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Maintaining Mathematical Proficiency

Comparing Measures of Center

Example 1 Find the mean, median, and mode of the data set 4, 11, 16, 8, 9,40, 4,12, 13,5, and
10. Then determine which measura of canter best reprasents the data. Explain.

_ 4411+ 16+8+9+40+4+12413+5+ 10
11

Median 4, 4.5 5.9 10,11, 12 13, 16, 40 Crder the data, The maddle walue i< 14

= 13

Mean X

Muodde £ 4589 10 11 12 13, 16, 40 A pccirs mosl oflen

B The mean is 12, the median is 10, and the mode is 4. The median best represents
the data. The mode is less than mos of the data, and the mean 15 greater than miost
of the data.

Find the mean, median, and mode of the data set. Then determine
which measure of center best represents the data. Explain.

1. 56, 52, 94, B3, 86, B2 2. T4, 89,71, 7O, 68, 0 A LB 12,16, 10,05, 17, 44,44

Finding a Standard Deviation

Example 2 Find and interpret the standard deviation of the data set 10, 2, 6, 8, 12, 15, 18, and
25, Use a table to organize your work.

= — Step 1 Find the mean, x.
| Xx—X | [x—x) 96

[ ' r=—=12

4 &

Step2 Find the deviation of each data valoe, x — ¥ as shown in

I 100 the Laksle,

39 Step 3 Square cach deviation, (v T2, az shown in the table,

Stepd  Find the mean of the sqoared deviations,

o =3P+ TR+ X, — TP
"
44 100 + -+ 4+ 169 _ 370
3 8
Use acalculator totake the square rool of the mean of the
squared deviations,

= 46,23

R T TR [

- = = V46.25 = 6.
\ - =5~ = V4625 ~ 6.80

P The standard deviation is about 6.50, This means that the typical data value differs
froam the mean by about 6,50 units,

Find and interpret the standard deviation of the data set,
4. 43, 48, 4151, 42 5. 28, 26, 21,44, 20,32 6. 65, 56,49 66, 62, 52, 53,49
7. ABSTRACT REASONING Describe a data zet that has a standard devistion of zero, Can a standard

deviation be negative? Explain your reasoning.

Dynamic Solutions available at BigldeasMath.com




Mﬂﬂl Eh’lﬂﬂnal I Mathematically proficient students use ding rams and graphs o stow
Pl"ﬂﬁﬂﬂﬂﬂ relafionships between data. They also analfyze data lo drow conciusions.

Modeling with Mathematics
) Core Concept

Information Design

Information design is the designing of data and information so it can be understood
aned nsed, Throughout this book, vou have seen several types of information design,
I the modern study of statistics, many types of designs require technology to analyze
the data and organize the graphical design.

Comparing Age Pyramids

You can use an age pyramid to commpare the ages of males and fermales in the population
of a country. Compare the mean, median, and mode of ¢ach age pyramid.

. hales II Females b Males i

SOLUTION

a, The relative frequency of each successive age group (from O-4 to 54 is kess than the preceding
age group. The mean is roughly 25 vears, the median iz roughly 20 vears, and the mode is the
voungest age group, 0-4 years.

b The mean, median, and mode are all roughly 32 years,
. The mean, median, and mode are all roughly middle age, around 40 or 45 years.

Femabes ¢  Males - Femalis

=8

T

FE R b
SrEsHEE A SRR R R

= e

Monitoring Progress

Use the Internet or some other reference (o determine which age pyramid is that of Canada,
Japan, and Me xicoe. Compare the mean, median, and mode of the three age pyramuids,

1. Males Females 2. Mlales l Females 3. blides
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Using Normal Distributions

MODELING WITH
MATHEMATICS

Ta be proficient in
math, you need to
analyze relationships

mathematically to
draw conclusions, D
Chest size | NMumber of men
i3 3
ks 15
A |
3 185
37 420
38 7449
30 1073
40 1074
41 LEE
42 G55
43 370
44 G2
45 50
46 2
47 4
a8 !

Egsential Qﬂ'&ﬂiﬂﬂ In a normal distribution, about what percent of
the data lies within one, two, and three standard deviations of the mean?

Recall that the standard deviation « of a mimerical data set is given by

- ﬁl.r'irr] — pP 4+ (x; — #‘F + - g, — p)?
K

where i is the nomber of valies in the data et and 55 the mean of the data sel.

S LENI[el' RN Analyzing a Normal Distribution

Work with a partner. In many naturally occurring data sets, the histogram of the
data is bell-shaped. In statistics, such data sets are said to have a normal distribution.
For the normal distribution shown below, estimate the percent of the data that lies
within one, twio, and three sandard deviations of the mean. Each square on the grid
represents 1%,

a= Her = 2o = la o o e o o o T

F L ENIls IS  Analyzing a Data Set

Work with a pariner. A famous data | Scottich Militiamen
set was collected in Scotland in the - = —
mmaicd- 1 S0, [ contains the chest sizes 1 20a0 = 4iin
(in inches) of 5738 men in the Scottish — :,'_“n
Militia. Do the data fit a normal e -
distribution? Explain. = e
§ LR =
g o f
=
4050
200
YW 3 37 0 41 43 5 47
Chest size (inches)

Communicate Your Answer

2. In a normeal distribotion, about what percent of the data lics within one, two, and
three standard deviations of the mean?

4, Tz the Internet of 2ome other reference to find another data set that is normally
distributed. Display vour data in a histogram.

Section 11.1 Using Normal Distributions 595



111 Lesson

Core Vocabulary

rzrrnal distribution, p. 596

normal cunve, oo 596

standard nasmal distributson,
p. 557

Z-score, po 597

Previous

probabilty detnbution

symrmalng

frean

standard deviation

SEEaned

median

USING A
GRAPHING
CALCULATOR

A graphing calculator can
be used to find areas under
normal curves, For example,
the nomal distribution
shown below has mean 0
and standard deviation 1.
The graphing calculator
screen shows that the area
within 1 standard deviation
of the mean 15 about 0.68,
or BE%G,

05
=1 k|
rea=, bE2&E9
(low=-1  |up=1
—0.

596 Chapter 11
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What You Will Learn

B Calculate probabilities using normal distributions.
P Use z-scores and the standard normal table to find probabilities.
B Recognize data sets that are normal,

Normal Distributions

You have smdied probability distributions. Cre type of probability distribotion is a
normal distrifudion. The graph of a normal distribution is a bell-shaped curve called
a normal curve that is symmmettc about the mean.

&) Core Concept

Areas Under a Normal Curve

A normal distribution with mean g {the Greek letter mue) and standard deviation
o {the Greek letter sigma) has these properties,

+ The total area under the related normal curve is 1.

* About 68% of the area lies within 1 standard deviation of the mean,

* About 5% of the area lies within 2 standard deviations of the mean.

* About 99.7% of the area lies within 3 standard deviations of the mean.

i le'."ﬁ i

From the second bulleted satement above apd the symmetry of a normal curve, you
can deduce that 34% of the area lies within 1 stapdard deviation to the left of the
mean, amnd 34% of the area lies within 1 standard deviation to the right of the mean.
The second diagram above shows other partial areas based on the properties of a
normal curve,

The arcas under a normal curve can be inferpreted as probabilitics in a normal
distribation. So, in a normal distribution, the probability that a randomly chosen
X-value is betwean aand I iz piven by the area under the normal curve between
o and b,

EXAMPLE 1

Finding a Normal Probability

A pnocml distribution has mean @ and standard deviation o An x-value is randomily
selected from the distribotion. Find Pigp — 20 = x = u).

SOLUTION i
The probability that a candormly selected 13.5%
xevalue lies betweon g0 — 2erand je iz the
shaded area under the normal cuarve shown. .
-1:,|:|' ﬂl_{l I_l'.l _.:lj 4 q,"i X
Plp—20<xs u)=0135+034=04758 « e e

Data Analysis and Statistics



Check
.
19
=, &BZAEQ
owmd  up=6T
[i%
1-9 i i i

Area=, 158547

| Low=5&7 up=100

1

¥1

En

AN Interpreting Normally Distributed Data

The scoves for a state's peace officer standands and raining test are normally
distributed with a mean of 35 and a standard deviation of 12, The test scores
range from O to 100,

a About what pereont of the people taking the test have scores bebween 43 and 677

b, Anagency in the state will only hire applicants with lest scores of 67 or greater,
About what percent of the people have test scores that make them ligible to be

hired by the agency?
SOLUTION

a. The scores of 43 amd 67 represent one GE%
standard deviation on either side of the
mean, as shown, 50, about 8% of
the people taking the test have scores
between 43 and 67

™ 3 & ' & M Mx

Test seores
b, A score of 67 15 one stamdard deviation

to the right of the mean, as shown. 5o,

the percent of the people who have

test scores that make them eligible Lo 16%

be hired by the agency is about

13.5% + 235% + 0.15%, or 16%. 1% 31 43 55 &7 TH S;x
Teest seores

Monitoring Progress 4’3’ Help in English and Spanish at BigldeasMath.com

A normal distribution has mean g and standard deviation o, Find the indicated
probability for a randomly selected x-value from the distribution,

1. Plx £ o) 2. Pix = u)
3 Ppsxsutlo 8. Plu—esxspu)
3 Plx s p=3a) B, Plix 2 u+ &)

7. WHAT IF? In Example 2, about what percent of the people taking the test have
scores between 43 and 797

The Standard Normal Distribution

The standard normal distrbation is the normal distribation with mean O and
slandard deviation 1. The Formula below can be used to ransfomn y-values from a
normal distribution with mean @ and standard deviation o into 2-values having a
standard normal distribation,

Formula 7=~ Subract the mean from the gven x-value,
- T | then drade by the standard deviation

S0 S ST The zovalue for a particular x-value is called the z-seore for the x-value and is the

nurber of stapdard deviations the r-valee lies above or below the mean .

Section 11.1 Using Normal Distributions 597



READING

In the table, the value
D000+ means “slightly
more than 0% and the
value 1.0000~ means
“slightly less than 1.”

For a randomly selected z-value from a standard normal distribastion, you can nse the
table below to find the probability that z is less than of equal to a given valoe, For
example, the table shows that P(z = —0.4) = 03446, You can find the value of

Pz = —0.4)in the table by finding the value where row —0 and column 4 intersect.

Standard Normal Table

z| .0 A 2 ¥ A 5 B ) 8 9
=3 | 0013 0010 0007 0005 0003 0002 0002 0001 0001 0000+
=2 | 0228 0179 0139 0107 0082 006X 0047 0035 0026 0019
=1 | 1587 1357 1151 04068 0808 0668 0548 O0M6 0359 0287
=0 | J000 A502 A20T7 5811 @ JO85 2743 2420 2119 1841

0| 5000 5398 5793 6179 6554 6915 .T157 (7580 7881  .B159

1| 8413 8643 E349 9032 9192 9337 9452 9554 9641 9713

2| 9772 9821 9861 .9893 9918 9938 9953 9965 9974 9081

3| 9987 9990 9993 9995 9997 9098 9998 9990 9090 1.0000-

STUDY TIP

When n% of the data are

less than or equal to a

certain value, that value

called the nth percentile.

In Example 3, a weight

of 4170 grams is the
93rd percentile.

598 Chapter 11

Your can also use the standard normal table to find probabilities for any normal
distribation by first converting values from the distribution (o Z-scores,

Using a z-5core and the Standard Normal Table

A sty finds that the weights of infants at birth are normally distributed with a mean
of 3270 grames and a standard deviation of 00 grames. An infant is randoemly chosen,
What is the probability that the infant weighs 4170 grams or less?

SOLUTION

Step 1 Find the z-score corresponding to an x-valoe of 4170.

_X—u 4170 —-3270 _
o 00

Step 2 Use the table to find Pz < 1.5). The table shows that P(z < 1.5) = 0.9332,

£ 1.5

Standard Normal Table

z| .0 o | 2 3 . .5 B ) B 9
=3 [ 0013 0010 0007 0005 0003 0002 0002 0001 0001 00004
=2 | 0228 0179 0139 0107 0082 0062 0047 0035 0026 0019
=1 | 1387 1357 1151 0968 OR0E 0668 0548 D46 0359 0287
=0 | 5000 4802 4207 3821 346 3085 2743 2420 2119 1841

0| 5000 5398 ST93 6179 6554 6915 7257 7580 (78Rl B159

1| .8413 8643 8349 9032 9192 G_E}) D452 9354 9641 9713

D‘ h S0, the probability that the infant weighs 4170 grams or less is about 0,9532,

Monitoring Progress 4@ Help in English and Spanish at BighisasMath.com

8. WHAT IF? In Example 3, what is the probability that the infant weighs
00 prams of mde’?

9, Explainwhy i makes sense that Piz £ 0) = 0.3,

Data Analysis and Statistics




UNDERSTANDING
MATHEMATICAL
TERMS

Be sure you understand
that you cannot use
a nomnal distribution
to interpret skewed
distributions. The areas
urider a normal curve
do not correspond to
the areas of a skewed
= distribution,

Recognizing Normal Distributions

Mot all distributions are normal. For instance, consider the histograms shown below.
The first histogram has a normal distribution, Motice that it is bell-shaped and
symmetric, Recall that a distribution is symmetric when you can draw a vertical line
that divides the histogram into two parts that are mirror images. Some distribations are
skewed. The second histogram is stewed lefi and the third histogram is stewed right.
The zecond and third histograms do set have normal distribotions.

mean — !— sl I'I'II-_'*L‘:iHr'l—T L (ILER T
Bell-shaped and Skewed left Skewed right
symumetric *  histogram docs not +  histogram docs
* histogram has a have a normal nod have a normal
normal distribution distribation distribution
* mean = median + mean < median *  mean > median

AN Recognizing Normal Distributions

Determing whether each histogram bas a pormal distribation,

 Heights of Women in the U.S., b. Population of Brazil
Ages 20-29 :
> _— ) En‘ns_. —
& 015 - 4 e B
EIZI'-I!- E
E g 008
S 005 "
004
3 L= §
38 60 62 64 66 68 1O /1 T4 U#Hﬁﬂ’#ﬁq‘q‘ﬂ'
Height (inches) O L o A A o o
Age (years)
SOLUTION

a. The histogram is bell-shaped and fairly symmetric. So, the histogram has an
approximately normal distribution,

b, The histogram is skewed right. 5o, the histogram docs not have a normal
distribution, and you cannot uze a normal distribution to interpret the histogram,
Monitoring Progress ‘ﬁj Help in English and Spanish at BigideasMath.com

10. Dretermine whether the histogram " 1 'i—l Q‘Li_z e
has a normal distribation. ek

=]
iaJ
]

o
e
-

Rah.tiw frequency
- =
=

0 1 2 3 48 &7 E % 10
Score

Section 11.1 Using Normal Distributions 599



1 1 .1 EKEI' c'SES Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Concept Check
1. WRITING Describe how to wse the standard normal fable to find Piz = 1 4).

2. WHICH ONE DOESN'T BELONGT Which histogram does nof belong with the other three? Explain
VOUr reasoning.

F [ | & [ ] - —— .‘. k1]

b telh..

r.
L o L

Y

Monitoring Progress and Modeling with Mathematics

ATTENDING TO PRECISION In Exercises 3-6, give the In Exercizes 7-12, a normal distribution has mean
percent of the area under the normal curve represented g and standard deviation . Find the indicated
by the shaded regionis), probability for a randoemly 2elected r-value From
3 the distribution. (See Example 1)
T Pxsu—uo) 8. Pixzpu-—a)
B, Mrxr 2z u-+ 2o 10 Mx s u+ o)

N. Plp=csxspu+o) 12, Mu=3c55x s i)

. In Exercises 13-18, a normal distribution has a mean of
13 and a standard deviation of 4. Find the probability
that a randomly selected x-value from the distribotion
iz im the given Inferval.

13, between 29 and 37 14, between 33 and <5

15. at least 25 16. at beast 29

T2
'-'- ¥
5.
17, al mast 37 18. ab most 21
19, PROBLEM SOLVING The !
wing kngths of houseflies
'-cﬁu
L
}.-' ' _* p‘h

are notmally distribated with -
a mezan of 4.6 millimeters

and a slapdard deviation of

04 millimeter. (See Exampie 2.)

6.

a.  About what percent
of hotseflies have
wing lengths between
3.8 millimeters and 5.0 millirmeters?

wing length

b About what percent of house flics have wing
lengths longer than 5.8 millimeters?

600 Chapter 11 Data Analysis and Statistics



20. PROBLEM SOLVING The times a fire department takes
to arrive at the scene of an emerzency are normally
distributed with a mean of & minules and a stapdard
deviation of 1 rminule,

a, For about what percent of emergencies does the
hre depariment arrive af the scene in & minides
or less?

b, The goal of the fire department is Lo reach the
soene of an emergency in 5 minutes or kess, About
what percent of the time does the fire department
achieve jts goal?

ERROR AMALYSIS In Exercises 21 and 22, @ normal
distribution has a mean of 25 and a standard deviation
of 2, Deseribe and corvect the error in finding the
probability that a randomly selected g-value iz in the
Fiven interval,

21. between 23 and 27

X

T T T

The probability that xis between
25and 27 15 0.25.

22, ot least 21

I A ¥ s 17 s £l

The probability that xis atleast 21
150.0015 + 0.0235 = 0.025.

22. PROBLEM SOLVING A busy timse to visit a bank is
during its Friday evening msh hoars. For these hours,
the waiting times at the drive-through window are
normally distriboted with a mean of 8 minutes and a
standard deviation of 2 minutes. You have no rsre
than 11 mimutes to do your banking and =till make it
to vour meeting on time, What iz the probability that
you will be late for the meeting? (See Example 3.)

24,

PROBLEM SOLVING Scicntisis conducted acrial
survevs of a seal sancivary and recorded the mimber
x of zeals they observed during each survey. The
numbers of seals observed were normally distributed
wilh a mean of 73 scals and a standard deviation of
14.1 scals. Find the probability that at moat 50 scals

were observed during a randomly chosen survey.

In Exercises 25 and 26, determine whether (e
histogram has a normal distribution. (See Evanmple 4

25.

26,

U.5. Employment, Ages 40-74

R T

5

= 1

E

g &

E, .

% 0 [
3 de B B Al
A

Age (years)

Frequency
d=

Al A1 42 43 A4 45
T {miftes)

46 47 4B 4% 50

27. ANALYZING RELATIONSHIPS

Section 11.1

The table shows the
mmbers of tickels
that are zold for
varions baseball
games in a leagne
over an enlire seasodn.
Dvisplay the data in a
histogram. Do the
data fil a mormal
distribaution? Explain.

Tickets sold

Frequeancy

150-189

190-229

230-264

210-309

310-349

30-389

=] | O | B | o | R

Using Normal Distributions
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28,

29.

PROBLEM SOLVING The guayule plant, which PTOWS
in the southwestern Lnited States and in Mexico, is
one of several plants that can be used as @ source of
rabber. In a large group of guayule plants, the heights
ol the plants are normally distributed with a mean of
12 mches and a standard deviation of 2 inches.

a. What percent of the plants are faller than
16 inches?

b What percent of the plants are at most 13 inches?

c. What percent of the plants are between 7 inches
and 14 inches?

d. What percent of the plants are at least 3 inches
taller tham or af least 3 inches shotter than the
mean height?

REASONING Boxes of cereal are filked by a machine.
Tests show that the amount of cereal in cach box
varics The weights are normally disfribated with a
mean of 20 ounces and a standard deviation of 0,25
ounce, Four boxes of cereal are randomly chosen.

a. What iz the probability that all four boxes contain
no miode than 194 ounces of cereal 7

b Dwo wou think the machine iz functioning properly?
Explain.

THOUGHT PROVOKING Sketch the Erq:lh of the
standard normal distribufion function, given by

o) = —=e,
Vi

Estimate the area of the region bounded by the
x-axis, the graph of f, and the vertical linesx = —3
andx =3,

1.

32,

33.

35.

36.

— Maintaining Mathematical Proficiency reiceos ot cutonnss i s grades

REASONING For normally distributed data, descnbe
the value that represents the S4th percentile in terms
of the mean and standard deviation.

HOW DO YOU SEE IT? In the figure, the shaded
region represents 47.5% of the area ander a normal
curve. What are the mean and standard deviation of
the normal distribation?

DRAWING CONCLUSIONS You take both the SAT
(Scholastic Aptitode Test) and the ACT (American
College Test). You score 650 on the mathematics
gaction of the SAT and 29 on the moathe matics section
of the ACT. The SAT test scores and the ACT test
scores are ¢ach normally distributed. For the SAT,

the mean is 514 and the standard deviation is 115,
For the ACT, the mean is 210 and the standard
deviation iz 5.3,

a. What percentile is your SAT math score?
b What percentile is your ACT math score?

¢. T which test did vou perform better? Explain
YOUL e asoning.

WRITING Explain how you can convert ACT scores
into commesponding SAT scores when you know the
mean and standard deviation of each distobation.

MAKING AN ARGUMENT A data st has a median
of 80vand a mean of 90, Your friend claimes that the
distrilation of the data is skewed Teft, Is your friend
correct? Explain your reasoning.

CRITICAL THINKING The average scores on a statistics
tost are normally distribated with a mean of 75 and a
dandard deviation of 10, You randomly select a test
score x. Find P{|x — u| 2 15).

S L R e b i)

Graph the Tunction. Identify the x-intercepts and the points where the lecal maximums
and local minimumz ecour, Dete rmine the intervals for which the function iz increasing

or decreasing,  (Section 4.8}
I fixy=sxr -4 +5
39, hix)=-0524+3r+7

38, piry=xl =2t —x 3
40. fix) = —x* + 62 — 13

602 Chapter 11
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Populations, Samples,

and Hypotheses

USING TOOLS
STRATEGICALLY

To be proficient in
math, you need to use
technology to visualize
the results of varying
assumptions, explore
consequences, and
compare predictions
—with data.

>

Essential Question towcan you test theoretical probability using
sample data?

A S[el RN LUsing Sample Data

Work with a pariner
a. When two gix-sided dice are rolled, what is the -] o o

theoretical probability that yvou roll the same o o e :
nurmber on both dice? e o ' ® o
= i : . - -
b, Conduct an experiment 1o check vour answer ‘:h- .‘L

in part (a). What sarple size did you nze? Explain
VOLT Te asoning.

¢, Use the dice rolling sirmlator at Bigldeastaif.com to complete the table and check
your answer to part (a). What happens as you increase the sample size?

Mumber Number of Times Experimental
of Rolls | Same Number Appears Probability

100

300

1000 |
000 |

10,000

APl Using Sample Data

Waork with a pariner. -
- -
a. When theee six-sided dice are rolled, - . =
what is the theoretical probability that - L - S i
§ ; -
vou roll the same number on all three dice? ‘- ® / & .
b, Compare the theoretical probability ywou ] b w

found in part (a) with the theoretical “

probability you found in Exploration 1{a). .

¢, Conduct an experiment to check your answer in part (a). How does adding
a dic affect the sample size that you use? Explain your reasoning,

d. Use the dice rolling sinulator at Bigldeas\Wath com to check your answer
to part (), What happens as you increase the sample size?

GCommunicate Your Answer

3. How can you test theoretical probability using sample data?

4, Conmduct ap experiment to defermine the probability of rolling a sum of 7
when two zix-sided dice are rolled. Then find the theoretical probability and
COmpare YOoUr answers,

Section 11.2 Fopulations, Samples, and Hypothese: 603



11.2 Lesson

Core Vocabulary

popubation, g 60
sample, p 604
pararmeter, p 605
statetic, p. G05

hy pathesis, p 605
Prewvious

Venn diagram
proparton

What You Will Learn

P Distinguish between populations and sam ples.
P Analyze hypotheses.

Populations and Samples

A population iz the collection of all data, such as respopzes, measureme nis, or counis,
that you wint information aboat. A sample is a subset of a population.

A cersuy consists of data from an entire population. But, unless a population is small,
it 15 nanally impractical to oblain all the population data. In mest sidies, information
st be obtained from a rasdon: sample. (You will leam more about random sampling
and data collection in the next section )

It is important for a sample to be representative of a population so that sample

data can be used 1o draw conclusions about the population. When the sample is

nol representative of the population, the conclusions may not be valid. Drawing
conclusions about populations is an important use of slalislics, Becall that statisfics
is the science of collecting, erganizing, and interpreting data,

FEALDN N  Distinguishing Between Populations and Samples

L ntify the population and the sample. Describe the sarmple.

& Imthe United States, a survey of 2154 adulis ages 18 and over found that 1328 of
them own at least one pet.

b. To estimate the gasoline mileage of new cars sold in the United States, a
consumer advocacy group tests 845 new cars and finds they have an average
of 25.1 miles per gallon.

SOLUTION
A, The population consists of the responses :
of all adults ages 18 and over in the saroibiiaiile Sl bl

United States, and the sample consists
of the responses of the 2184 adulis in
the survey, Notice in the diagram that
ihe samplke is a subset of the responses
of all adults in the United Statez, The

sample consists of 1328 adults who said
they own at Jeast one pet and 556 adults
whio said they do not own any pets,

b The population consists of the gasoline o o) 2tion: gasoline mileages of all

mileages of all new cars sokd in the new cars sold in the United States
United States, and the sample consists

of the gasoline mileages of the 845 new
cars tested by the gronp. Notice in the
diagram that the sample is a subset of
the gasoline mileages of all new cars in
the United States, The sample conzists
of 845 pew cars with an average of
25.1 miles per gallon.

Samiple: gasoline
mileages of B45
TN Cars in test
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UNDERSTANDING
MATHEMATICAL
TERMS

A population proportion
is the ratio of members
of a population with a
particular characteristic
to the total members of
the population. A sampie
propartion is the ratio
of members of a sample
of the population with a
particular characteristic
to the total members of
the sample.

>

A numerical description of a population characteristic is called a parameter. A
oamerical description of a sample characteristic is called a statistlc. Becauze some
popalations are oo large to measure, a statistic, such as the sample mean, i= used 1o
estimate the parameter, such as the population mean. It is important that you are able
Lo distinguish between a parameter amd a statistic.

SNSRI  Distinguishing Between Parameters and Statistics

2. For all students taking the SAT in a recent year, the mean mathematics score was
514. Is the mean score a parameter of a statistic? Explain your reasoning.

b, A survey of 1060 women, ages 20-29 in the United States, found that the standard
deviation of their heights s about 2.6 inches. [ the standard deviation of the
heights a parameter or a statistic? Explain your reasoning.

SOLUTION

a. Because the mean score of 514 is based on all students who took the SAT in a
recent year, it is a parameter,

b, Because there are more than 1060 women ages 20-29 in the United States, the
survey it based on a subset of the population (all wornen ages 20-29 in the
United States). So, the standard deviation of the heights is a statistic. Note that
if the sampke is represemative of the popalation, then you can estimate that the
ghandard deviation of the heights of all women ages 20=2%9in the United States iz
about 2.6 inches.

Mon H’ﬂrihg Prugrﬁﬂs 4;}) Help in English and Spanish at Bigideasiath.com

In Monltoring Progress Questions 1 and 2, identify the population and the
sample,

1. Toestinmate the retail prices for three grades of gasoline sold in the United States,
the Energy Information Association calls 800 retail gasoline outlets, reconds the
prices, and then determines the average price for each grade.

2. A survey of 4464 shoppers in the United States found that they spent an average
of 3407 .02 from Thoarzday through Sunday during a recent Thankzgiving holiday.

3. A survey found that the median salary of 1068 statisticians is about 72800, [s
the median salary a parameter of a statistic? Explain your reasoning,

&, The mean age of US, representatives at the start of the 11.5th Congress was about
37 vears. Isthe mean age a parameter or a slatistic? Explain vour reasoning.

Analyzing Hypotheses
In statistics, a hypothesis is a claim aboit a characteristic of a population. Here are
some examples.,

1. A dmg company claims that paticnts using its weight-loss drug loss an average of
24 pounds in the first 3 months,

2. A medical researcher cladme that the proportion of U5, adults living with one or
more chronic conditions, such as high blood pressure, is 0.45, or 45%.

To analyze a hypothesis, you need to distinguish betwee n results that can easily ooour
by chance and results that are highly unlikely to occar by chance. Coe way to analyze

a hvpothesis is to perform a sinudation, When the resulis are highly unlikely to oocur,
the hypothesis is probably false,

Section 11.2 Fopulations, Samples, and Hypothese: 605



INTERPRETING
MATHEMATICAL
RESULTS

Results of other
simulations may have

the ane shown, but the
shape should be similar.
Mote that the histogram
is fairly bell-shaped

and symmetric, which
means the distribution is
approximately normal.

histograms different from

Analyzing a Hypothesis

Yo roll a six-zided die 3 times and do not get an even nomber. The probability of

]
this happening is {ljl = (003125, so you suspect this die favors odd nsumbers. The die
maker claims the die does not favor odd tumbers oF even numbers. What should you

conclude when you roll the acheal die 30 times and et (a) 26 odd mumbers and
(B 35 odd numibers?

SOLUTION

The maker's claim, or hypothesis, is “the die does not favor odd mumbers or even
mimbers.” This is the same as saying that the proportion of odd numbers rolled, in
the long run, is0.50, So, assume the probability of rolling an edd number is 0.50,
Simulate the rolling of the die by repeatedly drawing 200 random samples of size 50
from a population of 30% onas and 30% reros. Let the population of ones represant
the: event of rolling an odd number and make a histogram of the distribation of the

sample propottions.

By increasing the number
of sam ples or the sample
sizes (or both}, you should
get a histogram that more
closely resembles a nomal

distribution.

JUSTIFYING
CONCLUSIONS

In Example 3{b), the

getting 35 odd numbers
in 50 rolls is about 0.002,
S0, while unlikely, it

is possible that you
incarrectly concluded
that the die maker's
claim is false.

theoretical probability of

606 Chapter 11

Simulation: Rolling a Die 50 Times

= 015 | rolling 26 odid nunhﬂrﬁ}
E ::. T e
E. 012
g 044 3
:E e _liullur_t] 15 odd mmbers |
& —

% T & % % 8 X BE @ ¥ R

Froportion of S0 rolls that result in odd numbers

a, Getting 26 odd numbers in 50 rolls comesponds to a proportion u{-ig = (.52, In the
sigmilation, this result had a relative fraquency of 0.1 6. In fact, mest of the results
are close to 0,50, Becanse this result can easily occur by chance, you can concliade
that the maker's claim iz most likely troe,

b. Getting 35 odd numbers in 50 rolls comesponds to a proportion ui'% = 010,
Im the simulation, this result did not cocur, Because getting 35 odd numbers is
highly unlikely to ocour by chance, you can conclisde that the maker’s claim is
mwst likely false.

. . S
Monitoring Progress ‘f*}' Help in English and Spanish at BightsasMath.com

5. WHAT IF? In Example 3, what should you conchide when you roll the actual die
S0 times and get (a) 24 odd mmbers and (b) 31 odd numbers?

In Example 3(b), vou concluded the maker’s claim iz probably falze. In peneral, such
conclusions may of may nod be correct, The table sumanarize the incormect and correct
decisions that can be made about a hypothesis.

Truth of Hypothesis
Hypothesis is true, | Hypothesis is false.

You decide that the .
5 hypothesis is true, Cetto e cinit

§ | You decide that the
hypothesis is false.

incormect decision

incorrect decizion cortect decizlon

Data Analysis and Statistics



11 " 2 EHEI'EISES Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Goncept Check

1. COMPLETE THE SENTENCE A portion of a [.-ni.ulau:m!h:u can be sudied in order to make predictions
about the entire popalation is aing

2. WRITING Describe the difference between a pararneter and a statistic. Give an example of each.

3. VOCABULARY What is a hypothesis in statistics?

4. WRITING Describe two ways vou can make an incorrect decision when analvzing a hypothesis.

Monitoring Progress and Modeling with Mathematics

In Exercises 5-&, determine whether the data are In Exercises 13-16, defermine whether the numerical
collected from a population or a zample. Explain your value 12 a parameter or a Aatistic. Explain vour
reasoning. reasondng. (See Example 2,)
5. the number of high school stiudents in the 13. The average annual
United States salary of some physical
therapisis in a state
6. the color of every third car that passes your house is 576,210,

7. asurvey of 100 spectators al a sporting event with
1500 spectators 14. Inarecent year, 53% of the senators in the
United States Senate were Democrats,
8. the age of each dentist in the United States
15. Seventy-three percent of all the stedents in a school
In Exercises 9-12, identify the population and sample. would prefer Lo have school dances on Saturday.
Describe the sample. (See Foample 1.)
16. A survey of US. adults found that 10% believe
acleaning product they use is not zate for the
environment.

9. Inthe United States,
a survey of 1152 adults
apes 18 and over found
that 403 of them
pretend 1o use their
smartphones 1o avoid
talking to someons.

17. ERROR ANALYSIS A srvey of 1270 high school
stucdents found that 965 studems felt added stress
because of their workload. Describe and cormect the

error in identifying the population and the sample.

10. Inthe United States, a srvey of 1777 adults ages 18
and ower found that 1279 of themdo some kind of

spring cleaning every vear students in the high school. The sample

conslsts of the 365 students who falt:
added stress.

x The population conslsts of all the

11. [na school district, a survey of 1300 high school

stucdents found that 1001 of them like the pew, healthy

cafeteria fond choices. 18. ERROR ANALYSIS Of all the plavers on a National
Football Leage team, the mean age is 26 vears.
[rescribe and corvect the error in determining whether
the mean age represents a parameter o statistic,

12. Inthe United States, a
survey of 2000 houscholds
with al least one child
foingd that 1 280 of them
eat dinner together
every night.

Bacause the mean age of 2615 based only
on one football team, It 16 a statistic.

BER

- - -
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19,

MODELING WITH MATHEMATICS You flip a coin

4 times and do not et a tails. You sazpect this coin
favors heads. The coin maker claims that the coin
does not favor heads or tails. You simulate Ripping
the coin 50 times by repeatedly drawing 200 random
samples of size 30, The histogram shows the results,
What should vou conclude when vou fip the actual
coin 50 times and et (a) 27 heads and (b) 33 heads?

(5Se¢ Excirnple 3.)

Simulation: Flipping a Coin 50 Times

avz
.08
004
fi = N o |
O i = - I R = " T W W =
L B A T 1 TR - A . T T -
= =N ~ N~ T - ] = o a o

Propertion of 50 flips that result in heads

20. MODELING WITH MATHEMATICS Use the histogram

21,

23,

in Exercise 19 todetermine what you shiould
conclude when you fAip the actual coin 50 times and
get (a) 17 heads and (b) 23 heads.

MAKING AN ARGUMENT A random sanple of

five people at a movie theater from a population of
200 people gave the film 4 out of 4 stars. Your friend
concludes that everyone in the movie theater would
give the film 4 sars, Is yoar friend comect? Explain
YOI TeaA5Oning.

HOW DO YOU SEE IT? Use the Venn diagram to

identify the population and sarmple. Explain your
TEEs0Ming.

Majors of siudents at a university]

OPEN-ENDED Find a newspaper o magazine article
that describes a survey. Identify the population and
sample. Describe the sample.

24, THOUGHT PROVOKING You choose a random sample

25,

af 200 from a popalation of 2000, Each person in the
sample i asked how many hours of sleep he or she
fets each night. The mean of your sarmple is 8 hours.
Is it possible that the mean of the entire population is
only 7.5 hours of slecp cach night? Explain.

DRAWING CONCLUSIONS “You perform two
simlations of repeatedly selecting a marble out of a
bag with replace ment that contadns three red marbles
amd three blue marbles. The first sinmlation uses

20 ranclom samples of size 10, and the second uses
A} random samples of size 10, The histograms
show the reanliz, Which simulation should vou use
to accurately analyze a hypothesis? Explain.

jmulahnn 1: Picking a Marble 10 Times

=03
§
E‘n:-
.g (iR ]
€ o
0 0.l 04 0. 03
Proportion of 10 picks that are red |
iS&nuhﬁun!:mmam_iﬂTm
oy 03
-]
%uz
.3 0.
®
E i -
& 02 04 068 08
Proportion of 10 picks that are red

26. PROBLEM SOLVING You roll an eight-sided die five

— Maintaining Mathematical Proficiency seiwocwiuisamnss o penws pases ans e

times and get a four every time. You suspect that the
die Favors the number four. The die maker claims that
the die does nod favor any nomber.

a. Perform a simulation involving 50 trials of rolling
the actual die and getting a four to test the die
maker’s claim. Display the results in a histopram

b. What should you conclude when vou roll the
actual die 50 times and get 20 fours? 7 fours?

Baolve the equation by mn[letln_g the square.
7. ¥ =1lxr=4=0

Solve the equation using the Quadratic Formmla.
30. ®+2n+2=0

28. 31 4 61 =18

M. 472+ 28:=15

{Sechon 5.3)

(Seclion 3.4)

-

29. #4105+ 8=0

32, Sw—wl= —]1
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Collecting Data

JUSTIFYING
CONCLUSIONS

To be proficient in math,
yau need to justify yvour
conclusions and
communicate themm

' ta others.

>

Egsential Qﬂ'&ﬂiﬂﬂ What are some considerations when
undertaking a statistical study?

The goal of any statistical study is to collect data and then use the data to make a
decision, Aoy decizion you make using the resolts of a statistical study iz only as
reliable as the process used to obtain the data. If the process is Aawed, then the
resulting decision is questionable.

(A leLERisl BN Analyzing Sampling Techniques
Work with a pariner. Determine whether cach zample is representative of the
population. Explain your reasoming.

# To determing the nomber of hoors people exercise during a week, researchers use
random-digit dialing and call 1500 people.

b, To determine how many text messages high school students send in a week,
rescarchers post a survey on a website and receive 750 responses.

¢ To determing how much money college stdents spend on clothes cach semester,
a regearcher sarveys 450 college students as they leave the university library.

d. To determine the quality of service customers receive, an airline sends an e-mail
survey to cach customer after the completion of a flight.

Ao LEI[el/ Pl  Analyzing Survey Questions

Work with a partner. Determine whether each survey question is biased. Explain
your reasoning. I s0, sugpest an unbiased rewording of the (question.

a. Does cating nuiridions, whole-grain foods improve your health?

b, Do you ever atternpt the dangerous activity of texting while driving?
¢, How many hours do you sleep each night?

d. How can the mayor of vour city improve his or her public image?

EXPLORATION 3 Analyzing Survey Randomness
and Truthfulness

Work with a partner. Dizcpss each potential problem in obtaining a random survey
of a population. Include suggestions for overcoming the problem.

a The people selected might not be a random zample of the population.
b, The people selectod might not be willing to patticipate in the survey,

¢, The people selected might not be truthful when answering the question.
d. The people selected might nol understand the survey question.

Communicate Your Answer
4. What are some considerations when undertaking a statistical study?

5. Find areal-life example of a biased survey question. Then suggest an unbiased
rewording of the question.
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11.3 Lesson What You Will Learn

P dentify types of sampling methods in statistical studies,
P Recognize bias in sampling.

Gﬂfﬁ- yﬂ;ﬁﬂmﬂm B Analyze methods of collecting data,

random sample, p. 610 >
setf-zelected sample, p 670
systemalic sample, p 670
stratified sample, o, 670

Recognize bias in survey questions.

Identifying Sampling Methods in Statistical Studies

cluster sample, p. 610 The sleps in a typical slatistical study are shown below.

convenienoe sample, p 6710 3 %

bias, p. 671 Identify the Choose a COrganize Interpret the data,

: : . iable of ke that is and describe miake inferonces,

unbiased sample, p. 611 e o Collect

biased smple. p. 677 interest and W representative W s mp thedata WP and draw
the population af the ' using a conclusions aboat

expeniment, o 612
observalional study, p. 612
sunvey, . 5712

simulation, g 612

of the study. population. statistic. the population.

There are many different ways of sampling a population, bat a randon sanple is
profemed becanse it is most likely to be representative of a population. In a random

biased question, p. 613 sample, ach member of a population has an equal chance of being selected,
mem The other types of samples given below are defined by the methods used to select
F'ﬂ'p"'l‘“ il members, Each sampling method has its advantages and disadvantages,

sample

G) Core Concept

Types of Samples

For a sell-selected sample, For a systematic sample. a male is used
e mbers of & popalation can to select members of a population. For
volunteer tobe inthe sample. instance, selecting every other person.

sworre | PRI 1114t
m“—‘mD R Rhate

For a stratified sample, a population iz divided into smaller groups that share a
similar characteristic. A sample is then randomly selected from each group.

RBTTE e (RRER ERA%E PRASY
s ot s ropdtn FAM RIS

than one cluster.
lI:) For a cluster sample, a population iz divided into groups, called clusiers. All of
the members in one or more of the clusters are selected.

INBIIVEILN,
PR Rhane RAqte

For a convenience sample, only members of a population who are easy to reach

are s¢lecied,
N,
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STUDY TIP

All good sampling
methods rely on
randem sampling.

>

Identifying Types of Samples

Yol wank £ determine whether stade ntz in vour school like the new design of the
school's website. Identify the type of sample described.

a. You list all of the students alphabetically and choose every sixth student.
b You mail questionnaires and use onby the questionnaires that &re returned,
¢ You ask all of the stndents in vour algebea class.

d. You randomly select two siudents fromeach classroom.

SOLUTION
a. You are using a mike to select students, So, the sample is a sysfematic sample,

b, The students can chobze whether to respond. So, the sample is a
self-selected sample,

& You are selectling students who are readily available. So, the sample is a
corvenience sample,

d. The sfudents are divided into similar groups by their classrooms, and two students
are =¢lected at random from each group. So, the zample iz a siralified sample.

Monitoring Progress 4@' Help In Engish and Spanish at BigideasMath.com

1. WHAT IF? In Example 1, vou divide the students in your school according Lo their
zip codes, then sclect all of the students that live in one zip code. What type of
sample are you nsing?

2. Describe another method you can use to oblain a stratified sample in Example 1.

Recognizing Bias in Sampling

A blas iz an error that results in a misrepresentation of a population. In order to obtain
reliable information and draw accurate conclusions about a population, it is important
tir select an weliaved sample. An unbiase d sample is representative of the population
that vou want inforrmation about. A sample that overrepresents or under-represents parl
of the population is a biased sample. When a sample is biased, the data are invalid. A
rvedont sanple can help reduce the possibility of a biased sample.

AR |dentifying Bias in Samples

I ntify the tvpe of sarmple and explain why the sample is biased.
a A news organization asks its viewers (o participate in an online poll abowt ballying,

b, A computer science teacher wants to know how shisde nts &t a school most
often access the Internet, The teacher asks studentz in one of the computer
science classes,

SOLUTION

a. The viewers can choose whether to participate in the poll, 5o, the sample is a
self-selected sample. The sample is biased because people who go online and
respond to the poll most likely have a strong opinion on the subject of bullying.

b, The teacher selects stude ats who are readily available. 5o, the sample is a
corvenience sample, The sample is biased because other students in the schood
do not have an opporiunity 1o be chosen,
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STUDY TIF

When you obtain a
duplicate integer during
the generation, ignore
it and generate a new,
unique integer as

a replacement. D’

Selecting an Unbiased Sample

You are a member of your school’s vearbook committes, You want to poll members
of the sanior class to find out what the theme of the yearbook should be. There are
246 smdents in the senior class. Describe a method for selecting a random sample
af 50 seniors to poll.

SOLUTION
Step 1 Make a list of all 246 senlors. Assign each senior a different integer
from 1 1o 246.
Step2  Generate 50 unique random integers from randInt(1,246)
I to 246 using the mding feature of a Bh
graphing calculstor. zgg
Step 3 Choose the 50 students who correspond o E;
the 50 inlegers you gencrated in Step 2. £g

Monitoring Progress ‘ﬁ} Help in English and Spanish at BigldeasMath com

3. The manager of a concert hall wants to know how often people in the community
attend concerts. The manager asks 45 people standing in line for a rock concert
how many concerts they attend per vear. Identify the type of sample the manager
is using and cxplain why the samgple is biased.

4. In Example 3, what is another method you can use to gencrate a random samplc
of 30 stodent=7 Explain why vour sampling method is random

Analyzing Methods of Data Collection

There are several wayvs to collect data for a statistical study, The objective of the stedy
often dictates the bost method for collecting the data.

G) Core Concept

READING

B census is a survey that
obtains data from every
member of a population.
Often, & census is not
practical because of its

cast or the time required

to gather the data, The

U.5. population census is
conducted every 10 years. D

Methods of Collecting Data

An experiment imposes a treatment on individuals in order to collect data on
their response 1o the treatrent. The reatmem may be a medical reatment, or it
can be any action that might affect a variable in the experiment, such as adding
methanol 1o gasoline and then measuring its ¢ffect on fuel efficiency.

An observational study observes individuals and measures variables without
controlling the individuals or their environment. This tvpe of study is used when
it iz difficuli to control or isolate the variable being studied, or when it may be
nnethical to subject people to a certain treatment of to withhold it from them.

A survey is an investigation of one or more characteristics of a population. In a
sarvey, every member of a sample is asked one or more questions.

A simulation uses a mode] to reproduce the conditions of a sitnation o
process so tat the simulated mutcomes closely match the real-world cutcomes,
Simulations allow you Lo stndy siluations that are impractical or dangerous to
create in real life.
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STUDY TIP

Bias may alko be
introduced in survey
guestioning in other ways,
such az by the order in
wihich questions are asked
or by respondents giving
answers they believe will

please the questioner. D

FEA NN |dentifying Methods of Data Collection

Identify the method of data collection each sitnation describes,
a. A researcher records whether people at a gas dation use hand sanitizer.

b, A landscaper fertilizes 20 lawns with a regular fertilizer mix and 20 lawns with a
mew organic fertilizer. The landscaper then cormpares the lawns after 10 weeks and
determines which fertilizer is better,

SOLUTION

a. The researcher is pathering data withoud controlling the imclividuals or applying a
treatment, 50, this situation is an ebservalional shidy.

b A treatment (organic fertilizer) is being applicd to some of the individuals (lasms)
in thee study, So, this siteation is an experiment.

Monitoring Progress ‘Eﬂ Help In English and Spanish at BigldeasMath.com

Identify the method of data collection the situation describes.

3. Members of a smdent council at your school ask every eighth stadent who enters
the cafeteria whether they like the snacks in the school’s vending machines.

6. A park ranger measures and records the heights of trees in a park as they grow.

7. A researcher uses a computer program to help determine how fast an influenza
virus might spread within a city,

Recognizing Bias in Survey Questions

When designing a survey, it is important to word survey questions 5o they do not lead
Lo biased results. Answers to poorly worded questions may nol accurately reflect the
opinions o actions of thoss being surveyed. Questions that are flawed in a way that
beads bo inaccurate results are called biased questions, Aveid questions that:

*  encourage a partcular response « are too sensitive to answer trathfully

* do not provide enoogh information « address more than one isse
Lo grive an accurale opinion

(S EALIRN [dentify and Correct Bias in Survey Questioning

A dentist surveys his patients by asking, “Do vou brush your teeth at least twice
per day and fMoss every day? Explain why the question may be biased or olherwise
introcisce bias into the survey. Then describe a way to cormect the flaw.

SOLUTION

Fatients who brush less than twice per day or do not Noss daily may be afraid to
admut this becanse the dentist is asking the question. One improve ment may be to
have patients answer questions about dental hygiene on paper and then put the paper
anonymsuzsly into a box.

Monitoring Progress ‘?} Help in English and Spanish at BigideasMath com

8. Explain why the survey question below may be biased or otherovize introdoce bias
into the survey. Then deseribe a way Lo corect the faw.,

“ I vou agree hal our scliool cafeleria should swilch lo a healthier mena?”

Section 11.3  Collecting Data 813



11.3 Exercises

Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Goncept Check

of being selected is ain) _ sample.

exampe of each.

1. VOCABULARY Describe the difference between a stratified sample and a cluster sample.

Z. COMPLETE THE SENTENCE A sample for which each member of a population has an equal chance

3. WRITING Dxscribe a situation in which you would use a simulation to collect data,

4. WRITING Describe the difference between an unbiased sample and a biased sample. Give one

Monitoring Progress and Modeling with Mathematics

In Exercises 5-8, identily the type of sample described.

(5ee Exariple 1.)

5. The owners aof a chain of 200 retail stores want Lo
asse 88 employee job satisfaction. Employecs from
12 shores near the headaquaniers are srveyed,

6. Eachemployee in a company wriles their nams on
acard and places it in a hat. The employees whose
narmes are on the frst two cards drawn each win a
gift card,

7. Ataxicab company wants to know whether its
customers are satisfied with the service. Drivers
smrvey every lenth customer during the day.

B, The owner of a community pool wans to ask patrons
whether they think the water shoubd be colder. Patrons
are divided into four age groups, and a sample is
randomly surveyed from each age group.

In Exercises 9-12, identily the type of sample and
explain why the sample is blased. (See Example 2.)

8, A towncounci]l wants to know whether resgdents
support having an off-keash area for dogs in the town
park. Eighty dog owners are surveyed at the park.

614 Chapter 11 Data Analysis and Statistics

10.

1.

12.

13.

14,

A sportswriter wants to determine whether base ball
coaches think wooden bats should be mandatory in
collegiate baseball. The sportswriter mails surveys
to all collegiate coaches and uses the surveys that
are refarned.

You want to find out whether booth holders at a
convention were pleased with their booth locations.
Yo divide the convention center into 5% ssctions and
survey every bodth holder in the fifth section.

Every tenth e mploves who amrives at a company
health fair answers a survey that asks for opinions
about new health-related programs.

ERROR ANALYSIS Suorvevs are mailed to every olher
howsehold in a neighborhood. Each survey that is
returned is used. Describe and comrect the emor in
identifying the type of sample that is used.,

X

ERROR ANALYSIS A rescarcher wands to know
whetteer the U5, workfores supporis raising the
minirmm wage, Fifty high school siodents chosen at
random are surveved. Describe and comect the etror
in determining whether the sample i biased.

X

Bacause the surveys wera malled to
avery ether housshold, the sample Is
a systematle sample.

Beacauge the students were chosenat
random, the sample Is not blased.



In Exercizes 15=18, determine whether the sample |=
biased. Explain your reasoning,

15. Ewvery third person who enters an athletic ¢vent is
asked whether he or she supports the use of instant
replay in officiating the event,

16. A governor wants to know whether voters in the state
support building a highway that will pass through
a slale Toresl. Business owners in a town near the
proposed highway are randomly surveyed.

17. To assess customers” experienoes making purchases
oailing, a rating company e-mails purchaszers and asks
that they click on a link and complete a survey.

18. Your school principal randomly selects five students
from each grade to complele a survey about
clazsroom participation.

19. WRITING The staff of a
siudont newsletter wants to
conduct a survey of the
sicdents” Gavorite television
shemaes. There are 1225 students
in the schoal, Describse a

method for selecting a random
sample of 250 students o survey., (See Exvample 3.)

20, WRITING A national collegiate athletic association
wants to survey 15 of the 120 head football coaches
in a division about a proposed miles change. Describe
a method for selecting a random sample of coaches
to survey,

In Exercises 21=24, identify the method of data
collection the situation describes, (See Example 4. )

21. A rescarcher uses technology to estimate the damage
that will be done if a volcano enpts,

22, The evwner of a restaurant asks 20 costomers whether
they are satisfied with the guality of their meals.

23. A researcher compares incomes of people who live in
mral areas with those who live in large urban arcas,

24. A rescarcher places bacteria sampes in two different
climates, The researcher then measures the bacteria
growth in each sample after 3 days.

In Exercises 25=-28, explain why the survey gquestion
may be biazed or ofherwize int roduce as nto the
survey. Then deseribe a way to correct the Aaw,

{See Example 5.)

25. Do you agree that the udget of cur city should
b gt

26. “Would you rather watch the latest award -winning
mevie of just read somme book™

27, “The tap water coming from our western water supply
contains twice the level of arsenic of water from our
cagdern supply. Do you think the government should
address this health problem?™

28. A child asks, “Do you support the construction of
a new children's hospital ™

In Exercises 29-31, determine whether the survey
question may be based or atherwize infroduce bias info
the survey. Explain your masoning,

29. "D you favor government funding to help prevent
acid rain™"'

30. “Dwovou think that renovating the old town hall would
be a mistake ™

3. A police officer asks mall visitors, “Tro vou wear your
seat belt regalarly ™

32. “Dovon agree with the amendments to the Clean
Air Act?

33. REASONING A rescarcher studics the effect of
fiber supple ments on heant disease, The researcher
identified 175 people who take fiber supple ments and
175 people who do not take fiber supplements. The
study found that those who took the supplements had
19.6% fewer heart attacks. The researcher concludes
that taking fiber supplements reduces the chance of
heant attacks.

a. Explain why the researcher’s conclusion may not
be valid.

b Describe how the researcher could have conduacted
the study differently to produce valid results.
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34. HOW DO YOU SEE IT? A poll is conducted to predict
the results of a statewide election in Mew Mexico
before all the voles are counted. Fifty voters in each
of the state's 33 counties are asked how they voted
as they leave the polls.

a. ldentify the type of sample described.
b Explain how the diagram shows that the polling

38, REASONING Abot 3.2% of LS, adults follow a
vegetarian-based diet. Two randomly selected growps
of people were asked whether they follow such a
diet. The first sample consists of 20 people and the
seoond sample consists of 200 people. Which sample
proportion is more likely to be representative of the
national percentage? Explain,

method conld result in a biased sample. 39, MAKING AN ARGUMENT The LS. Censns i= taken
. every 10 vears to gather data from the population.
Your friend claims that the sample cannot be biased.
I8 your fricnd comect”? Explain.
40, OPEN-ENDED An airline wants to know whether
travelers have enough leg room on its planes,
Popau lation by County

I Crver 150, 000 0 5000095, %59

I 100, 000-1 49,999 ] Under 50,000
2. What method of data collection is appropriate for

this situation?

35. WRITING Consider each type of sample listed on b Describe a sampling method that is likely to give
page 610, Which of the zamples are most likely to biased resultz. Explain.
lead to biazed resnlis? Explain,

P ¢ Describe a sampling method that is mof likely to
give biased results. Explain.

36, THOUGHT PROVOKING What is the difference : ; : ;
between a “blind experiment” and a “double-blind d. Wru:l one tuaalzrl .r.|u:5.Lu:m and one unbiased
experiment? Describe a possible advantage of the question for this sitnation.

WEEDIE Y U5 SRPSCEICIR. e Hhe TRk 41. REASDNING A website contains alink to a sevey
that asks how much time cach person spemds on the

37, WRITING A college wants to survey its graduating Internet each wee k.
seniors to find oul how many have already found jobs Wi i z ;
in their field of study after Saation. i, A Lat.ig.rl:u? 1:11'. sampling method 15 wsed in

this sifuation?
- What iz the objective of the 'E'
A g UIRECLI A His an gy b Which population is likely to respond to the
b Describe the population for the survey. survey? What can you conclude?
¢. Write two unbiazed questions for the survey.
o Mal"hi”lﬂg Ma.mma.hﬁal Prﬂfl;tgﬂ c-? R W b o DT BN e £ 5 :-._'.|.1..:_ and legeons
Evaluate the expression without using a caleulator.  (Section 5.1
42, 4% 43, 2744 44, &40 45, 523
Simpify the expression. (Seation 5.2) e
: 3 Y
46, (47 .41y A7, (6'0 . 318)=1 88. Va V16 49, :m
V3
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11.1-11.3 What Did You Learn?

Core Vocabulary

normal distribition, p. 596 hypothesis, p. 605 unbiased sarmple, p. 611
normal curve, p. 596G random sample, p. 810 biased sample, p. &
standard normal distribution, p. 587 self-selected sample, p. G0 experiment, p. &2
I-8COre, p, 397 systematic sample, p. 610 observational study, p, 6§ 2
population, p. &G04 siratified sample, p. 610 sarvey, o G6f 2

sample, p. G4 cluster sample, p. 618 simlation, p. 612
parameter, p. 605 conve pience sample, p. 610 biased question, p. 613
statistic, pr. G015 bias, pr. 611

Core Goncepts

Section 11.1
Arcas Under a Normal Curve, p, 596 Recognizing Normal Disiributions, g 599
Lizing z-5cores and the Standard Normal Table, g 597

Section 11.2
Dhstinguishing Between Populations and Samples, p. 604
Analyzing Hypotheses, p. 606G

Section 11.3

Types of Sarmples, p. 610
Methods of Collecting Data, p. 612

Mathematical Practices
1. What previously established results, if any, did you nse to solve Exercise 31 on page 6027

2. What external resources, if any, did you use to answer Exercise 36 on page 6167

pmm e ————— Study Skills == === === = === oo -
Reworking Your Notes

Its almost impossible o wnte down in your notes all the detailed
information vou anre tavght in class, A good way o reinforce the

concepts and put them into your long-term memaony is 10 rework
vour notes. When you lake notes, leave extra space on the pages
You can go back after class and fill in

* mpartant defimbions and rules
* additional examples
* guestons you have about the matenal



A normal distribution has a mean of 32 and a standard deviation of 4. Find the
probability that a randomly selected x-value from the distribution is in the given
interval, (Secifon 11.1)

1. at beast 23 2. betwesn 20 and 32 3. al mos 26 4. al st 35

Determine whether the histogram has a normal distribalion. (Section 1101)

S | Biclogy Final Exam | 6. | Participation in Soccer
| 035 05 ;
|
s, — e |
¥ D20 - ;
£ = E b |
E‘ DA% E’ 03 5
g 010 — @02 l
§ 005 B '> % (i | i
— = |
Ar=ml ] |
o _:i-r-. .-E‘-\- }:.1 o ﬁ_‘u -hl'q'.| ;:,:.“- ,-d-':\ J“..-\..\__ 1} ,|.l\. ] _‘!,n. I;E" ,-__{l: .i::,'n. ﬁ'?.l:
B .-\.I“'H. g B ah g Q:"'". o i '::;..I "‘E-- 1.‘_6- o '\-c":-".
SCone Age
7. Asarvey of 1654 high school sendors determined that 1125 plan to atte nd college. Identify
the population and the sample. Describe the sample. (Section 71.2)
8, A survey of all emplovess 3t a company found that the mean ope-way daily commuite
to work of the emplovess is 25,5 minutes. 15 the mean tine a parameter of a statistic?
Explain your reasoning. (Section £1.2)
9, A researcher records the number of bacteria present in zeveral samples in a laboratory.
Identify the method of data collection. (Section 11.3)
10. You spin a five-color spinner. which s divided _ Simulation: Spinning a Spinner 50 Times

into equal parts, five Limes and every Ume the
spinner lands on red. You suspect the spinner
favors red. The maker of the spinner claims
that the spinner does not favor any color, You
sinmlate spinning the spinner 30 times by
repeatedly drawing 200 random samples of
size S0, The histogram shows the results, Use

o™

o oo
E =

i
]
=

Relative frequency

.=’_‘ ‘ - -

the histogram to determine what you should i 1

conchude when you spin the actual spinner A ‘= o 'E’_-’ = '“ = -": Eoe AN

30 times and the spinner lands on red R L PN, e T T
Propartion of 50 spins that result in red

(a) 9 times and (b) 19 times, (Sectlon 77.2)

11, Alocal television station wants to find the nmber of hours per week people in the
viewing area walch sporting events on television. The station surveys people at a nearby
gports dadium. (Seckion 11.3)
a. [dentify the type of s=ample described b Iz the sample biased? Explain vour reazsoning.

¢ [Describe a method for selecting a random zample of 200 people [ survey,
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Experimental Design

Essential Question 1owcan youl 1se an experiment to test

a conjecture?

A LN I[el Bl Using an Experiment
Work with a pariner. Standard white playing dice ligghtest side
are manifaciured with black dots that are indentations, -‘"“‘-q .-
as shvown. 50, the side with six indentations is the L L ]
lightest side and the side with one indentation is .
the heaviest side. Ny g,

Yo make a conjecture that when you roll a standard playing

die, the number 6 will come up more often than the nomber 1

becanse & is the lightest side. To test your conjecture, roll a standard playing
die 25 times. Record the results in the table. Does the experiment confirm your
conjecturs? Explain your reasoning.

Number
Rolls

AL ENI[e IS  Analyzing an Experiment

Work with a partner. To overcome the imbalance of standard
playing dice, one of the authors of this book invented and

ol
o

patented 12-sided dice, on which each number from 1 through 6 '= = [ '
appears twice (on opposing sides). See BigldeasMath.com. "" a9 "l‘
As parl of the patent proce ss, a standard plaving die was = —
riolled 27 00 times. The resulis are shown below,
Humber | 2 3 I 4 5 6
Rolls 4293 454 4492 4397 4623 4761

Whiat can yvou conclide from the results of thiz experiment? Explain vour reasoning.

CONSTRUCTING

VIRBLE ARGUMENTS  Gomumunicate Your Answer
o be proficient in math,

you need to make 3. Hew can you use an experiment bo fest a conjechure?

ject d perf
St osdecoad il 4. Exploration 2 shows the results of rolling a standard playing die 27,090 times

experiments to explore
th: truth of your R to test the conjecture in Exploration 1. Why do you think the number of trials
was 50 large?

conjectures.

D 5. Make aconjecture about the outcomes of rolling the 12-sided die in
Explocation 2, Then design an experiment that could be used o fest your
copjecture, Be sure that vour experiment is practical to complete and includes
enough trials to give meaningfol resalts,
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11.4 Lesson

Core Vocabulary

controlled experiment, g 620

contrel group, o 620

treatment group, p. 820

randormzaticn, p. 620

randomzed comparative
expeniment, p. 520

placebo, p 620

replication, p 622

Pravious

sample SZe

STUDY TIP

The study in part (8) is
an observational study
because the treatment is
not being imposed.

What You Will Learn

B Describe expariments.

P Recognize how randomization applies to experiments and observational
studies.

P Analyze experimental designs.

Describing Experiments

In a comtrolled ex periment, two groaps are studied under identical conditions with
the exception of one variable, The group under ordinary conditions that is subjected to
no treatmend is the control group. The group that is subjected to the reatment is the
treatment group,

Randamization iz a process of randomly assigning subjects to different treatment
groups, In a randmmized comparative experiment, subjects are randomly assigned to
the control group of the treatment group. In some cases, subjects in the control groop
are given a placebo, which is a harmiless, unmedicated treatment that resembles the
actual treatment. The comparizon of the control group and the treatment group makes
it possible to determine any offects of the eatment,

Eandomization minimizes bias and produces groups of individaals who are
theoretically similar in all ways before the treatment is applied. Conclusions drawn
from an experiment that 15 not a randomized comparative experiment may not be valid.

Evaluating Published Reports

Determine whether each study is a randomized cormparative experiment. I1 it is,
describe the treatment, the treatment group, and the control group. If it is not, explain
wiry not and discuss whether the conclusions drawn from the study are valid.

b
™ Health Waich Supermarket Checkout

Vitamin C Lowers Cholesterol Check Out Even Faster
At 2 health clinic, patients were given To test the new design of its self
the chaice of whether to take a dietary checkout, 3 grocer gathered 142
supplement of 300 milligrames of customers and randomly divided
vitamin  each day. Fifty patients who them mto two groups. One group
took the supplement were monitored used the new self checkout and one
for one year, as were 30 patients wha group used the old sell checkout to
il not take the supplement. At the buy the same groceries, Users of
end of one year, patients who took the the: mew self checkout were able to
supplement had 15% lower cholesteral complete therr purchases 16% fader,
levels than patients in the other Froup.

SOLUTION

D a, The study is not a randomized comparative experiment because the individoals

were not mndomly assigned to a control group and a treatment group. The
conclusion that vitamin C lowers cholesterol may or may ool be valid. There may
be other reasons why patients who took the supplement had lower cholesterol
levels. For instance, paticnts who voluntarily take the supplement may be more
likely to have other healthy eating or lifesivle habits that could affect their
cholesterol levels,

b. The study is a randomized comparative experiment. The treatment is the use of
the new self checkout. The treatment group is the individuals who use the new self
checkout, The control group is the individuals who uze the old self checkout.

620 Chapter 11 Data Analysis and Statistics



Motorist News

Eardy Birds Make
Better Dirivers

A recent study shows that adults
wien rise before 650 & M. are
better drivers than other adults,
The sty meenitored the driving
reconds of 140 volantesrs who
alwavs wake up before 6:30 and
140 voluntecrs who never waks
up before 630, The carly risers
had 12% fewer accidents.

S i
Munrl’:lrmg ngr&ﬂs 4T Help in English and Spanish at BigideasMath.com

1. Dwetermine whether the study is a mndomized comparative experiment, IT it is,
describe the treatment, the reatment group, and the conirel group, If it is nof,
explain why not and discuss whether the conclusions drawn from the stody
are valid.

Randomization in Experiments and

Observational Studies

You have already learned about random sampling and its usefulpess in surveys.
Randornization applics to experiments and observational studies as shown below.

Expenment Dhservational study

[ndividialz are assigned at random to the | When possible, random samples can be
treatment group of the control group. sebocted for the groups being studied,

Giood experiments and ohservational studies are designed to compare data from
Pwo or more eroups amnd o show any relationship between variables. Omly a
well-designed experintent, however, can determine a cange-and-effect relationship.

&) Core Concept

Comparative Studies and Causality

+ A rigorous randomized comparative experiment, by elindnating sources of
variation other than the controlled variable, can make valid caose-and -¢ffect
conchusions possible,

* An obzervational stndy can identify correlalion between variables, but not
causality. Variables, other than what is being measured, may be affecting
the resulis,

Y

Designing an Experiment or Observational Study

Explain whether the following research topic is best investigated throagh an
experirment or an observational study. Then describe the design of the experiment
or cbeervational shidy.

You wani to know whether vigorous exercise in older people resulls in longer life.

SOLUTION

The treatment, vigorons exercise, is not possible for those people who are already
unhealthy, so it is not ethical to assign individuals to a control or treatment group.
Use an observational study. Randomly choose one group of individuals who already
exercize vigorously. Then randomly choose one group of individuals who do not
excrcize vigorously, Monitor the ages of the individuals in both groups at regular
infervals, Mote that because vou are using an observational study, vou should be able
to ddentify a correlation between vigorons exercise in older people and longevity, but
nol causaliny.

i i =
Monitoring Progress 4’1* Help in English and Spanish at BigldessMath.com

2. Determing whether the following research topic is best investigated through an
experiment or an observational stady. The n describe the design of the experime ot
or observational study.

Yo wand o know whether flowers sproyed twice per day with a mist of water stay
frestt bonger than fowers Hhat are not sproyed,
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UNDERSTANDING
MATHEMATICAL
TERMS
The validity of an
axperiment refers to the
reliability of the results.
The results of a valid
experiment are more

— |ikely to be accepted.

STUDY TIP

The experimental design
described in part (¢) is an
example of randomized
black design.

I>

Analyzing Experimental Designs

An important pant of experimental design is sample size, or the normber of subjects
in the experiment. To improve the validity of the experiment, replication is required,
which is repetition of the experime ot under the same or similar condifions.

SN  Analyzing Experimental Designs

A pharmacentical company wanls to test the /| aﬂﬁ
effectivencss of a new chewing gum designed to o -
help people lose weight. Identify a potential problem,

if amv, with each experimental degign. Then describe

how viou can ingprove it, b

a. The company identifics 10 people who are
overweight, Five subjects are given the new
chewing gum and the other 5 are given a
placebo. After 3 months, each subject iz evaluated and it is determined that
the 5 subjects who have been using the new chewing gum have lost weight.

b. The company identifies 10,000 people who are overweight. The subjects are
divided into groups according to gender. Fernales receive the new chewing gum
and males receive the placeho. After 5 months, a signifcantly large number of the
female subjects have lost weight,

¢. The company identifies 10,000 people who are overweight. The subjects are
divided into groups according to age. Within each age group, subjects are randomby
assigned to receive the new chewing gum or the placebo. After 3 months, a
significantly large number of the subjects who received the new chewing gum
have lost weight,

SOLUTION

a, The sample size is not large enough to produce valid results. To improve the
validity of the experiment, the sample size must be larger and the experiment
st be replicated.

b. Because the subjects are divided into groups according to gender, the groups are not
similar. The new chewing gum may have more of an effect on women than on men,
or more of an effect on men than on women. It is not possible to see such an effect
with the experiment the way it is designed. The subjects can be divided into groups
according to gender, bul within ¢ach group, they must be randomly assigned o the
ireatment group of the control grouap,

¢ The subjects are divided into groups according to a simdlar characteristic (age).
Because subjects within each age group are randomly assigned (o receive the new
chewing gum of the placebo, replication is possible.

Monitoring Progress ‘ﬁ} Help in English and Spanish at BigdeasMath.com

3. In Example 3, the company identifies 230 people who are overweight. The
subjects are randomly assigned to a treatment group of 4 condrol groap. In
addition, each subject is given a DVD that documents the dangers of obesity. After
3 months, most of the subjects placed in the treatment group have lost weight.
Identify a potential problem with the experimental design. Then describe how you
can improve i,

4, You design an experiment to fest the effectivensss of a vaccine against a
girain of influenza, In the experiment, 100000 people receive the vaccine and
another 100,000 people receive a placebo. Identify a potential problem with the
expermental design. Then describe how you can improve it
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11 -4 EHEFEISES Dynamic Solutions available at BigldeasMath.com

Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE Repetition of an experiment under the same or similar conditions is called _

2. WRITING Describe the difference bebwecn the control group and the treatment group in a controlled experiment,

Monitoring Progress and Modeling with Mathematics

In Exercises 3 and 4, determine whether the study is a 6.

randomized comparative experiment. ITit is, describe x The study |s an cbservational study.

the treatment, the treatment group, and the control

group. I it 13 nof, explain why not and discuss whether

the conclusions dreawn from the study are valid,

(See Example 1.} In Exercises 7-10, explain whether the research fopic

is best investigated through an experiment or an

3. observalional study. Then describe the design of the
experiment or observational study. (See Example 2.}

New Dirug Improves Sleep

1o Aresearcher wants Lo cormpare the body mass index

To test a new drug for insommia, a pharmaceutical of smoke s and noasmokc.

company randomby divided 200 adult volunkeers
into two groups. One groap received the drug and 8. A restaurant chef wants 1o know which pasia sance

ong group received a placebo, After one month, S et i
the adults who took the drug slept 18% longer, ipe TR e by ners.

M“k those whe took the placebo expericnoed no 9. A farmer wants to know whether a new fertilizer affects

significant change. the weight of the fruit produced by strawberry plants.,
% 10, You want to know whether homes that are Close o

Milk Fights Cavities parks or schools have higher property values.

At a middle school, students can choose to drink 11. DRAWING CONCLUSIONS A company wants (o test

ralk or other h:i.'q:a'agc_.l: at lanch. Eanr:v'::ll}'-hm whether a nutritional supplement has an adverse e ffect

students who chose milk were monitored for on an athlete's heart rate while exercizing, Identify

one year, as were 73 students who chose other a potential problem, if any, with each experimental

beverages. Al the end of the year, students in the design. Then describe how you can improve it.

“rilk” group had 25% fewer cavites than students (See Example 3.)

in the ofher group.

a, The company randomly selects 250 athletes. Half
of the athlkeies receive the supp]um:nl and their

ERROR ANALYSIS In Exercises 5 and 6, describe and ot rakés re ancatosd wiiile ey i
cosvect the ervor i describing the study. treadmill, The other half of the athletes are given
A company’s researchers want to study the effecis of a placebo and their heart rates are monitored while
adding shea butier o Hrelr existing hair conditioner they lift weights. The heart rates of the athletes
They monitor the hair quality of 30 randomly wha teok the supplement significantly increased
selected custormers using the regular conditioner while exercising.
el 30 randomly a:-fn’frfrd cuslomers using the new b, The company selects 1000 athletes, The athletes are
shea bulter conditioner. divided into two groups based on age. Within each
5 age group, the athbetes are randomly assigned to
The control group Is Individuals who do receive the supplement or the placebo. The athletes”
net usa alther of the conditiongrs. heart rates are monitored while they mn on a

treadmill, There was ne significant difference in the
increases in heart rates between the two roups.
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12, DRAWING CONCLUSIONS A rescarcher wanis io 14, WRITING Explain why cbeervational studics, rather

test the effectiveness of reading novels on raising than experiments, are nsually used in astrononny.
intelligence quatient (1C}) scores. Identify a potential

problern, if any, with each experimental design. Then 15. MAKING AN ARGUMENT Your friend wanls 1o
describe how you can improve if. determing whether the number of siblings has an

effect on a student’s grades, Your fricnd claims to be
able to show canzality between the number of siblings
and grades. 1= your friend correct? Explain,

2. The rescarcher selects 500 adults and randomby
divides them into bwo groups. One groop reads
nowvels daily and one group does nod read novels,
Al the end of 1 vear, each adult is evaluated and

it is determined that neither group had an increase 16. HOW DO YOU SEE IT? To test the effect political
in I} scores. advertizements have on voler preferences, &

researcher selects 400 potential voters and randomly

b Fifty adults voluniesr Lo

i e I WY divides them into two groups. The circle graphs
ﬁr}-’ :::-yni};? ;Er“““‘- . ‘ show the results of the study.,
Fifty ather adults 4 Sy Res it
volunteer 1o refrain ‘ﬂ Watching 30 Minutes of TV~ Watching 30 Minutes of TV
from reading novels for with No Ads with Ads for Candidate B

1 vear. Each adull is 5
evalusted and il 15 * t A% q
determined that the adults | ’ '\

£ 43%
who read novels raised k
iheir I} scores by 8%
3 points moke than the olher group.

1 |

13. DRAWING CONCLUSIONS A fitness company claims

that its workout program will increase vertical jmp Candidate A Candidate B Candidate € Undecided
heightz in 6 weeks, To test the workowt program,

10 athletes are divided into two groups, The double a. I=the study a randomized comparative

bar graph shows the results of the experiment. Identify experiment? Explain.

the potential problens with the experimental design.

Then describe how you can improve it, RSO0 e (OB

o Can vou conclude that the political advertisements

| Vertical Jump Workout t wore effective? Explain.
35 .; O Bafara
E 2 |1 ® :_'r;;a;ﬁﬁ 5 17. WRITING Dwscribe the ploceto effect and how it
S 15 L - affects the results of an experiment. Explain how a

= g researcher can minimize the placebo e ffect.

'EIS

10
3

18. THOUGHT PROVOKING Make a hypothesis about
something that interests you. Design an experiment
that could show that your hypothesis is probably troe.

Heig

} 19. REASONING Will replicating an cxperiment on

many individuals produce data that are moee likely to
accurately represent a population than performing the
experiment only once? Explain.

_Mﬂiﬂfﬂiﬂi"g Mﬂmﬁm-ﬂﬁ_ﬂ-ﬂl ProfiCieney reieengwnat puisamsd in prcus grades and lessens
Draw a dol plot that represents the data. Identify the shape of the distribution. (SLids Review Handboolk)
20, Apesi 24, 31,22 26, 22,33, 25 23,23, 34, X0, 15 1. Golf strokes; 4,3, 4, 3,3, 2 7.5, 3.4

Tell whether the function represents expomeniinl growilt or exponeniial decay. Then graph the Tomctl o,
(Seclion 6.1}

22, y=4 23, v = (0.95)F 24, y=(02¢ 25, y=(1.25)"
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11.5 Making Inferences from

Sample Surveys

Essential Question towcan youl use a sample survey to infer
a conclusion aboal a populaton?

SR L ERIls RN Making an Inference from a Sample

Work with a pariner. You conduct a study 1o
determine what percent of the high school students

in your city would prefer an upgraded mode] of their
current cell phone. Based on vour intnition and talking
with a few acquaintances, vou think that 30% of high
school smdents would prefer an upgrade. You survey
50 randomly chosen high school students and find that
20 of them prefer an upgraded modsl.

50,000 High
School Students

MODELING WITH
MATHEMATICS

To be proficient in math, a. Based on your sample sarvey, what percent of the high school students in
you need to apply the your ¢ity wonld prefer an upgraded model? Explain your reasoning,
mathematics you !"‘f"ﬂ""" to b. In spite of your sample survey, is it still possible that 30% of the high school
solve problems arising in students in your city prefer an upgraded mode]? Explain your reasoning,
everyday life.

[> ¢ To investigate the likelihood that you conld have selected a zample of 30 from a

population in which 30% of the population does prefer an uperaded moedel, you
create a binomial distribation as shown below, From the distribation, estimate the
probability that exactly 20 students surveyed prefer an upgraded model. Is this
event likely to occur? Explain yvour reasoning.

survey Results
ER I
818 — Bl
" | 20 of the 50 | e
E o | prefer the 2] =
008 upgrade, |
% . —_H‘ f i
(0
REVF
I'h L_I_

I 3 5 7 9 AR5 1719 2 23 25 27 29 31 33 35 37 39 41 43 &5 47 49
Humber of students whao prefer the new model

d. When making inferences from sample surveys, the sample must be random In the
situmion described above, describe how you could design and conduct a survey
using a random sample of 30 high school sudents who live in a lange city.

Communicate Your Answer

2. How can you use a sample survey 1o infer a conclusion about a population?

3. In Exploration 1{c), what iz the probability that exactly 25 students you survey
prefer an upgraded model?
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11.5 Lesson What You Will Learn

B Estimate population parameters.
P Analyze estimated population parameters.

‘Core Vocabulary. B Find margins of error for surveys.
descriptive statistics, o 626
miemnla: Salistics £.0.6 Estimating Population Parameters

margin of errar, p, 620 e # it oe ; .
The stedy of statistics has two major branches: descriprive staiistics and Gxferentiol

Previous stalistics. Deseriptive statistics involves the organization, sumimsrization, and
statetic display of data. So far, you have been using descriptive statistics in your sdies of
parameter data analysis and satistics. Inferential statistics involves using a sample to draw
» conclusions about a population, You can use statistics to make reasonable predictions,
of inferences, about an entire population when the sample is represe tative of
the population.
FEAULNSRN Estimating a Population Mean
The mambers of fricnds for a random sample of 40 teen users of & social networking
website are shonwn in the table, Estimate the population mean i,
Mumber of Friends
281 342 22 |3 320
247 298 248 312 445
385 286 314 240 1586
287 342 225 308 343
262 220 320 310 150
274 291 F0 410 233
2 351 370 257 350
369 215 325 | 33 278
REMEMBER SOLUTION
Recall that ¥ denotes the
sample mean, It is read To estimate the unknown population mean w, And the sample mean 3.
as "x bar” :
" 40
=>v B So, the mean number of friends for all teen users of the website is about 299,
STUDY TIP
The probability that the — “.’}-
population mean is exactly Mﬂ“ﬂﬂﬂﬁg Frﬂgt‘&ﬁ * Help in English and Spanish at BighleasMath.com
299.15 is virtually 0, but 1. The data from another random sample of 30 teen users of the social networking
the sample mean is website are shown in the table. Estimate the population mean g
— & good estimate of ..
MNumber of Friends
305 237 261 34 341
257 243 352 330 184
207 418 275 288 3T
205 288 31 X 271
200 14 363 228 390
313 315 263 | 2% 285
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Mok every random sample resnlis in the same cstimate of a population parameter; there
will be some sampling variability. Larger sample sizes, however, tend (o prodoce more
accurale estimetes.

D: FEAZNIN Estimating Population Proportions

REMEMBER
A siudent newspaper wants to predict the winner of a ¢ity’s mayoral election. Two
‘_ﬁ‘ gapurstion propartien candidates, A and B, are ranning for office. Eight stafl me mbers conduct surveys
is the ratio ':'f mer't'berg of randomly selected residents. The residents are asked whether they will vole for
ofa .pupul-atmn w'ﬂ_" by Candidate A, The results are shown in the table.
particular characteristic
tothe total members of sample Mumber of Votes for Percent of Votes for
the population. A sample Size Candidate A in the Sample | Candidate A in the Sample
proportion is the ratio F 2 a0
of members of a sample
of the population with a 1z 4 33.3%
particular characteristic 1) 12 B
to the total members of 30 17 56.7%
~—the sample.
S0 9 58%
125 T3 5B4%
STUDY Tle - 150 b 1] 3B.T%
statistics and probability
provide inform ation that Ll H 9%
YEAL A1 M Ko W a. Based on the resulls of the first two sample surveys, do you think Candidate A will
w'deme and make win the clection? Explain.
decisions.
D) b, Based on the results in the table, do you think Candidate A will win the clection?
Explain,
SOLUTION

4. The results of the first two surveys (sizes 5 and 12) show that fewer than 5066 of
the residents will vole Tfor Candidate A, Because there are only bwo candidates,

one candidate needs more than 30% of the voles to win,
h Bazed on these surveys, vou can prodict Candidate A will not win the election,

b Asthe sample sizes increase, the estimated percent of votes approaches 59%.
Yo can predict that 59% of the city residents will vole for Candadate A

B Becanse 59% of the votes are more than the 50¢% needed to win, you should
fee] confident that Candidate A will win the ¢lection,

Monitoring Progress ‘ﬁ':' Help in English and Spanish at Bigideastath.com

2. Two candidates are munning for class prezsident. The table shows the resulis of
four smrveys of random students in the class, The stndents were azsked whether
they will vole for the incumbent. Do you think the incumbent will be reelected?

Explain.
Sample Humber of Percent of Votes
Size | "Yes" Responses | for Incumbent
10 7 TO%
20 L1 55%
£ 13 43 5%
4 ) 42.5%
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randint(0,99,50%
i7é

10 27 54& 41..

*

STUDY TIP
The dot plot shows the

Rezults of other
simulations may give
slightly different results
but the shape should

— be similar

results of one simulation.

>

Analyzing Estimated Population Parameters

An estimated population parameter is a lypothesiz. You learned in Section 11.2 that
one way Lo analyze a hypothesis is (o perform a simmlation.

Analyzing an Estimated Population Proportion

A national polling company claims 34% of ULS. adults say mathematics is the most
valuable school subject in their lives. Yoo survey a random sample of 30 adulis.

a, What can vou conclude about the accuracy of the claim that the population
proportion is 0,34 when 15 adults in your survey say mathematics is the most
vitluable subject?

b. What ¢an vou conclude about the accuracy of the clamwhen 25 adulis in your
survey say rathematics is the most valuable subject?

¢ Assume that the true population proportion ks 0,34, Estimate the variation among
sample proportions using samples of size 50.

SOLUTION

The: polling company s claim (hypothesis) is that the population proportion of 115,
aduliz who zay mathematics is the most valuable school subject is 0,34, To analvze
this claim, sirulate choosing 50 random samples of size A0 uzing a random nurmber
genctator on a graphing caleulator. Generate 30 rapdom numbers from 0 to 99 for cach
sample, Let numbers 1 throngh 34 represent adults who say math, Find the sarmple
proportions and make adot plot showing the distribotion of the sample proportions.

Simulation: Polling 50 Adults

Ranehom samgle:

(15 out of 50 -+
i L] i )
; . W Random sample:
: : : : a 25 oust of 50
® 8 & & & ¥ ¥ &
& 4 8 8 8 ° & B 8 8 @
& 8 & & ® ® ® % & 9 ® W
™ & & & 8 ® 8 &8 8 8 % & & & @
2 4 % & % 2 8 % ® 8 ® & 8 8 & 8 8 @
-—tA—t 1ttt
iR 0.2 (o, 6.3 034 (23 4] a6 LR

Proportion of 50 sdelts who say math

a Note that 15 out of 50 corresponds to a sample proportion nfi% = (1.3, In the
simulation, this resull occumred in 7 of the 80 random samples. It is Jbely that
15 adults out of 30would say math is the most valoable subject when the true
population percentage is 3%, 5o, you can conclide the company s claim iz
probably accurate,

b. Note that 25 out of 50 corresponds to a sample proportion ul‘% = (.5, In the
simmlation, this result occumed in only 1 of the 50 random samples. 5o, it is

INTERPRETING
MATHEMATICAL
RESULTS

Mote that the sample e

wrdikely that 235 adults owt of 30 woukd zay math is the most valuable subject when
the mee popalation percentage is 34%, So, vou can conclude the company’s claim
is probably not accurate,

Mote: that the dot plot is fairly bell-shaped and symmetric, so the distribution is

proportion 0.3 in part (a)
lies in this interval, while
the sample proportion 0.5

approcimately normal. In a normal distribation, yoo know that about 95% of
the possible sample proportions will lie within two standard deviations of 0034,
Excluding the two least and two greatest sample proportions, represented by red

dots @ in the dol plot, leaves 76 of 80, or 95%, of the sample proportions, These
76 proportions range from 0.2 to 048, S0, 95% of the time, a sample proportion
should Lie in the interval from 0.2 to 048,

in part (b} falls cutside

this interdal.
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3. WHAT IF? In Example 3, what can you conclide about the accuracy of the claim
that the population proportion is .34 when 21 adults in your random sarmple say
mathematics is the most valuable subject™

Finding Margins of Error for Surveys

When conducting a survey, you need to make the size of your sample large ¢nough so
that it accuralely represents the population. As the sample size increases, the margin of
error decreases,

The margin of ervor gives a limit on how muach the responses of the sample woald
differ from the responzes of the population, For example, if 40% of the people in a poll
favor a new tax law, and the margin of error i5 =4%, the n it is likely that between 36%
and 44% of the entire population favor a new tax law.

&) Core Concept

Americans’ Main Mews Source

|
6% pewspaper:
i

Margin of Error Formula

When a random sample of size n is aken from a large population, the margin of
CETOr i5 approximated by

Margin of error = 1-1%.
Thiz means that if the percent of the sample responding a certain way is p
{expressed as a decimal), then the percent of the population who would respond

the same way is likely to be between p — ;i__ amd p + vli

AN N  Finding a Margin of Error

In a survey of 2048 people in the U5, 55% sakl that television is their main source
of news. (a) What is the margin af error for the survey? (b) Give an interval that

iz likely to contain the exact percent of all people who use television as their main
sOUrCe Of NeWS,

SOLUTION

a. Use the margin of error formila.
1

—r )
=1 =

I
a2 2 (022
LY v

Margin of error = =

P The margin of error for the survey is about =2, 20%.

b. To find the interval, subtract and add 2.2% to the percent of people surveyved who
said television is their main source of news (35%).

55% — 22% = 528% 55% 4+ 22% =572%

B> Itis likely that the exact percent of all people in the U.S, who use television as
their main source of news is between 32.5% and 57.2%.,

Mon ifuring ngrﬁﬂ ‘ﬁj Help in English and Spanish at BigideasMath.com

4, Inaswvey of 1028 peoplk inthe ULS, 87% reported using the Interpet, Give an
interval that iz likely to comtain the exact percent of all people in the ULS, who
use the Internet,
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11.5 Exercises

Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Goncept Check

1. COMPLETE THE SENTENCE The gives a limit on how rch the responses of the sample
would differ from the responses of the popalation.

2. WRITING What is the difference bebween deseriplive and inferéntial statistics?

Monitoring Progress and Modeling with Mathematics

2. PROBLEM SOLVING The numbers of text messiges 6. WRITING A survev azks a random samgple of U5,

sent each day by a random sample of 30 teen
cellphone users are shown in the table. Estimate
the population mean . (S Exampie 1)

teenagers how many hours of elkevision they watch
each night. The survey reveals that the sample mean
is 3 hours per night. How confident are you that the

average of all L5, teenapers is exactly 3 hours

Number of Text Messages per night? Explain your reasoning,
30 ) 59 83 41
57 fih (T ) ] Q2

53 42 47 32 79
53 B0 41 51 £S5
73 mn G4 31 a9
a7 &) 70 21 a7

4, PROBLEM SOLVING The incomes for a random

sample of 35 U.S. households are shown in the table. 7. DRAWING CONCLUSIONS When the President of
Estimate the population mean j. the Unitexd States vetoes a bill, the Congress can
override the veto by a two-thinds majority vote incach
Howze, Five news organizations conduct individual
random surveys of LS, Senators, The senators are
asked whether they will vote to ovemide the veto, The
resulls are shown in the table. (See Fvample 2.

Income of .5 Households
14,300 | 52,100 | 74,800 51,000 | 91500
T2B00 | 30500 | 15000 | 37,600 | 22,100
40,000 | 65400 | 50000 | 81,100 | 99800
43,300 | 32300 | 76,300 | B3400 | 24600
30800 | 62,100 | 32800 | 21,900 | 04400

Sample | Number of Votes | Percent of Votes
Size to Override Veto | to Owverride Veto

73,100 | 20000 | 49700 | 71,000 | 45900 7 & B5.7%
53,200 | 45500 | 55300 | 19100 | 63,100 22 16 T2 7%
28 21 3%
5. PROELEM SOLVING Use the data in Exercise 3 o

ansWwer each queslion. 31 17 54.5%

a. Estimate the popalation proportion o of teen 49 27 35.1%
cellphone users who send more than 70 text
n'gusnges.mcl: da!,r_ a. Based on the resulis of the first two surveys, do

youi think the Senate will vote (o overtide the

b Estimate the population proportion o of teen veto? Explain.

cellphone users who send fewver than 50 text

messages cach day, b. Based on the results in the table, do yvou think the

Senate will vote to override the veto? Explain.
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8.

0.

DRAWING CONCLUSIONS Your teacher bets the
sindents decide whether 1o have their test on Friday
of Monday. The table shows the results from four
surveys of randomly selected students in your grade
who are taking the same class. The students are asked
whether they want to have the test on Friday.,

Sample Number of Percent of
Size "Yes” Responses Votes
10 8 BO%

20 12 6%

30 14 333%
40 1% 45%

a, Based on the results of the first two sarveys, do
you think the test will be on Friday? Explain.

b, Bazed on the resuls in the table, do vou think the
test will be on Friday? Explain.

MODELING WITH MATHEMATICS A national polling
company claims that 54% of U.S. adults are marricd.

You survey a random samiple of 50 adults,
(See Example 3.)

a What can you conclde about the accuracy of the
claim that the population proportion is 0.54 when
31 adults in your survey are married?

b, ‘What can you conclude about the accuracy of the
claim that the population propotion is 0.54 when
19 adulis in vour smrvey are married?

¢ Assume that the troe population proportion is 0.54,

Estimate the variation among sample proportions
for samples of size S0

MODELING WITH MATHEMATICS Employee
engagement is the level of commitment and
involvement an emplovee has toward the company
and itz values, A national polling company claims that
only 29% of US. emplovees feel engaped at work.
You survey a random sample of 50 U.S. employees.

a. What can you conclude about the accuracy of the
claim that the population proportion is 0,29 when
16 emplovess feel engaped at work?

b What can you conclude about the accuracy of the
claim that the population proporion is 0.29 when
23 emplovees fecl engaped at work?

. Assume that the trpe population proportion is 0,29,

Estimate the variation among sanple proportions
for samples of size 0.

Section 11.5

In Exercises 11=16, find the margin of ervor for a survey
that has the given sample size. Round your answer fo
the nearest tenth of a percent.

1.

13,

15.

17

18.

19.

20.

2640 12, 1000
2024 14, G400
3275 16. 750

ATTENDING TO PRECISION In a survey of 1020 U5,
adults, 41 % zaid that their top priovity for saving is
retirement. (See Evanple 4. )

A What is the margin of error for the survey?

b Give an interval that is likely to contain the exact
percent of all U.S. adalts whose top priority for
saving 15 refirernent.

ATTEMDING TO PRECISION In a survey of 1022 US,
adults, 76% zaid that more enmphasis should be placed

on producing domestic energy from solar power.

f, What is the
margin of crror
for the survey?

b, Give an interval that
i likely to contain
the exact percent of
all U5, adults who think more emphasis shoukd
be placed on producing domestic encrgy from
BORAT POwET,

ERROR ANALYSIS In a survey, 8% of adult Internet
users said they participate in sports fantasy leagues
omline. The margin of error is =4%. Describe and
correct the error in calcukating the sanple siae,

X

008=%

Q0064 = l

1
o] BE

o
v

ERROR AMALYSIS In a random sample of

2500 conauners, 61% prefer Game A over Game B.
Drezcribe and correct the error in giving an interval
that is likely to comtain the exact percent of all
consumers who prefer Game A over Game B,

1 1
Margin of amrer= —=——=0.02
X Vi zB0D
It 15 ikely that the exact percent of all

consumers who prefer Game A over
Game B s between GO% and 62%.
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21.

MAKING AN ARGUMENT Your friend states that it
is possible to have a margin of error between 0 and
100 percent, not including 0 or 100 percent. 15 vour
Triemd correct? Explain your reasoning,.

HOW DO YOU SEE IT? The figure shows the
distribidion of the zample proportions from three
sinulations using different zample zizes. Which
simulation has the least margin of erroc? the

greatest? Explain your reasoning.
i
L
0% 454 Hit 55t £l

REASONING A developer claims that the percent
of city residents who favor buikding a new foothall
stadium is likely between 52.3% and 61.7%. How
many residents were surveyed?

.

ABSTRACT REASONING Suppose a random sample of
gide a1 15 redquired Lo produce a margin of crror of =L,
Write an cxpression in terms of o for the sample size
meeded to redoce the margin of emor (o _1—,E Honw
ey times must the sample size be increased to cot
the margin of error in half? Explain.

25.

26.

27

PROBLEM SOLVING A survey reported that 47% of
the voters surveyed, or abom 235 volers, said they
voled for Candidate A and the remainder said they
voled for Candidate B.

a. How many voters were surveyed?
b What is the margzin of emor for the survey?

¢ For each candidate, find an interval that is likely to
contain the exact percent of all voters who voted
for the candidate.

d. Based on vour intervals in part (¢}, can you be
confident that Camdidate B won? IT not, how
many peopk: in the E:EIIIIP"I: would need to vode for
Candidate B for vou to be confident that Candidate
B won? (Higd Find the least mamber of voders for
Candidate B s0 that the intervals do not overlap.)

THOUGHT PROVOKING Consider a large population
in which ¢ percent {in decimal form) have a certain
characteristic. To be reasonably sure that youn

are choosing a sample that is representative of a
population, you should choose a random sample

of 1 peophe where

”9[1;#],
frd
. Suppose p = 0.5, How large does n need to be?

b Suppose p = 0.01. How large does n need to be?
e. What can you conclude from parts (a) and (b)?

CRITICAL THINKING In a survey, 32% of the
respondents said they prefer sports drink X and 48%
sid thev prefer sports drink Y. How many people
wotld have to be surveyed for vou to be confident that
sports drink X is truly preferred by more than half the
popalation? Explain.

— Maintaining Mathematical Proficigncy «eoownewotouiesms o provos goses sns iessons

Find ihe inver=e of the funeiion.
28, yw= JQr~¢ 28, y=m2*=35

{Section & .3

Determine whether the graph represents an arithmetic sequence or a gesmetric sequence,
(Section 8.2 and Section &.3)

Then write a rle for the aith ferm.

. y=lIn(x+3)

3. y=loggx =1

32. R 3. M. [ TR TTT]
W ] o] a0 32 ||
SERADR EHHENEES
HEER AL ol BN
o] (2.8 ] | L6 |
| ei3. 8 |
" - . 4,49 |
¥ 1 2| 4N ¥ ilain
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Making Inferences from

Experiments

Essential Question towcan you test a hypothesis aboult
an expeniment?

SN LENI[e'RE Resampling Data

Work with a partner. A randomized comparative experiment tests whether water
with diszolved calcium affects the vields of yellow squash plants. The table shows
the resulis.

L Omo I a. Find the mean yield of the control group and the mean vield of the treatment group.

Control | Treatment Then fied the difference of the two means. Recoed the results.
Group Group ]
™ B N 1“ b, Write each vield measurement from the table on an equal-szed piece of paper.
: X Place the pieces of paper in a bag, shake, and randomly choose 10 pieces of paper.
1.2 1.3 Call this the “control™ group, and call the 10 pieces in the bag the “reatment™
1.5 1.4 group. Then repeat part (a) and return the picces to the bag. Perform this
09 L2 rezampling experimend five times,
11 10 ¢, How does the difference in the means of the control and treatrment groups compare
' ’ with the differences resulting from chance?
1.4 1.7
08 1.8
0.9 1.1 ARl LA [sl Y Evaluating Results
B A Work as a class. To conclude that the tre ment is responsible for the difference in
16 | L8 vield, you need strong evidence to reject the hypothesis:

Water dissolved in calcium las no effect an e yiekds of yellow squash planis,

To evalate this hypothe sis, compare the experimental difference of means with the
resampling differences.

a. Caollect all the resarmpling differences of means found in Exploration 1(b) for the
whale class and display these values in a histogram.

b, Draw a vertical line on your class histopram lo represent the experimental
difference of means found in Exploration 1(a),

¢, Where on the histogram should the experimental difference of means lie to give
evidence for rejecting the hypothesis?

D‘ d. Is your ¢lass able 1o reject the hypothesis? Explain your reasoning.
MODELING WITH

MATHEMATICS Communicate Your Answer

To be proficient in math,

you need to identify 3. How can you test a hypothesis about an experiment?

important quantities in 4. The randomized comparative experiment described in Exploration 1 is replicated
a practical situation, map and the resulis are shown in the table. Repeat Explorations 1 and 2 using this data
their relationships using sct. Explain any differences in your answers,
such tools as diagrams and
graphs, and analyze those Yield (kilograms)
relationships mathematically

— to draw conclusions. Control Group 00 109 |14 |06 10| 1107|0612 13

TreatmentGroup | 10 (12 |12 |13 |10 | 18|07 |12 |10 |19
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11.6 Lesson What You Will Learn

B Organize data from an experiment with two samples,
P FResample data using a simulation to analyze a hypothesis.

Gﬂfﬁ?ﬂﬂhﬂﬂ;ﬂh B Make inferences about a treatment.
Previous
fa"sxﬂ;;f;ﬂﬁ Eampaniye Experiments with Two Samples

In this kesson, you will compare data from two samples in an experiment (o make
inferences about a treatment using a method called rexampling. Before learning about
this method, consider the experiment described in Example 1.

contrel group
treat ment group

eean

det plet . o )

autlier AN Organizing Data from an Experiment

simulation ) ; ' i

hypathesis A randomized comparative experiment tests whether a soil supple ment affects the todal

yield (in kilograms) of cherry tomato plants. The control group has 10 plants and the
treatment group, which receives the soil supplement, has 10 plans. The table shows
the results.

Total Yield of Tomate Plants (kilograms)
Control Gmup L& 13109 [ 1412012107 |19 14])107
Treatment Group 1.4 R 15 (18|16 |18 |24 |09 19|17

| |

a, Find the mean vield of the control group. ¥

b. Find the mean vield of the reatment group, X imen:

¢. Find the experimental difference of the Means, T .imne ™ Seomirol
d. Drisplay the data in a double dot plot.

e. What ¢an vou conclude?

SOLUTION
s _ 12413409+ 14420+ 12407+ 10+ 14+ LT _ 137 _ 137

i Koonipal = i 10

.- The mean yield of the control groug is 1.37 Kilograms.

= _ 14 +09+ 15413+ 16 +18+24+10+10+ L7 _ 160 _
By Fipeament = e e = T = 169

P The mean yield of the treatment group is 1.69 kilograms.
e X — X =108 — 137 =032

.- The experimental difference of the means is 0,32 Kilogram.

. o &
L ] L] LS L] - @ e
~—————————
. w»
] & & 8 & F @ _L——
s ——————— T
(Rr a9 1.1 1.3 1.5 ¥ I % Tl 23

Yiglds [kilggramz)

e. The plot of the data shows that the two data sets tend to be fairly svmmetric and
have no exireme values (outliers). So, the mean is a 2oitable measare of center. The
mesan vield of the treatment group is 0.32 kilogram more than the control groap. It
appears that the soil supph:ment might be slightly effective, bat the sample size is
small and the difference could be due to chance.
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1. In Example 1, interpret the meaning of X o ™ Tonnao When the difference is
(a) negative, (b) zero, and () positive,

Resampling Data Using a Simulation

The samplkes in Example 1 are foo small to make inferences aboud the freatment.
Statisticians have doveloped a method called resampling (o overcome this problem,
Here is one way toresample: combine the me asurements from both groups,

and repeatedly create new “control” and “treatrment” groups at random from the
measurernents without repeats. Example 2 shows one resampling of the data in

Example 1.

SENLGS IS  Resampling Data Using a Simulation

Resample the data in Example 1 using a sinmlation. Use the mean vields of the new
control and reatment groups 1o calculate the differe nce of the means.

SOLUTION

Step1 Combine the measurements from both groups and assign 3 momber to each
value, Let the nombers 1 through 10 represent the data in the original control
group, and let the nombers 11 through 20 represent the data in the original
treatment group, as shown.

(oignal conrol group > | 12 | 13 | 08 |14 | 20|12 |07 | 19| 14 | 17

assigned rmumber 1 A 3 4 5 i T B 9 10

{__ original treatmentgroup > | 14 | 09 | 15 | 18 | 16|18 |24 | 19| 19| 17

assigned mumber = | 11 12 13 4 |15 | 16 | 17|18 | 19 | 20

randIntMoRep(l, 200
{14 19 § 3 18 9...

Step2 Use arandom nomber genceaor. Randomly generate 20 numbers from
1 through 20 withow! repeating a numbér. The table shows the resalis.

14 19 4 3 15 | 2 b 15 | 2 T
1 17 | 20 | 16 | & 8 13| k2 | 11-| 10

Use the first 10 numbers to make the new ¢ontrol groap, and the next 10 to
make the new treatment group. The results are shown in the next table.,

Resample of Tomato Plant Yields (kilograms)

New Control Group 18 |19 | 14 |09 19|14 |20 | 16|13 |07

MNew Treatment Group | 1.2 | 24 | 1.7 |18 | 12|19 |15 [ O2 | 14 | 1.7

Step 3 Find the mean yields of the new control and treatment groups.
= _ 134+ 19+144+02+19+14+20+ 1.6+ E3+07 _ MO _ 149

L tiew cooted 10 10
= 124244+ 174184+ 12+ 194 L5+ 00+ 14+ 1.7 _ 157 _ &7
Xy mtmens = 10 - 10 =1

PP S0 T veumen — Foewoeas) = 137 = 149 = 0.08. This is less than the
experimental difference found in Example 1.
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INTERPRETING
MATHEMATICAL
RESULTS

With this conclusion, you

can be 90% confident that

the soil supplement doas
have an effect.

>

Making Inferences About a Treatment

To perform an analysis of the data in Exarmple 1, vou will need to rezample the
data more than once. Afler resampling many Lirmes, you can see how offen you pet
differences botween the new groups that are ot least as large az the one you measured,

SIS N Making Inferences About a Treatment
To conclude that the treatment in Example | is responsible for the difference in yicld,
wol eeeid to analyze this nvpothe sis;
The soil nudrient has ne effect on the yield of the cherry lomalo planis,

Simulate 200 resamplings of the data in Example 1. Compare the experimental
difference of 0.32 from Example 1 with the resampling differences. What can you
conclude about the hypothesis? Does the soil nutrient have an effect on the yield?

SOLUTION

The histogram shows the results of the simualation. The histogram is approximately
bell-shaped and fairly symmetric, so the differences have an approximate by normal
clistribasion.

T

30 -
ol Assammpliom i l' 5129
& I_.,_ff-ewr-:m-:n' Frgws contind = 3 22
20 19
g 18] 16 experirmenit al
i5 11 == 13 difference of
g TS - it .33
e = LS. =
3
L] 4 I
2 3 g 7
el L

0
- 525 =04 —0335 —0F25 =028 —002%  QOFE 078 B2TSE 03IFE Q4rs
Mean difference, ¥ now geatment = X new watrol

Mote that the hypothesis assumes that the difference of the mean vields is 0. The
cxperimental difference of 0,32, however, lics close to the right tail, From the graph,
there are about 5 to 10 values oot of 200 that are preater than 0.32, which is af most
5% of the values, Also, the experimental difference falls outside the middle %0% of
the resampling differences. (The middle 0% is the area of the bars from —0.275 to
0.275, which contains 180 of the 200 values, or 90%.) This means it is unlikely to get
a difference this large when vou assume that the difference is 0, sugpesting the control
group and the treatment group differ.

P vou can conclikde that the hypothesis is most likely false, So, the soil nutrient
dioves have an effect on the vield of cherry tomato plants. Becanse the mean
difference is positive, the treatment increases the yiekd.

a2 M
Monitoring Progress 4":'* Help in English and Spanish at BigdeasMath com

2. In Example 3, what are the consequences of conclading that the hyvpothe sis iz
falze when it is actually troe?
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11 -5 EHEI'EISES Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE A method in which new samples are repeatedly drwn from the
data sct is called .

2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers.

E’Ei; is the f.f“tmf: Weight of Tumor (grams)
e nce 0 means? Control Group 33 |1 32| 37 |35|33| 34

Treatment Group | 04 | 06 | 05 | 06 | 07 | 05

What 18 Xyuumue — Xosel?
What is the square root of the average of the squared difféerences from —2.857

What is the difference between the mean of the treatment gronp and the mean of the control group?

Monitoring Progress and Modeling with Mathematics

3. PROBLEM 50LVING A randomized comparative 4. PROBLEM S0LVING A randomized comparative
experiment tests whether music therapy affects the experiment tests whether low-kvel laser therapy
deprezsion scores of college studentz, The depression affects the waist circumference of aduliz. The control
scores range from 20 to 80, with scores greater than groap has eight adalts and the treatment group, which
50 being associated with depression. The contral receives the low-level laser therapy, has eight adults.
group has ¢ight stedents and the treatment group, The table shows the results,
which receives the music therapy, has cight students,

The table shows the results, (See Example 1) Circumference (inches) I
- Control Group a6 | 354 33 EE
Depression Score T B

Treatment Group | 314 | 33 | 324 | 326

Control Group a9 45 43 47

Treatment Group 35 40 34 37 Control Group 2| B2 |2 B
Treatment Group | 334 | 334 | 348 | 33

Control Group 46 43 47 46

Treatment Group | 41 440 42 45 #. Find the mean circumference of the control group.

a. Find the mean score of the control group. b Find the mean circomference of the treatment groap.
¢, Find the experimental difference of the means.
e Drisplay the data in a double dot plot.

e, What can you conclude?

b, Find the mean score of the treatment group.
. Find the experimental difference of the means.
d. Display the data in a double dot plot.

&, What can you conclude? 5. ERROR ANALYSIS In a randomized comparative
experiment, the mean score of the treatment group
is 11 and the mean score of the control group is 16,
Drescribe and correct the error in interpreting the
experimental difference of the means.

Xeontrd — Kerastmune = 16—=11 =5

So, you can soncludea the treatment
Increasas the score.
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6. REASONING In Exercize 4, interpret the meaning
O X, e = Aoy WED the difference is positive,
negative, and zero.

7. MODELING WITH MATHEMATICS Eesarmple the data
in Exercise 3 using a simulation, Use the means of
the new control and freatment groops (o caloalate the
difference of the means. (See Evample 2.}

8. MODELING WITH MATHEMATICS Resample the data
in Exercize 4 nsing a sinalation. Use the means of
the new control and treatment groups to calculate the
difference of the means.

9, DRAWING CONCLUSIONS To analyze the hypothesis
below, use the histogram which shows the results
from 200 resamplings of the data in Exercisze 3.

Music therapy has no effect on the depression score.

11, WRITING Compare the histogram in Exercise 9 to
the histopram below, Determine which one provides
sronger evidence against the hypothesis, Music
therapy ki no effect on the depression score. Explain.

‘Mean Difference from 20 Resamplings

3.0 2 2

2 2

oy
EID
Ell.-" 1 1
000 0 -:ﬂn:'n 00

i}
Fj?.-__.q::"?j ﬁ:.fj ;:.'E:' t:fj ﬁﬁ.."';:l n.,:fll 1,;::-: -1.‘:51

.-t"

11

Mean difference, %o toament = X new control

Conyrare the experimental difference in Exercise 3 12. HOW DO YOU SEE IT? Without calculating,
with the resampling differences. What can you determine whether the experimental difference,
conclude about the hypothesis? Does music therapy Fieeument ~ Fecarop 18 POSILIVE, DEgative, or 2610,
have an effect on the depression scote? What can you conclude about the effect of the
(See Example 1. trestment? Explain,
[
" B
Mean Difference from 200 Resamplings L] . L coantrol
ELT, — -ttt ..
NS '
0w
El‘}':' ] TI.TI' . ? e, ] Treatmeni
% 10 g“" B N R e
£
1:,:-; P P 13. MAKING AN ARGUMENT Your friend states that the
e mean of the eeampling differences of the means should
Mean difference, ¥,.., naamnent = Frow contol be close to 0 as the number of resamplings increase, Is
your friend comect? Explain your reasoning,
o ORAMING CONCLUSIONS Sy e el 14, THOUGHTPROVOKING s o
RS PR Y A T o cheervation that can be made from an experiment.
S AR i _ Then give four possible inferences that could be made
with the resampling differences in the histogram f o e heara L)
in Exercize 9, What can vou conclude about the
hvpothezis? Dhoes poazic therapy have an ¢ffect on the
depression score? 15. CRITICAL THINKING In Exercise 4, how many
resamglings of the treatment and comrol groups ane
theoretically possible? Explain,
— Maintaining Mathematical Proficiency ro-cenzwnstouionmed i prescs gosos and tessons

Factor the polynomdal completely.
16. S - 15

3

20, f{-ﬂ _ﬁg 21, I{I}

(Seciion 4.4

7. y' -8
Determine whether the inverse of fis a function. Then find the inverse,

E —

x —1

18. ?+52-9%—-45 19. Blw! = 16

{Section 7.5)

2 3
a T} = - " Y B
22 fin) =% B, f@=5+1

638 Chapter 11

Data Analysis and Statistics



11.4-11.6 What Did You Learn?

Core Yocabulary

contralled experiment, p. G20 placcho, p. 620

conirol groap, p. 620 replication, p, 622
treatment group, p. 620 descriptive statistics, p, 626
randomization, g G20 inferential statistics, p. 626
randomized comparative experiment, p. G20 margin of emwor, p. 629

Core Concepts

Section 11.4

Randomization in Experiments and Observational Studies, p. 621
Comparative Studies and Causality, p. 621

Analvzing Experimental Degigns, p G22

Section 11.5

Estimating Population Parameters, p. 626

Analyzing Estimated Population Parameters, p. 628

Section 11.6

Experiments with Two Samples, p, 634
Resampling Data Using Simulations, p. 635
Making Inferences About Treatments, p. 636

Mathematical Practices

1. In Exercise T onpage 623, find a partner and discuss your answers. What questions
should you ask yvour partner (o determine whether an observational study or an experiment
i5 ore appTopriate?

2. In Exercize 23 on page 632, how did you use the given interval to find the zample zize?
frmmmmmm e —————- Performance Task -~~~ - - - - - -

Curving the Test

Test scores are sometimes curved for different reasons usng
different techniques. Cunving began with the assumptian that a
good test would result in scores that were normally distnbuted
about a C average k this assumptbion valigy Are test scores in
your- class normally distributed? i not, how are they distributed?
Which curving algonithms preserve the distnbution and which
algonthms change it?

i exphore the answers 1o these questions and mare, go 1o
BigideasMath.com

639



[ |
1 c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com

Using Normal Distributions (pp 505 602

A normal distribution has mean g and standard deviation o, An e-value 2 randomly selected
from the distribution. Find Pig — 2o < x £ p + 3o,

The probability that a randomly selected
x-value lies between p — 2oand p + 3o isthe
ghaded area under the noemal cirve shown.

P Pl —20sxs p+30)=0135+034 +03H + 0135 + 0.0235 = 0.9735

1. A normal distribation has mean o and standard deviation o An x-value is randomiy selected
from the distribotion. Find Py £ g = 3,

2. The scores received by juniors on the math portion of the PSAT are normally distributed with a
mean of 45,6 and a standard deviation of 11.4. What is the probability that a randomly selected
spore is al beast 767

Populations, Samples, and Hypotheses (oo 603605l

You suspect a die favors the number 2ix, The die maker claims the die does nof Favor any
number. What should you conclude when you roll the actual die 50 times and get a six 13 times?

The maker's claim, or hypothesis. is Simulation: Rolling a Die 50 Times
“the: die does not favor any nomber.” This is
the same as saving that the proportion of sixes 016 =
rolled, in the long run, is - So, assume the g !
probability of rolling a six is % Simulate the ® 017 - L {rolling a q'a \
rolling of the die by repeatedly drawing E e | | 13 times |

2

b

2

=

I

200 randorm samples of size 50 from a
population of numbers from one through six.
Make a histogram of the distribation of the
sample proportions,

P Getting asix 13 times correspond 006 01 014 012 032 026 03
cliing a s mn & Chimespoixls ]
Loa I:n:ni,‘q_‘ﬂ_l i ol % = {126 Tn the Fl‘ﬂ'l:lﬂ'lﬂm‘l of 50 rells that result in a six

simulation, this result had a relative frequency of 0.02. Because this result is unlikely to
ocour by chance, you can conchide that the maker’s claim is most Tikely false,

3. Toestimate the average number of miles driven by ULS. motorists each year, a researcher
conducts a survey of 1000 drivers, records the number of miles they drive in a year, and then
determines the average. Identify the population and the sample.

4. A pitcher throws 40 fastballs in a game. A baseball analyst records the speeds of 10 fastballs
anc findds that the mean speed is 024 miles per howr, Is the mean speed a parameter or a
statistic? Explain.

3. Aprize on a game show is placed behind either Door A or Door B, You suspect the prize is more
aften behind Door A. The show host claime the prize is randomly placed behind either doos.
What should vou conchide when the prize is behind Door A for 32 out of 50 contestants?
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Collecting Data (pp 609616

>

You want to determine how many people in the sendor class plan to study mathematics
alter high school, You survey every senfor in your caleulus class, Identify the type of sample
described and dete rmine whether the sample is biased.

Your select shrdents who are readily available. 5o, the sample is a conveience sample. The sample
is biased because students in a caloulus class are more likely (o study mathematics after high schoaol.

A researcher wanis to determine how many people in a city support the construction of a new
road connecting the high school to the north side of the city, Fifty residents fromeach side of
the city are surveved. Identify the type of sample described and determine whether the sample
i biased.

A researcher records the number of people who use a coupon when they dine at a certain
restaurant. Identify the method of data collection.

Explain why the survey question below may be biased or otherwise introduce bias into the
smrvey. Then describe a way to cormect the flaw,

“Drar youu think the city should replace the outdated police cars it is using ™

m Experimental Design (oo 675-624]

g

10.

.

Determine whether the study 12 a randomized comparative experriment, IT i is, describe the
treatment, the treatment group, and the control group, IFit is not, explain why not and discunss
whether the conclusions drawn from the study are valid.

The study is not a randomized comparative Headphones Hurt Hearing
experiment because the individuals were -
nod randormly assigned to a control group

and a treatment group. The conclusion that
headphone use impairs heanng abality may of
may not be valid. For instance, people who
listen b0 more than an hour of music per day
may be more likely to attend loud concerts
that are known to affect hearing.

| A study of 100 collepe and high school
shidents compared their Lmes spent idening
to nuisic uzing headphone s with hearing loss,
Twelve percent of people whao listened (o
headphones more than ome hour per day were
found 1o have measurable hearing loss over
the course of the three-year study.

A restaurant manager wanis to know which type of sandwich bread attracts the maost repeat
customers, Is the topic best investigated through an experiment or an observational stody?
Demcribe how you wonkd design the experiment of cbservational study.

A ressarcher wants to test the effectivensss of a sleeping pill. Identify a pote otial problen, if
amy, with the experime ntal design below. Then describe how vou can improve it.

The researcher asks for 16 voluieers who have insomnia. Eighi volunieers are given the s{eeping
pill and the other & vedunteers are given a placebo. Results are recorded for | monf.

Determine whether the shady is a Cleaner Cars in Less Time]
randomized comparative experiment.

If it iz, describe the treatmemt, the
treatent group, and the control group.
If it is not, explain why not and discuss
whether the conclusions drawn froem the
sty are valid.

T best the new design of a car wash, an engineer
gathered 80 customers and randomly divided them
into two groups. Cne group used the old design to
wash their cars and one group used the new design
to wash their cars. Users of the new car wash design
were able o wash their cars 309% faster,
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m Making Inferences from Sample Surveys (oo 625 622

>

m Making Inferences from Experiments (pp 620-628)

b

Chapter 11

12

13

Use the margin of emmor formula,

Margin of emor = :jri = &= = =021

V2468
The margin of error for the survey is about =2.1%,

Belore the Thanksgiving hollday, In a survey of 2368 people, 85% zald they are thankful for the
health of thelr famdly, What is the margin of error for the survey?

In a srvey of 1017 ULS, adults, 62% zaid that they prefer saving money over spending it, Give

an interval that is likely to contain the exact percent of all U.S. adults who prefer saving money

over spending it

There are two candidates for homecoming kKing.
The table shows the results from four random
surveys of the students in the school. The students
were asked whether they will vote for Candidate A
Do you think Candidate A will be the homecoming
king? Explain.

Sample | Number of Percent
Size | “Yes” Responses| of Votes
3 & T5%
22 14 R e
34 16 47.1%
62 29 46.5%

A randomized comparative experiment tests whether a new fertilizer affects the length (in
inches) of grass after one week. The control group has 10 sections of land and the treatment
eroup, which is fertilized, has 10 sections of land. The table shows the results,

Grass Length (inches)
Control Group 45 415 (48 (44 (44 |47 |43 |45 | 41 | 42
| Treatment Group | 46 | 4.8 | 50 [ 48 | 47 | 46 |49 | 49| 48 | 44
| I —— — | —— I S——

'1'|.I".':|1.I1'|ﬂ"_l contral

- X =475 = 444 = .31

. Find the experimental difference of the means, X, 0.

= ok

P The experimental difference of the means is0.31 inch.

What can you conclude?

O]

P The two data sets tend to be fairly symmetric and have no extreme values. So, the mean is
a snitable measure of center. The mean length of the reatment group is 0.31 inch longer than

the control group. It appears that the fertilizer might be slightly effective, but the sample size
is small and the difference could be due to chance.

allows you to make inferences abowt the data when the zample size is small.

Data Analysis and Statistics

14, Describe how to use a simulation to resample the data in the example above. Explain how this




1 Chapter Test

1. Market researchers want to know whether more men or women bay their product. Explain
whether this research Lopic is best investigated through an experirment or an observational
study. Then describe the dezign of the experiment or observational study.

£, You want to survey 100 of the 2774 four-year colleges in the United States abont the i
tition cost. Describe a method for selecting a random sample of colleges to survey,

3. The grade point averages of all the students in a high school are normally distribated with
a mean of 2.95 and a standard deviation of 0.72. Are these numerical values paramelers or
slatistica? Explain,

A normal distribution has a mean of 72 and a standard deviation of 5, Find the
probability that 2 randemly selected x-value from the distribation is in the given interval.

4. between 67 and T7 5. atbeast TS5 6. al most 52

1. Arescarcher wants Lo test the effecliveness of a new medication designed to lower blood
presaure, Identify a potential problem, if any, with the experimental design, Then describe
how o can improve it

The rezearcher ideniifies 30 people with kigh blood pressure. Fifteen poople witl the
frighesi blood pressures are given e medication ard Bie other 1Y are given a placeb,
After I monsh, the subjects are evalunied,

8. A randomized comparative experiment fests whether a vitamin sopplement increases
luman bone density (in grams per square centimeter). The comtrol groap has eight people
and the treatment group, which receives the vitamin supplement, has eight people. The
table shovws the resalts,

Bone Density (g/em?)
Control Group 0,0 1.2 1.0 08 1.5 1.1 R 1.0

Tl&atmﬂnt Group 12 1.0 R 1.3 12 0.9 1.5 1.2

e e ———— e

Find the mean yields of the control group, X
Find the experimental difference of the means, ., — Eoopion-

Display the data in a double dot plot. What can you concludes?

Five hundred resamplings of the data are simulated, Out of the 300 resanmpling
differences, 231 are greater than the experimental difference in part (b). What can vou

conclude about the hypothesis, The vitamin supplement fas no effect on human bone
dersify? Explain your reasoning,

and the treatment group, X

ol H i s

Bp g

9. Inarecent survey of 1600 randomly elected ULS. adultzs, 51% waid they Have You Purchased a Product
have porchaszed a product online. Online?

a. [dentify the population and the sample. Describe the sample.
b, Find the margin of emror for the survey.
. Give an inderval that is likely to contain the exact percent of all LS. adults (

who have purchased a product online,

d. You survey 73 teachers at your school, The results are shown in the graph.
Would vou uee the recent survey of vour survey to estimate the percent of
115, adults who have purchazed a product online? Explain.
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1.

1 Cumulative Assessment

Your friend claims any system formed by three of the following equations will have
exactly one soluion,

x+y+Iz=6 X+y+z=12 dx=2y+ 4z =8

X=y+z=1 Zt+y+zi=4 3x+y+9=12

& Wrile a lincar system that would support your fricmd’s claim

b Write a linear system that shows your friend's claim is incormect.

Which of the following sampks are biased? If the sample is biazed, explain why it
i biased.

[E_‘.l A restaurant asks cuostomers Lo parbicipate in a survey aboul the food sold at the
restaurant. The restaurant uses the sirveys that are retumed.

(B} You want to know the favorite sport of students at your school. You randomly
select athletes to survey ot the winter sports banguet.

E'g} The owner of a store wants o know whether the store should slay open 1 hour
later cach night, Each cashier surveys every fifth customer.

(D) The owner of a movie theater wants to know whether the volume of its movies is
too loud. Patrons under the age of 18 are randomly sorveyed.

A survey asks adults about their favorite way to eal ice cream. The results of the survey
are displayed in the table shown.

Survey Results
Cup | 45%
Cone 20%
Sundee | 18%
{(Hher 5%
crargin of errer =2.11%)

. How many people were surveyed?

b, Why might the conclusion, “Adults generally do not prefer to eat their ice cream in
a cone” be inaccurate to draw from this data?

o Tou decide to test the resulis of the poll by surveving adults chosen at ramdom,
What iz the probability that at least three ot of the six peopbe you survey profer (o
eal ige cream in a cone?

i Four of the six respondents in vour sudy said they prefer to eat their ice cream in a
cone. You conclide that the other survey is inaccurate. Why might this conclusion
be incomect?

e, What iz the margin of error for vour survey?

Chapter 11 Data Analysis and Statistics



You are making a lampshade oot of fabric for the lamp shown. The pattern for the

larmpshade is shown in the diagram on the left

HH

b,

For all stademts taking the Medical College Admission Test over a period of 3 years,
the mean score was 25.1. During the zame 3 years, a group of 1000 students who took
the test had a mean score of 25,3, Classify each mean as a parameter or a statistic.

Use the smaller sector to write an equation that

relates fanmd x.

Llse the larger sector (o write an equation that relates

fand.xy 4+ 10,

solve the system of equations from parts (a) amd {b)

for x and &,

Find the amount of fabric (in square inches) that vou will

s o make the lampshade,

Explain.

Complete the table for the four equations. Explain your reasoning.

I% thes inverse
Equation a function?

Is the function
its oW inverser

Yes l Mo

¥y =4 |

Yes Mo

y=3lnx+ 2

. The noeisal distribation shown has mean 63 and standard deviation 8,

Find the percent of the area under the normal curve that is represemed
by the shaded region. Then describe another interval under the normal
curve that has the same area.

Which of the rational expressions came! be simplified?

(A

(%

2l 4+ 50 -3

—— (B

X—-Te+ 12 gt
2427 L

T @

B 4 20?4 30¢

-
-
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