hundreds), y z 4 8 16 | 32 whether the average rate of change over each interval
is positive, negative, or e,
Time (days),x @ © 1 2 3 4 5 T 1) 4D
HEE i 'EEEE
Height (feet), y | 320 | 303 | 254 | 173 | &0 e N
WIE & Wi W
33. PROBLEM SOLVING The graph shows the samber y of 30 5 o il
students absent from school due to the flu each day x. e B _i_r_
L4 1 i L0 AN,
Fiu Epidensc [] T TH ]
=2 B S
AT T T TR LT T T T T = i e e B o Al
H — — - . - - - 4
E'E‘ B 5 a0sx<? b 25xs5
‘EIE FHATORMMUNEDNE e 22x<4 d 0sxs4
- F—afd— - . - - 1 Al L |
.E i L1111 11| -
2 I AEEEREEEY'E 37. REPEATED REASONING The table shows the number
y LN &) of tiles in each fgure. Verify that the data show a
0 2 4 &5 & 10 1ix quaratic relationship. Predict the number of tles in
Days the: 12th figore.
—— ]
a. Interpret the meaning of the vertex in this | C i :
al | | 1 | I |
sitwation, O !:__. | H
b Weite an equation for the parabola to predict the
mimber of students absent on day 10 Figure 1 Figure 2 Figure 2 Figure 4
¢ Compare the average rates of change in the
students with the flu from O to 6 days and Figure 1 2 3 4
G011 dage. NumberofTiles | 1 | 5 | 11 | 19

— Maintaining Mathematical Proficiency = o oo mames i provss grades ans tossons

Factor the trinomdal. (5600 Review Hanadbool )
3. o dx+3 39, ¥ -3 +2 A0, 3" - 15¢c+ 12 M, S+ 5030
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2.3-2.4 What Did You Learn?

Core Yocabulary

focus, p 6F
directrix, p. 68

Core Concepts

Section 2.3

Standard Equations of a Parabola with Vertex at the Origin, p. 65
Standard Equations of a Parabola with Vertex at (i, B), p. 70

Section 2.4
Writing Cuadratic Equations, p. 76
Writing Cuadratic Equations to Maodel Data, p. 78

Mathematical Practices

Explain the solution pathway you used to solve Exercise 47 on page 73.

Explain how you used definitions to derive the equation in Exercize 53 on page 74,
Explain the shortent vou found to write the equation in Exercise 25 on page §1.

a2 {1 o

Drescribe how you were able to constnict a viable argniment in Exercise 28 on page 81.

pmmmmmmmm e ————— Performance Task - - - - - -

Accident
Reconstruction

Was the driver of a car speeding when the brakes
were apphed? What do skid marks at the scene of
an accident reveal about the moments before

the collisson?

To explore the answers 1o these guestions and more,
g to Bigldeas Math.com



.
2 c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com

2.1 Transformations of Quadratic Functions (pp 47540

Let the graph of g be a translation 1 unit left and 2 units up of the graph of fix) = 2 + L
Wrte a mle for 2.

glx)=fix — (-1 + 2 Saibiract =1 from the input. Add 2 to the cutput
= {x I_j" 4+ | 42 F[l"pﬂ.u,r"x'.'.-nh ¥ 4 1im fix}
=14+ 2 +4 Lamiplily.

P The transformed function is gix) = x2 + 2v + 4.

Deseribe the transformation of fix) = x? represented by g. Then graph each function.
1. gix) = (x + 4) 2 p)=(x-T)+12 A plx)=—-3Hx+ 2 -1
Wrte a rule for g,

4. Let the graph of g be a horizontal shrink by a factor nr; followed by a translation 5
units left and 2 units down of the graph of fix) = 3%,

5. Letthe graph of g be a ranslation 2 units et and 3 units up, Tfollowed by a reflection in the y-axis
of the graph of fix) = x* — 2x,

Pl Characteristics of Quadratic Functions (op 55 64)

Graph fix) = 2x* — 8 + 1. Label the vertex and axis of symmefry.
Step 1 Identify the coefficientzsa = 20 = =8, and ¢ = 1. Because g = 0, the parabola opens up.

Step 2 Find the vertex. First calculate | 1
the x-coordinate : A= 2]
v L v i .-r

b__ -8 _,

¥ = ——

a2

Then find ihe y-coordinate of the vertex,

f =220 -82)+1=-7 ok
50, the vertex is (2, = 7). Plot this point. L Le
5‘EF 3 Diraw the axis of E}'HME'U}' =1 - {r:'. =)

Step 4 Identify the y-intercept ¢, which iz 1. Plot the point (0, 1) and its reflection
in the axis of symmetry, (4, 1).

Step 5 Evaluate the function for another valoe of x, sch asx = 1.
f)y=201"-81)+1=-5
Flot the point (1, —5) and its reflection in the axis of symmetry, (3, —35).
Step 6 Dwraw a parabola through the plotted points.

Graph the fnetion. Label the vertex and axis of svmmetry. Find the minimum or
maximum value of f. Deseribe where the function is increasing and decreasing.

6. fix)=3x - 1) —4 7. gix)= —2x? + l6x + 3 8. Mx) ={r — 34z + 7)
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F‘:":us' ’Df d Parahﬂla (o S —A4)

a. Identify the focus, divectrix, and axis of synumetry of & = y2, Graph the equation,
Step 1 Rewrite the equation in standard form.

i 1

Br =y
L5
8
Step 2 Hentify the focus, directrix, and axis of symmetry, The equation has the

Wite the coginal equaten,

T =y Devidde each gde by 8.

formx = %}y—" where p = 2. The focus is (g, 0), or (2, (). The directrix is
r=—-por= -2 Becase y 15 squared, the axis of symmetry 15 the r-axis.

Step 3 Use a table of values to graph the equation, Notice that it is easier to substitute
y-values and solve for x.

ly¥| o | =2 | =4 | =5
lx| o [os| 2 [4s

b. Wrile an equalion of the parabola shown.

Becanse the vertex is not at the origin and the axis

of symmetry is vertical, the equation has the form

y = #u _ RY? 4 k. The vertex (k. #) e (2, 3) and

the fecus (B A+ Pl i (240 =2 k=3 andp = 1.
Substitute theze values to write an equation of the parabola.

- 1 _'iE'_-i=1 = i
¥ Wl L) i _Ill;l 2 43

An equation of the parabola isy = -I:-{_-; - 22+ 3,
s pa ¥==

8. You can make a solar hot-dog cooker by shaping foil -lined | L2 —
cardboard into a parabolic trough and passing a wire through

the focus of each end piece. For the trough shown, how far
from the bottom should the wire be placed? /
10. Graph the equation 36y = 3% Identify the focus, - . T

directrix, and axis of symmetry. . i ‘ "
]
Write an equation of the parabola with the given characteristics, 777 7= ===--o_. l
11, vertex: (0, 0) 12. focus: (2, 2)
directrix: x = 2 vertex: (1, 6)
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m Modeling with Quadratic Functions (pp 75 57

13.
14,
15.

16,

Chapter 2

Helght {feet)

The graph shows the parabolic path of a stunt motorcyelist jumping off a
ramp, where y 1= the heleht (n Peet) and x is the hordzontal dizfance (raveled

(im feet), Write an equation of the parabola, The motoreyelist lands on anoiher
ramp 160 feet From the st ramp. What is the height of the second ramp?

¥

LE Rk =t el
. —
{ﬂr EG} {Sﬂi }Ij:l 'lll--l-*-.

-
X

Horpzontal distance (leet)

Step 1 First write an equation of the parabola,

From the graph, youn can see that the vertex i, &) is (80, 30) and the parabola passes
through the point {0, 20). Use the vertex and the point to solve for a in vertex form.

y=uax— hy +k Vertex lorm
20 = {0 = 80)* + 30 Substitute for fy & x, and
=10 = G40 Simplify
“ﬁ = {1 Dividde each side by A0,

|
Hecanse a = — E = B0, and & = 30, the path can be rodeled by

¥ = ———(x — 80)? + 30, where 0 < x < 160,

640
Step 2 Then find the height of the second rangp.
1 -
= ———— l‘ = ! = ,h I
y 61(!“”‘ BO) + 30 Subsntute 160 o x
=20 mphify

P So. the height of the second ramp is 20 feet.

Write an equation For the parabola with the given characteriztics,

passes through (1, 12) and has vertex (10, —4)

paszas through (4, 3) and has x-inercepts of —1 and 5

passes through (=2, 7), (1, 109, and (2, 27)

The table shows the heights y of a dropped object after ¥ secomnds. Verify

that the data show a quadratic relationship, Write a funcfion that moedels
the data, How lopg is the object in the air?

Time (seconds), x | 0 | 05 | 1 |5| 2 | 25
Height (feet), y | 150 | 146 | 134 | 114 | 86 | 50

Cuadratic Functions



. A parabola has an axis of symmetry ¥ = 3 and passes through the point (2, 1). Find
another point that lics on the graph of the parabola. Explain your reasoning.

Let the graph of g be a ranslation 2 units left and 1 unit down, followed by a reflection in
the y-axis of the graph of f{x) = (2x + 1)* — 4. Wrile a rule for 2.

[entify the focus, directrix, and axis of symmelry of ¥ = 2}':. Crraph the equation.

Explain why a quadratic function medels the data, Then use a lincar system to
find the model.

L]
L=y
-

X

fix)| O [-—13] 34| -63 ]| —100|

10 |
|
|

Write an equation of the parabola, Jusfify your answer

10.

1.

8 |

| N [ -t
| focuse|

A surfboard shop sells 40 surfboards per month when it charges S500 per aurfboard. Each
time the shop decreases the price by 310, # s¢lls 1 additional surfboard per month, How
much shoukd the shop charge per srfboard to maximize the amount of money earned?
What is the maximum amount the shop can ean per month? Explain.

Graph fix) = 8x% — 4y + 3. Label the vertex amd axis of symmetry. Describe where the
function is increasing and decreasing.

Sunfire is & machine with a parabolic cross section used o bailers
collect sodar enerey, The Sun's rays are reflecied from the
mrrors loward two bodlers located at the focus of the
parabola. The boilers produce steam that powers an
aliernator Lo produce electricity.

& Wrile an equation that represents the cross section of
the: dish shown with its vertex af (0, 09,

b. What is the depth of Sunfire? Justify your answer,

In 2011, the price of gold reached an all-time high. The table shows the prices (in dollars
per oy ounce) of pokd each vear since 2006 (f = O represents Xk}, Find a quadratic
functicon that best madels the data, Use the model to predict the price of gold in the

year 2016,

Year, { L] 1 2 3 4 5
Price, p | 3603.46 | $695.39 | 3871.96 | 397235 | $1224.53 | 5157152
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1.

2 Cumulative Assessment

You and your friend are throsving a football, The parabola shows the path of yvour
friend s throw, where x is the horizontal distance (in feet) and y is the comesponding
height {in feet). The path of your throw can be modeled by fix) = 167 + 65x + 5
Choose the correct inequality symbol to indicate whose throw travels higher. Explain
YOUT [¢as0ning,.

b ight of your throw height of vour friend s throw

The function g(x) = lx — 4| + 4 is a combination of transformations of fix) = |x|.
Which combinations describe the transformation from the graph of fto the graph
af g?

(A translation 4 units right and vertical shrink by a factor of followed by a translation 4 units up
(B translation 4 units right and 4 units up, followed by a vertical shrink by a factor of ';
(€ vertical shrink by a factor of =, followed by a translation 4 units up and 4 units right
(D translation 4 units right and $ units up, followed by a vertical shrink by a factor of l;,
Yourr school decide s to sell tickets to a dance in the school cafeleria to raise money, There

is nor Tee 1o pae the cafeteria, bl the D) charges a fee of 53750, The table shows the profiis
(i dollarsy when v sindents attend the dapee.

Students, x | Profit, y
100 250
2000 250}
S0 750
400 1250
SO0 1750

a  What is the cost of a Ucket?

b Your school expects 400 stndents to attend and finds another DI who only charges $650.
How musch should vour school charge per ticket to =]l make the same profit?

¢ Your school decides to charge the amount in part (a) and use the less expensive DJ. How moch more

money will the school raise?

Cirder the following parabolas from widest to namowest,

A, focus; {0, —3); directrix: y = 3 B. y= I'—;.t" + 4

- pe= Ly — :
Cox= D. y=x—-2)}+3
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2. Your friend claims that for g0x) = b, where b iz a real mmber, there is a

transformeation in the graph that is impossible to notice. I your friend corpect?
Explain your reasoning,

. Letthe graph of g represent a vertical stretch and a reflection in the x-axis, follrwed by a
tranzlation left and down of the graph of fix) = x* Use the tiles to write a mile for g,

x| | + - . - -

« Two balls are thrown in the air, The patky of the ficst ball is represe oted in the graph, The
second ball is released 1.5 feet higher than the first ball and after 3 seconds reaches its
i height 5 feet lower than the first ball.

Ball Toss |

{3, 56.5)

Height (feet)

a,  Write an equation for the path of the second ball.

b Do the balls hit the ground at the same time? If 50, how long are (he balls in the air?
If not, which ball hits the ground first? Explain your reasoning.

. Let the graph of g be a translation 3 units tight of the graph of £ The points (-1, 6), (3, 14),
amd (6, 41} lie on the graph of f. Which points lie on the graph of g?

A (2,6 B 2 11) T (6, 14)
(M (6 19 (E3 (9, 41) (F (9, 46)

. Gym A charges $10 per month plus an initiation fee of $100. Gym B charges
530 per month, bt due to a special promotion, is not cusrently charging an
initiation fee,

& Write an equation for cach gym modeling the total cost ¥ for a membership
lasting x months.

b When is it more cconormical for a person lo choose Gym A over Gym B?

o GymA lowers ils initiation fee to 525, Deseribe the transformation this change
represents and how it affects your decision in part (b).

Chapter 2 Cumulative Assessment 89



