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Maintaining Mathematical Proficiency

Finding a Percent
Example 1 What percent of 12 is 97

100

YWinte the percent propetion

7 e I_LH.!I Substitte 9 for & and 12 For

i
= 10} a —& Pudtiph cation Property of Eguatiy.
2 1063 I o : 4

= Simgeliby

P S0 9isT5% of 12

Write and solve a proportion to answer the question,

1. What percent of 3015 67 2. What number is 68% of 257 3, 344 15 what percent of B&7

Making a Histogram

Example 2 The frequency table shows the ages of people at a gym. Display the datain
a histogram.

Age . Frequency . Step 1 Draw and labe] the axes

10-1% | 5 Step2 Draw a bar to represent the frequency of each interval,

2029 12 -
e b e ] Ages of People at the Gym

30 _1.'?-1. N - L Incluede & iy
40=42 | 4 12 mierval wath
{ LA @ Wequency
of [k, The b
height 15 0

50-59 Lk

Frequency

!_'E'F-_"_'_'E_") { 3 [here is no
space bervern
the bars of a
hishoaEam

|

Display the data in a histogram,

4. Movies Watched per Week
Movies 0-1 | 2-3 4-5

Frequency 35 11 &

5. ABSTRACT REASDNING You want to purchase cither a sofa or an armchair at a furmifure
store. Each itemn has the same retail price, The sofa is 20% off. The arm chair iz 10¢% off,
and vou have a conpon to gel an additional 10% off the discounted price of the chair, Are
the items equally priced after the discounis are applied? Explain.

Dynamic Solutions available at BigldeasMath.com




Mﬂﬂl Eh‘lﬂﬂﬂal | Mathematically proficient students apply the mathematics they know to
Practiﬁag Forive real-life profilems.

Modeling with Mathematics

) Core Concept

236

Likelihoods and Probabilities

The prebability of an event is a measure of the likelihood that the event will occur,
Probability is a number from O to 1, incloding O and 1. The diagram relates lkelihoods
idescribed inwonds) and probabilities.

Equally likely to
Words  Impossible happen or not happen Cartain
Unlikely Likatdy

0 1 3 1

F) 4

V] 0.5 1
S0 %%

Describing Likelihoods

Drescribe the likelibood of esch event.

Probability of an Asteroid or a Meteoroid Hitting Earth
Name Diameter | Probability of impact Flyby date

. Meteoroid £ in. 0.75 Any day

b Apophis 886 1t 0 2029
€ 2000 $G344 121 fi : 2068-2110

SOLUTION

@, Omany given day, it is [ely that a meteorodd of this size will epter Eath's atmosphere.
If woun have ever seen a “shooting star,” then vou have sen a meteoraid,

b A probability of O means this event is ingpossible,

e. With a probability of L., = ().23%, this event is very wilitely. Of 435 identical asteroids,
you would expect only one of them to hit Earth.

Monitoring Progress

In Exercizes 1 and 2, deseribe the event as unlikely, equally likely to happen or nod happen.
or likely. Explain vour reasoning,

1. The oldest child in a family is a girl,
2. The two oldest children in a famaly with three children are girls.
3, Give anexample of an event that is certain {0 occur,

Chapter 10 Probability




Sample Spaces and Probability

Essential Question 1owcan you list the possible outcomes in
the sample space of an expenment?

The sample space of an experiment is the set of all possible outcomes for
that experiment.,

SN LVNIsl'BE Finding the Sample Space of an Experiment

Work with a partner. In an éxperiment,
three: coins are fipped . List the possible
oitcoame s in the sample space of

the experiment.

SR LS  Finding the Sample Space of an Experiment

Work with a pariner. List the possible outcomes in the sample space of
the experiment.

a. O six-sided die is rolled, b, T zix-zided dice are rolled.,

B B

SR LENIleLEN  Finding the Sample Space of an Experiment

et
0y o0
0l

Work with a partner. In an experiment,
a spinner is spun.

a. How many ways can vou spin a 17 27 3747 57

by, List the zample space,

e Whit 15 the tolal number of outcomes?

FA el LAl Finding the Sample Space of an Experiment

Work with a pariner. In anexperiment, a bag
comtaing 2 blue marbles and 5 red marbles. Two
muarbles are drawn from the bag,.

a. How many ways can vou choese two blue? a red
thezm blneT a bl then red 7 two red?

LOOKING FOR b, List the sample space,
A PATTERN e What is the total number of outcomes?

To be proficient in math,

I Ty Communicate Your Answer @

to discern a pattemn
or structure.

2. Howr can you list the possible outcomes in the sample space of an experiment?

D’ 6. For Exploration 3, find the ratio of the nomber of each possible outcome (o
the total number of cutcomes. Then find the sum of these rtios. Repeat for
Exploration 4. What do you abserve 7

Section 10.1 Sample Spaces and Probability 537



10.1 Lesson What You Will Learn

P Find sample spaces,
P Find theoretical probabilities.

Gﬂfﬁ vﬂﬁﬂmlﬂ Y. B Find experimental probabilities.
probability experiment, po 538
Steame:jh. % Sample Spaces

Pravious
tree I'.'Ial:'jr ammi

event, p 538

sample space, p 538
probabilty of an event, p 538
theoretal probabalty, p. 533
geometne probabilty, p. 540
experimental probability, p. 547

A probability experiment is an action, or trial, that has varving results. The possible
resulls of a probability experiment are ontcomes. For instance. when you roll a
six-sided die, there are 6 possible oulcomes: 1, 2, 3,4, 5, or 6. A collection of one

or more sifcomes is an event, such as rolling an odd number. The set of all possible
ontcomes i= called a sample space.

SALIUERE Finding a Sample Space

You flip acoin and roll a six-sided die. How many possible outcomes are in the
sample space™ List the possible oule omes.

SOLUTION
Use atree diagramto find the ootcomes in the sample space.

u_.______..--""ﬁ-""--..______‘-‘

ANOTHER WAY Cain flip Heads Tails

H1
T

Using H for “heads™ and
T for “tails,” you can list the
outcomes as shown below. Diercl 12 3 45 6 1234546

HZ H2 H4 H5 Hé
TZZ T3 T4 15 16 B The sample space has 12 possible outcomes. They are listed below.

Heads, 1| Heads, 2 Heads, 3 Heads, 4 Heads, 5  Heads, 6

538

Tails, 1 Tails, 2 Tails, 3 Tails,4 Tails,5  Tails, 6

b o &
Mon riurmg F‘rﬂgmss’ ‘1 Help in English and Spanish at BighdeasMath.com

Find the number of possible sutcomes in the sample space. Then list the
possible ouicormes.

1. You flip twe coins., 2. Wou flip two coins and roll a six-sided die.

Theoretical Probabilities
The probability of an event is a measure of the likelihood, or chance, that the

evenl will occur. Probability is a mamber from O to 1, inclding 0 and 1, and can be
expressed as adecimal, fraction, or percent.

Equally likely to
Impossible happen or not happen Certain
Unlikely Likely

P =
Pl | =k

0% 25% Bl 5% 100%

Chapter 10 Probability



ATTENDING TO
PRECISION

Motice that the question
uses the phrase "exactly
two answers.” This phrase
is more precise than saying
“twia answers,” which may
be interpreted as "at least

two® or as "exactly two ” D

The oufcomes for a specified event are called favorabie owlcames, When all
outcomes are equally likely, the theoretical probability of the event can be found
nzing the following.

: i Bumber of favorable ontcomes
Theorctical probability =
e i Total mumber of ticome s

The probability of event A is written as FiA).

FAAIEIN Finding a Theoretical Probability

A student taking a quiz randomdy puesses the answers to four rue-false questions,
What is the probability of the student giressing exactly two Cormect answers?

SOLUTION

Step 1 Find the oulcomes in the sample space. Let O represent a comect answer
and 1 represent an incomect answer, The possible omtcomes are:

Mumber correct Outcome
0 1
| I CHl ICH ICI IC
ﬂfu:ﬂm I 2 ICC ICIC ICCI CHIC CICI CCh
W ICCC CIOC CCIC €Ol
4 CCCC

Step 2 Identify the number of favorable outcomes and the total number of oulcormes,
There are 6 favorable outcomes with exactly two correct answers and the total
mumber of oumeomes is 16.

Step 3 Find the probabality of the siudent guessing exactly two correcl answers.
Because the student is randomly guessing, the oulcomes should be equally
likely, So, use the theoretical probability formula,

Mumber of favorable catcomes

Total number of omcomes

Plexactly two comect answers) =

I gl

'r The probability of the student goessing exactly two coirect answers is %
o 37 .5%.

The sum of the probabilities of all culcomes in a sample space is 1. So, when you
know the probability of event A, you can find the probability of the comgplement of
event A, The compientent of event A congisis of all cutcomes that are not in A and is
denoted by A. The notation A is read as A bar” You can use the following formmla

tos find PLA ).

@) Core Concept

Probability of the Complement of an Event
The probability of the complement of event A iz

PAY =1 — PA).

Section 10.1 Sample Spaces and Probability 539



Finding Probabilities of Complements

When two six-sided dice are rolled, there I EIE FIE EE BB EE
are 36 possible outcomes, as shown. Find
the probability of each event. g: g: g: g: FI
a The sum is not 6. e
T s (-]E8 C.JE8 -] CE e e
sum is less than or equal to 9,

(1B [JE3 B3 EIE8 EIEd FOEd
SOLUTION [-JE8 CJE CJE G0 El Bl
a Plaumisnol d) = 1 — Plaimis o) =1 — 35_-5=% = {3,861
b. Mfaims9=1—-FMsum= 9 =] —ﬁ=j—'§h=%mlﬁl.533

Some probabilities are found by calculating a ratio of two lengths, areas,
of wolurmes, Such probabilities are called peometric probabilities.

EXAMPLE 4

Using Area to Find Probability

You throw a dart at the board shewn. Your dan is equally likely to hit any point
inside the square board. Are yvou more likely to get 10 points or O points?

540 Chapter 10

The probability of getting O points is

_ Area outside largest circle

A0 points) =

18 = (s

a 182

3M - Rle
324

.

A

== [1.215.

P You are more likely to get O points.

Area of entire board

SOLUTION
The probability of getting 10 points is
:  Arca of smallest circle w32 7 _ T
P10 paints) = = e ofentireboard 182 324 3¢ DO873.

s % o
Hﬂﬂﬂﬂ'rlﬂg Frﬂgrﬂgﬂ' ‘:"' Help in English and Spanish at BigideasMath.com
3. You flip a coin and roll a six-zided die, What iz the probability that the coin

shows tails and the die shows 47

Find P ).
4. PiA) = 045
& PiA)=1

5. PiA) =}
T Pid) = 003

8. In Example 4, are you more likely to get 10 points or 5 points?

9. In Example 4, are you more likely to score points (10, 5, or 2) or get O points?

Probability




Spinner Results
red | green | blue | yellow
3 o 3 3

Experimental Probabilities
An experimental probability is based on repeated frindy of a probability experirment.
The number of trials is the number of times the probability experiment is performed.

Each trial in which a favorable outcomes occurs is called a saccess, The experimental
probability can be found using the following,

, MNumber of scesses
Experimental probability = T

FEAENN Finding an Experimental Probability

Each section of the spinner shown has the same area. The
spinner was spun 20 imes. The table shows the results. For
which color is the expernimental probability of stopping on
the color the zame as the theoretical probability'?

SOLUTION

The theoretical probability of stopping on each of the four colors is 4'
Use the outcomes in the table to find the experimental probabilities.

Plred) = = =1 Pigreen) =

Piblue) = Piyellow) = =

P The cxperimental probability of stopping on red is the same as the
theoretical probability,

FEAUENN  Solving a Real-Life Problem

In the United States, a survey of .5, Adults with Pats
2184 adults ages 18 and over found that 1000
1328 of them have at least one pet. The [ 916
types of pets these adults have are shown L
in the fignre. What is the probability thata | § 77
pet-owning adult chosen at random g
has a dog? .E- 460
SOLUTION ! 2 200 146 o
The numbser of trials is the number of 4 B
pot-owning adults, 1328, A success is Uog  Cat heh  Bird
a pet-tawning adult who has adog. From
the graph, there are 916 adulis who said
that they have & dog.

916 _ 220

Pipet-owning adult has adog) = 0,600

1328 332
B The probability that a pet-owning adult chosen at random has a dog is about 694%,

Monitoring Progress 4ﬁ] Help in Engish and Spanish at BigideasMath.com

10, In Example 5, for which color is the experimental probability of stopping on
the color greater than the theoretical probability?

11. In Example 6, what iz the probability that a pet-owning adult chosen at random
owns a fish?

Section 10.1 Sample Spaces and Probability 541



10.1 Exercises

Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check
1. COMPLETE THE SENTENCE A numiber that describes the likelihood of an event is the of

Lhes Gvend.

2. WRITING Describe the difference between theoretical probability and experdmental probability.

Monitoring Progress and Modeling with Mathematics

In Exercizes 3= 6, find the number of possible ontcomes
in the sample space, Then list the possible outeomes.
(see Exarnple 1.}

3. You roll ade and fAip three coing,

4. You Mlip a coin and draw 2 marble at random
from a bag containing two purple marbles and
anc white marble,

5. Abagcontains four red cards numbered 1 through
4, four white cards numbered 1 through 4, and four
black cards nombered 1 through 4. You choose a card
at random.

6. You draw two marbles without replacement from
a bag containing three green marbles and four black
marble s,

7. PROBLEM SOLVING A game show airs on television
five days per week. Each day, a prize is randomly
placed behind one of two doors, The contestant wins
the: prize bv selecting the comect door, What is the
probability that exactly two of the five contestants
win a prize during a week? (See Evample 2,)

8. PROBLEM SOLVING Your friend has two standard
decks of 52 playing cards and asks yoo to randomly
draw one card from each deck. What is the probability
that vou will draw two spades?

9, PROBLEM SOLVING When two six-sided dice are
rolled, there are 36 possible outcomes. Find the
probability that (a} the sum is not 4 anmd (b) the sum
is greater than 5. (See Exarnple 3.)

542 Chapter 10 Probability

10. PROBLEM SOLVING The age distribution of a
population is shown. Find the probability of

eachevent.
Age Distribution
Under 5: 7% - 5-14: 13%
654 13%
15-24: 14%
55-64: 12%
L/ 25-34: 13%
o ki I5-44: 13%

a. A person chosen at random iz at keast 15 vears old.

b, A person chosen al random is from 25 to
44 years old.

11. ERROR ANALYSIS A student randomly puesses the
answers (o two tme-false questions. Describe and
cortect the error in finding the probability of the
student guessing both answers commactly.

x The student can aithar guess two
Incorrect answers, two cormact answers,
orong of each, So the prebability of
guessing both answers comactlyls %h

12. ERROR ANALYSIS A stodent randomly draws a
number between 1 and 30, Describe and comect the
error in finding the probability that the nomber drawn
is greater than 4.

The probability that the numberis less
than41s -, or — So the probabliity that
the number is greater than 418 1 — -

=)
ﬂll"ﬁ.



13.

15.

16.

MATHEMATICAL CONNECTIONS
Wonn throwy a dart at the
b shown. Your dart is
equally likely Lo hit any
point inside the square
board. What is the
probability your dan
lands in the vellow
tegion? (See Example 4.)

18

18 mn

MATHEMATICAL CONNECTIONS The nuip shows

the length (in miles) of shoreline along the Gulf of
Mexico for each state that borders the body of water.
What is the probability that a ship coming ashore at a
random point in the Gulf of Mexico lands in the
given state?

o, Texas I Alabama
. Florida d. Louisiana

DRAWING CONCLUSIONS You roll a six-sided die
&0 times. The table shows the results, For which
number is the experimental probability of rolling
the number the same as the theoretical probability?
(See Example 5.)

Six-sided Die Results
L1 B | B ES i
11 14 7 10 & 12

DRAWING CONCLUSIONS A bag containg 5 magbles
that are exch a different color. A marble is draan,

its color is recorded, and then the marble is placed
back in the bag. This process is repeated until 30
marbles lave been drawn. The table shows the resulis.
For which marble is the experimental probability

of drawing the marble the same as the theoretical
probability?

Drawing Results
white | black red | green | blue
A (3 g 2 9

17. REASONING Ecfer to the spinner shown, The spinner

18.

19.

is divided imto sections with the same anea,

f What is the theoretical
probability that the spinmer
stops on a nultiple of 37

b You spin the spinner 30 times,
It stops on a multiple of
3 twenty times. What is the
experimental probability of
stopping on a multiple of 37

¢ Explain why the probability you found in
part (b} iz different than the probability you
found in part {a).

OPEN-ENDED Describe areal-life event that has a
probability of 0. Then describe a real-life event that
has a probability of 1.

DRAWING CONCLUSIONS A survey of 2237 adults
ages 18 and over asked which sport is their favorite.
The resnlis are shown in the fgore. What is the
probability that an adult chosen al random prefers
auto racing? (See Kxampie 6.)

Favorite Sport

% RO0 _ . EH

20.

Section 10.1

DRAWING CONCLUSIONS A survey of 2392 adults
apes 18 and over asked what type of food they would
be most likely to choose at a restaurant, The results
are shoown in the figure, What is the probability that an
adult chozen at random prefers [talian food ?

[ ] American
] malian

[ ] Mexican
[] chinese
lapanese
|:[ Orthier

Sample Spaces and Probability 543



21.

12,

23,

ANALYZING RELATIONSHIPS Refer tothe board in
Exercize 13, Order the likelihoods that the dart lands
in the given region from least likely to most likely.

A. preen B. not blue

C. red D. not yellow

ANALYZING RELATIONSHIPS Refer tothe chart
below. Order the following evemts from least likely
to most likely.

E ﬂf‘m e = E
3 30% 80%
It rains on Sunday.

It does pod rain on Samorday.
It rains on Monday.
[t does not rain on Friday.

2SN = p

USING TOOLS Lise the figure in Example 3 to answer
cach question,

@, List the possible sums that result from rolling two
six-sided dice.

b Fimdd the theanciical l:ruba]}ili:.' of rolling cach sum

o The table below shows a simulation of rolling
two six -gided dice three times. Use a random
mmber generator to simalate rolling two
six-sided dice 50 times. Compare the experimental
probabilities of rolling each sum with the
theoretical probabilities.

A B [ G
1 First Die Second Die Sum |
2 4 _ E | 10
3 3 | & | s
. | 1 _ (5] L
=

24,

25,

26,

27

28,

MAKING AN ARGUMENT You fip acoin three times.
It Tands on heads tvice and on tails once . Your friemnd

conchudes that the theoretical probability of the coin
landing heads up is Piheads up) = % I& wour friend
cortect ? Explain vour reasoning.

MATHEMATICAL CONNECTIONS ,e-’ﬂ—
A sphere fits inzide a cube =0 that it ‘/ A
tonches each side, az shown, What = . =
is the probability a point chosen at t}
rarlom inside the cube 15 also inside |-

the sphere?

HOW DO YOU SEE IT? T TP T T T
Consider the graph of f shown, |

What is the probability that the
graph of ¥ = fi{x) + ¢ intersacls
the r-axis when ¢ i a randomly
chosen integer from 1 to 67
Explain.

DRAWING CONCLUSIONS A manufacturer tesls

1200 computers and finds that % of them have defects.
Find the probability that a computer chosen at random
has a defect. Predict the number of compuicrs with
defects in a shipment of 13,000 compputers, Explain
your reasoning,

THOUGHT PROVOKING The tree diagram shows a
smple space, Write a probability problem that can
be represented by the sample space. Then write the
answer(s) to the problem.

Box & BoxB Outcomes Sum  Product

1 {1, 1) 2 1
1{]‘ {1, 2} 3 2
1 2, 1) 3 2
= @23 4 4
1 {3, 1) 4 3
3-::':‘1 {3,1} 5 B

Find the product or guotient,  {Section 7.5

— Maintaining Mathematical Proficiency «-woz i o ianed o pross gades and essons

3 2 dxty oy x+3

29, X, 30, Wy, Zy 1. o =46

¥y ¥ IxF By -1 t k0
.y 33 X x+1 2 I+ 13
e "I -1 T & : r" &+

544 Chapter 10 Probability



Independent and Dependent Events

>

REASONING
ABSTRACTLY

To be proficient in math,

you need to make sense

of quantities and their

relationships in problem
— situations.

Egsential Qﬂ'&ﬂﬁﬂﬂ How can you determine whether two
evenis are independent or dependent?

Two events are independent events when the occumence of one event does not
affect the occurrence of the other event, Two events are dependent events when
the cccurrence of one event dows affect the cocurrence of the other event.

NPl BN  Identifying Independent and Dependent Events

Work with a parimer. Determine whether the events are independent or dependent,
Explain vour reasoning,

o= L
a. Two six-sided dice are rolled, ) * e
- »
b, Six pieces of paper, numbered 1 through 6, " . al L
are in a bag. Two pieces of paper are selected '%
one at a time without replacement. 4 l" -

i B 21 U G

F e ralsli S  Finding Experimental Probabilities

Work with a partner

a. In Exploration 1{a), experimentally estimate the probabality that the sum of the
two numbers rolled is 7. Describe your experiment.

b. In Exploration 1(b), experimentally estimate the probability that the sum of the
two numbers selected is 7. Describe your experiment.

S EFNIeI'EN Finding Theoretical Probabilities
Work with a pariner.

2. In Explocation 1{a), find the theoretical probabality that the sum of the two mimbers
ridled is 7. Then compare vour answer with the experimental probakbdlity you found
in Exploration 2{a).

b. In Exploration 1{b), find the theoretical probability that the sum of the byo numbers
solected is 7. Then compare vour answer with the experimental probability von
fouind in Explocation 2(b).

o, Compare the probabilitics vou obtained in parts (2) and (b).

Communicate Your Answer

4. How can you determine whether two events are indepemdent of dependent?

3. Dwetermine whether the events are independent or dependent. Explain your
reasoning.

a Youroll a4 on asix-sided die and spin red on a spinner,
b Your teacher chooses a student (o lead a group, chooses another sodent (o lead
a second group, and chooses a thied stude ot to Tead a third group,

Section 10.2 Independent and Dependent Events 545



10.2 Lesson What You Will Learn

B Determine whether events are independent events.

B Find probabilities of independent and dependent events.
‘Core Vocabulary B Find conditional probabilities.

independent events, p. 546

dapendent svents, p. 54/ Determining Whether Events Are Independent

conddional probabildy, g 547
Two events are independent events when the occomence of one evemt does not affect

Previous the occurrence of the other event,
probabildy

sample space
. Gore Concept

Probability of Independent Events

Words Twoevents A and & are independent events if and only if the probability
that bath events occur is the product of the probabilities of the events.

Symbols F(A and B) = FiA) » F(B)

SN Determining Whether Events Are Independent

A student faking a quiz randomly geesses the answers to four toe-false questions,
Uze a sample space to determine whether guessing Question | comectly and suessing
Question 2 correctly ame independent events.

SOLUTION
Uszing the sampk space in Example 2 on page 339

Picorrect on Question 1) = 36 = % Picorrect on Question 2) = % = ,'T

Ficomect on Question 1 and correct on Chestion 2) = -1‘1-5 = :

[ 3 Hmaum}_ 'ée = ;.ﬂm events are independent,

SN  Determining Whether Events Are Independent

A group of four stodents includes one boy and three girks, The teacher randomdy
zeleciz one of the shudents 1o be the speaker and a different shudent (o be the recorder.
Use a sample space to determine whether randomly selecting a girl first and randomly
selecting a girl second are independent events.

SOLUTION

Outcome Let B represent the bov. Let G,, G, and G, represent the three girls. Use a table (o list
the mitcomes in the sample space.

Number

of girls
| G.B | BG,

4

GE | BG,

*

GB | BG, Pigirl fist) = 5 = Plgin second) = ; = ]
a6, | a0,
6.6, | 6,6,
GG; | GG; | P Because I -5 # L the events are nol independent,

1773

Using the sample space:

Figirl firat and girl second) = % = %

b b PR = =

546 Chapter 10 Probability



MAKING SENSE OF
PROBLEMS

One way that you can find
Plgirl second | girl first)

is to list the 9 outcomes

in which a girl is chosen
first and then find the
fraction of these outcomes
inwhich a girl is chosen
second.

5,8 . a8 1_5'33
~G,G; GG, GG

GG GG GG

>

Mon ﬂﬂriﬂﬁ ngrﬁﬁs 43}} Help in English and Spanish at BlgideasMath.com

1. In Example 1, determine whether guessing Question 1 incomrectly and gnessing
Cuestion 2 correctly are independent events.

2. In Example 2, determine whether randomly selecting a girl first and randomly
selecting a boy second are independent events.

Finding Probabilities of Events

In Example 1, it makes sense that the events are independent because the second guess
shonld not be affected by the first guess. In Example 2, however, the selection of the
gec o] person depends on the selection of the first person because the same person
cannot be selected twice. These evenls are dependeni. Towvo events are de pendent
events when the occumence of one event does affect the occurrence of the other event.

The probability that event £ oocurs given that event A has occurred is called the
conditional probability of & given A and is wrillen as P | A).

©) Core Concept

Probability of Dependent Events

Words If two events A and B are dependent events, then the probability that
both eve nts occur is the product of the probability of the first event and
the conditional probability of the secomd event given the first event.

Symbols FA and 8) = PA)« FE|A)
Using the information in Example 2:
P(girl first and girl socond) = Pigirl first) « Pigirl second | girl frst)

Example

Finding the Probability of Independent Events

As part of a board game, you peed to spin the spinper, which iz divided into equeal
partz. Find the probability that vou get a 5 on your first spin asd a number greater
than 3 on vour zecond spin.

SOLUTION
Let event A be 5 on first spin” and ket event & be “greater than 3 on second spin”

The events are independent becanse the outcome of your second spin is not affected
by the ootcome of your first spin, Find the probability of each event and then nuoltiply
the probaliliti:s.

PA) =

FiB) =3

1 af the B sections s a ™5."

5 of the 8 sections (4, 5, &, 7, B) are greater than 3.
PA and B) = PiA) « AB) = L+ 1 = 2 ~0078

P Sothe probability that you get a 5 on your first spin and & namber greater than 3
o your second spin is about 7.5%.

547
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STUDY TIP

The farmulas for
finding probabilities
of independent and
dependent events can
be extended to three
or more events.

548 Chapter 10

>

Finding the Probability of Dependent Events

1 A bag contains twenty 51 bills and five 3100 bills. You randomly drawe a billl from

the bag, set it aside. and then randomly draw another bill fromthe bag. Find the
probability that both events A and B will occur.

Event A: The first bill iz 3100, Event B: The second bill is 3100,

SOLUTION

The events are dependent becanze there i5 one less bill in the bag on vour second draw
than on your first draw. Find P(A) and P(B |A). Then multiply the probabilities.

P{A) =
PiB|A) =

5 of the 25 bills are 1040 ulls,
4 of the rematning 24 bills are 5100 bills,

Bl= mje

A

PA and B) = P(A) « PBIA) = %+ = T+ = 5~ 0033,

P So, the probability that you draw two $100 bills is about 3.3%.

Comparing Independent and Dependent Events

You randomly select 3 cards from a standard deck of 52 plaving cards. What is the
probability that all 3 cards are hearts when (a) vou replace each card before selecting
the pext cand, and by yvou do not replace cach card before sclecting the next card?
Comnpare the probabilitics,

SOLUTION
Let event A be “first card is a heart,” event B be “second card 12 a heart,” and event &
b “third cand is a heart.”
a. Because you replace cach cand before you sclect the next cand, the events are
independent, So, the probability is
13 13 1

P and B and €) = PA) « P(B) - P(C) = &5 *ﬁ-s——%mﬂ.ﬂlﬁ.

-
b. Because vou do nol replace each card before vou select the next card, the events are
dependent. 5o, the probability is
PiA and B and C) = P{A) « PiB|A) « F(C|A and B)

13 12 11 11
=32 26 00 = 1 e GDI3:
52°51°%0 850
1 11

P So, vou are & + w50 = 1.2 times more likely to select 3 hearts when you replace

each card before vou select the next card.

Monitoring Progress ‘ﬁ} Help in English and Spanish at BighdeasMath. com

3. In Example 3, what iz the probability that vou spin an even number and then an
odd number?

4. In Example 4, what is the probability that both bills are 51 bills?

5. In Example 5, what is the probability that none of the cards drawn are hearts
when (a) you replace cach card, and (b) you do pot replace cach card? Compare
the probabilitics.

Probability



Pass | Fail

Defective 3 B 36

MNen-defective | 4350 11

STUDY TIP

MNote that when A and B
are independent, this rule
still applies because

P(B) = P(B|A).
>

Finding Conditional Probabilities

FEALIENN Using a Table to Find Conditional Probabilities

A qualitv-control inspector checks for defective pantz. The table shows the resulis of
the inspector’s work. Find (a) the probability that a defective pan “passes,” and
(b the probability that a non-defective part “fails.”

SOLUTION

a. Pipass|defective) _ Number of defective parts “passed”

Total mimber of defective parts
3 3 |

Number of non-defective parts “Tailed”
Total mumber of non-defective parts

— 11 _ 1 . oo0q oraboat 24%

A5+ 11 461

b, Pifail |non-defective) =

Youn can rewrite the formula for the probability of dependent events to write 3 mle for
finding conditional probabilitics.

P{A) « FB|A) = P4 and B) Write formuda.
FElA) = P-::‘::: L Drnicle each ade by BA)

SAANASE Finding a Conditional Probability

At a school, 80F% of students by a school lunch. Only 107% of students bay lunch and
dessert. What is the probability that a student who buys lunch also bays dessen?

SOLUTION

Let event A be “buys lunch™ and let event B be “uye dessert.” You are given
PiA) = 0.6 and PA and B) = 0.1. Use the formula to find P(E|A).

PBlA) = PiA and B) Write formuda for condiional probability,
PA)
= % Substitute &1 for A4 and B aned 0.6 For FA),
= % = (1,167 Stmplify

P So.the probability that a sfudent who buys lunch also buys dessed is
about 16.7%.

Monitoring Progre<s ‘f“:' Help in Engiish and Spanish at BigideasMath.com

6. In Example &, find (a) the probability that a non-defective part “passes,” and
(b} the probability that a defective part “fails.”

7. At acoffee shop, 20% of customers onder ¢coffee, Only 153% of customers order
coffes and a bagel. What is the probability that a costomer who orders coffee also
orders a bagel?
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10.2 Exercises

Dynamic Solutions available at BiglideasMath.com

—Vocabulary and Core Goncept Check

1. WRITING Explain the difference between dependent events and independent events, and give an

example of cach.

2. COMPLETE THE SENTENCE The probability that event B will occur given that event A has occurred is
_of B piven A and 1s wrillen as :

called the

Monitoring Progress and Modeling with Mathematics

In Exercises 3=6, tell whether the events are
independent or dependent. Explain your reasoning,

3.

550 Chapter 10

A box af granola bars contains an assortment of

In Exercises 7=10, determine whether the events are
independent. (See Examples 1 and 2.

7. You play a game that imvolves

favors. You randomly choose a granola bar and ¢at it

Then you randomly choose anather bar,
Event A: You choose a coconut almond bar first.

Event B: You choose a cranbermy almond bar second,

You roll  six-sided die and Mp a coin.
Event A: You get a4 when rolling the die.
Event B: You pet tails
whe n fipping
the: coin.

Your MP3 plaver containg hip-hop and rock songs.
You randomly choose a song. Then you randomly
choose another song without repeating song choices.
Event A : You choose a hip-hop song first,

Event B: You choose a rock song second,

There are 22 novels of varions genres on a shelf. You
randomly choose a novel and put it back. Then you
randomly choose another novel.

Event A: You choose a mystery novel,
Event : You chioose a science fction novel,

Probability

10.

1.

spinning a wheel. Each section
of the whee] shown has the
game area, Use a sample space
to determine whether randomly
spinning blse and then green are
independent events.

+ You have one rod apple and theee green applkezin a

borel. You randomly select ane apple to eat now and
another apple for your lunch. Use a sample space to
determine whether randomly selecting a green apple
first and randomly selecting a green apple second are
independent events.

A stodent iz taking a moltipke-choice test where

each question has four chodces. The siudent randomly
fuesses the answers (o the five -question lesl. Use a
sanple space to determine whether puessing
Gucston 1 comectly and Cruestion 2 comectly arc
independent events,

A vaze containg four white roses and one red roze,
You randomly select two roses to take home. Use

a sample space to determine whether randomly
selecting a white rose first and randomly sclecting a
white rose second ane independent events,

PROBLEM SOLVING You
play a game that involves
spinning the money

wheel shown. You spin
the: wheel twice. Find

the probability that you
get more than 5300 on
your first spin and then go
bankrupt on your second spin.
(See Example 3.)




12.

13.

15.

16.

17

PROBLEM SOLVING You play a game that involves 18. NWUMBER SENSE Events 4 and & are depe ndent.
drawing two numbers from a hat, There are 25 pisces Suppose P(B|A) = 0.6and MA and B) = 0.15.
of paper numbered from 1 to 25 in the hat. Each Find PiA).
number is replaced after it is drawn. Find the
probability that you will draw the 3 on your first draw 19. ANALYZING RELATIONSHIPS You randomby select
and a number greater than 10 on your second draw, three cards from a standard deck of 52 playing
cards. What is the probability that all three cards are
PROBLEM SOLVING A drawer contains 12 white face cards when (a) you replace each card before
socks and & black socks. You randomly choose 1 sock selecting the next card, and (b) vou do nod replace
and do not replace it. Then vou randomly choose each card before selecting the next card? Compare the
another sock. Find the probability that both events A probabilities. (See Example 5.)
and B will occur. (See Example 4.)
Bvent A: The first sock i while. 20. ANALYZING RELATIONSHIPS A baj contains 9 red
. ) ) riearhles, 4 Bloe muarbles, and 7 y-.:]]ml.r rmarhles. Yo
Event B: The second sock iz white, randomly select three marbles from the bag, What
) is the probability that all three marbles are red when
PROBLEM SOLVING A word game has 100 ’-_‘1'35- {a) you replace each marble before selecting the next
The nunbers of tiles of cach jetter are shown, selecting the next marble? Compare the probabilities.
Yo randomly draw 1 tile, st it aside, and then
randomdy draw another ule Fu?i the probability 21. ATTEND TO PRECISION The table shows the mumber
han both el 2 a8d. 5 will ocer, of species in the United States listed as endangered
Event A: EE E 7 '@I 8 @ 2 and threatened. Find (a) the probability that a
The first tile 2 _g 5 5 randomly selected endangered species is a bird, and
is g consonant. I‘ {E Eﬁ {b} the probability that a mndomly selected mammal
Event Bt ";ﬁ -2 -1 E % 1 is endangered. (See Exampie 6.)
Thesecondtite -4 WE-T1{M-cW-2
: a = Endangered | Threatened
i a vowel, BE-2E-«EH-+E-
?'E—E ﬂ—?@—ﬁ i - 2 Mammals T 16
'iﬂ—:-‘ &I—E%—d Elank Birds 0 16
. Other 318 142
ERROR ANALYSIS Eventz A and B are independent,
Describwe and ¢orrect the error in Ainding A and &),
22. ATTEND TO PRECISION The table shows the mamber
X i of tropical cyclones that formed during the hurricans
X Bl =0k Al e seasons over a 12-year period. Find (a) the probability
FlAand B) = 0.6 +0.2=08 to predict whether a future tropical cyclone in the
Northern Hemisphere is a nricane, and (b) the
ERROR AMALYSIS 1& 5|'IE:|f containg 3 rad.lim F‘EI'IJ-JJ““.} Lo I.H-'f-'d:i':-l. WI:.:“I'I‘.T d }I.ill.Ti'E'-:ll'h: :iE- :ill “.5
magazines and 4 health magazines, You randomly Southern Henusphere,
choose one to read, set it aside, and randomly choose
another for your friend to read. Describe and cotrect T!.rpan:;“npiul I IHnl:them | Ismftml
the error in finding the probability that both events A Qdone sphere 9
amd B oceur. tropical depression 100 107
Event A: The first magarine is fashion. tropical storm 342 487
Event B: The second magazine is healih, hurricane 379 525
X FlA) = ; P{E|A}— = 23. PROBLEM SOLVING Al a school, 43% of students
4 12 attend the homecoming football game. Cinly 23%
FlAandB) =7« 5=23~0.240 of students go to the game and the homecoming
dance. What is the probability that a stodent who
_ atends the football game also attends the dance?
NUMEBER SENSE Events A and 8 are independent. (See Exumple 7.
Suppose PIE) = 0.4 and HA and &) = (.13, Find P(d).
Section 10.2 Independent and Dependent Events 551




24,

23.

26,

27,

PROBLEM SOLVING At a gas station, 84% of
customers buy gasoline. Only 3% of costomers buy
gazoline and a beverage. What is the probabdlity that a
customer who buye fasoline also buys a beverage?

PROBLEM SOLVING You and 19 other stidends
volunteer 10 present the “Best Teacher™ award at a
schiool banguet. One siodent volunteer will be chosen
to present the award. Each student worked at least

1 hour in preparation for the banquet. You worked
for 4 hours, and the group worked a combined total
af 45 hourz. For each sliuation, describe a process
that gives you a “fair” chance to be chosen, and find
the probability that you are chosen.,

2. “Fair” means equalty likely,

b “Fair" means proportional to the nomber of hoars
each sudent worked in preparation.

HOW DO YOU SEE IT? A bag contains ons ned marbl
and one bloe marble, The diagrams show the possible
ouicomes of randomly choosing two marbles nsing
different methods. For each method, determine
whether the marbles were sélected with or

without replacement.

a. 15t nd b 15t
Draw  Draw

<0—9

2nd
Draw  Dr.

o<§
<o<g

MAKING AN ARGUMENT A meteorologist claims
that there is a 70% chance of rain. When it rains,
there is a T5% chance that vour softball game will be
rescheduled. Your friend believes the game is more
likely to be rescheduled than played. [s your friemd
cormect? Explain your reasoning,.

28,

29,

30.

THOUGHT PROVOKING Two six-sided dice are rolled
once. Events A and B are represented by the diagram.
Describe each event. Are the two events dependent o
independent? Justify your reasoning.

MODELING WITH MATHEMATICS A foodball team iz
losing by 14 points near the end of a game. The team
soores two tonchdowns (worth 6 points each) before
the end of the game. After each tonchd own, the coach
must decide whether to go for 1 point with a kick
(which is successful %% of the time) or 2 points with
arun of pass {which is successiul 45% of the time).

o If the team goes for 1 point after each touchdown,
what is the probability that the team wins?
loses? ties?

b. If the team goes for 2 points after each touchdown,
what is the probability that the team wins?
loses? ties?

¢. Can vou develop a strategy =0 thal the coach’s
team has a probability of winning the: game
that iz greater than the probability of losing?
If o, explain your strategy and calculate the
probabilities of winning and losing the game.

ABSTRACT REASONING Assume that A and B are
independent events.

a. Explain why PiB) = P(B|A)and F(A) = P(A|B).

b Can P(A and B) akko be defined as P(E) « WA |B)?
Justify yvour reasoning.

— Maintaining Mathematical Proficiency oozt jomeames o prosous gases ang iessans

Solve the equation. Check your solution.
r .
31. =x =018

32, Lk+05x=135

(akifls Review Hoandbook)

33. 03x—Zx+ 1.6 =1555

552 Chapter 10
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Two-Way Tables and Probability

Survey of BO Students

Essential Question 1owcan you construct and interpret

a two-way table?

FAEeLERIsI RN Completing and Using a Two-Way Table

Work with a pariner. A pwo-way table displays the same information as a Venn
diagram. In a two-way Lable, one category is represented by the rows and the other
catepory is represented by the columns,

The venn diagram shows the results of a survey in which 50 stodents were asked
whether they play a musical instrument and whether they speak a foreign language.
Ulse the Venn diagram to complete the two-way table, Then use the two-way table tn
answer each question,

Flay an Instrument | Do Not Play an Instrument | Total

Speak a Foreign
Language

MODELING WITH
MATHEMATICS

To be proficient in math,
you need to identify
important quantities

in a practical situation and
map their relationships
using such tools as
diagrams and

two-way tables. D

Do Not Speak a
Foreign Language

Total

a. How many students play an instrument™?

b, How many stdents speak a foreign langunage?

. How many stndents play an instrume nf and speak a foreign language?

d. How many students do not play an instrome ol and do nol speak a foreign language?

e, How many students play an instrurment and do not speak a foreign language?

F R LEANe LY  Two-Way Tables and Probability

Work with a partmer. In Exploration 1, one stident is selected at random from the
B0 stndents who ook the survey. Find the probability that the student

a. plays an instrument.

b, speaks a forcign language.

¢ plays an instament and speaks a foreign langoage.

d. does not play an instrument and does not speak a foreign langnage.

e, plays an instrument and does not speak a forcign language.

FARe L FRi[sl /BN Conducting a Survey

Work with vour class. Conduct a survey of the students in vour class. Choose two
categories that are different from those given in Explorations 1 and 2. Then summarire
the results in both a Venn diagram and a two-way table, Discuss the resulis,

Communicate Your Answer

4, Hew can yvou constroct and interpret a two-way table?
5. Hemar can you use a two-way Lable to determine probabilities?
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10.3 Lesson What You Will Learn

B Make two-way tables.
B Find relative and conditional relative frequencies.

‘Core Yocabulary. B Use conditional relative frequencies to find conditional probabilities.
bwroay table, o B854
pint frequency, p 554 Making TWQ-W&}' Tables

marginal frequency, p 554

oint relative frequency, A two-way table is a frequency table that displays data collected from ope sowmrce

that belong to two different categories. One category of data s represented by rows

[ =
Ha?g:igrrel atie frequency, and the other is represented by columns. S!q:q.'ru-st you randorly survey .I'ru::slu'rrn. arkd
cec sophomares aboul whether they are attending a school concert. A two-way table is one
B N way to organize your resalis.
conditional relative frequency,
0 555 Each entry in the table Attendance
vi 1 called & JHMANERUENCE. Attending | Not Attendin
I:Puﬁd-:;fal probability AL S AL B EEE i) - -
| cohimns are called w | Freshman 5, M
marginal frequencies, '5 ™ 7
which you will find in Sophomeore B0 % / 32
READING Example 1. R
A two-way table is also | Jonnt requency |
called a contingency table,
or a two-way frequency SN Making a Two-Way Table
table.
D) In another survey similar to the one above, 106 juniors and 114 seniors respond, OF

those, 42 juniors and 77 seniors plan on attending, Creanize these resulis in a two-way
table, Then find and interpeet the marginal frequencies,

SOLUTION

Step 1  Find the joint frequencics, Because 42 of the 1046 juniors are attending,
106 = 42 = od juniors are nod attending, Becanse 77 of the 114 seniors
are attending, 114 = 77 = 37 seniors are not attending, Place each joint
frequency in s corresponding cell.

Step 2 Find the marginal frequencies. Create a new column and row for the sums.
Then add the entries amd interpret the results,

Attendance
Attending | Mot Attending | Total
@ | Junior 42 i 106 = 106 juniors responced, |
D- Senior 77 37 114 '-—:-_J_‘_d_‘_iﬂ'l_l_-::]imﬂ._.!
Total | 119 101 220 || 220 students
" A A | were surveyed.
(119 students are atening. ) (101 students ar ot attending

Step 3  Find the sums of the marginal frequencics. Nolice the sums 106 + 114 = 220
and 119 + 101 = 22} are equal, Place this value at the boltom right.,

e - fod
Monitoring Progress 43‘ Help in English and Spanish at Bigideasath.com

1. You randomly survey students about whether they are in favor of planting a
community garden at school, OF 96 boys surveyed, 61 are in favor, OF 83 girls
surveyed, 17 are against, Organize the rezults in a two-way table. Then find and
interpret the marginal frequencies,
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Finding Relative and Conditional Relative Frequencies

You can display values in a two-way table as frequency counts (& in Example 1) or as
relafive frequencies.

G Core Concept

' STUDY TIP D

Two-way tables can display
relative frequencies based
on the total number of
observations, the row
totals, or the column
—tatals,

INTERPRETING
MATHEMATICAL
RESULTS

Relative frequencies

can be interpreted

at probabilities. The
probability that a
randomly selected student
is & junior and is not
attending the concert

i5 29.1%, D

Relative and Conditional Relative Frequencies

A Joint relative frequency is the ratio of a frequency that i not in the total row or
ihe todal column to the tolal number of values or observations,

A marginal relative frequency is the sum of the joint relative frequencies in a
row or a columa.

A conditionsl relative frequency is the ratio of a joint relative frequency to the
marginal relative frequency. You can find a conditional relative frequency using a
row total or a column todal of a two-way table.

FEALINEN  Finding Joint and Marginal Relative Frequencies

Use the survey results in Example | to make a two-way table that shows the joint and
marginal relative frequencies,

SOLUTION

To find the joint relative frequencies, divids each frequency by the total mimber of
sticdents in the survey, Then find the sum of cach row and each column to find the
marginal relative frequencies,

Attendance
e fboul 29.1% al the
Attending | Not Attending | Total | | <udents in the survey

: 42 &4 a—r— are |Uranrs arndl are not
- Junior 0 0.1 20 0291 0482 | atiending the concert
o 2 : e
U | senior =035 | =L =0168 | 0518 % Abouts1 8% of the
— B students in the supsey
Total 0541 0459 1 | afe semors

FAVUEEN Finding Conditional Relative Frequencies

Uise the survey results in Example 1 to make a two-way table that shows the
conditional relative frequencias based on the row totals,

SOLUTION

Use the marginal relative frequency of each row to calcnlate the conditional relative
frequencies.

Attendance -
Arteridin Not Attendin Green that & student is
d 9 a sequof, the conditional
0.191 . 0.291 relative froquency
Junior — = () 395 e ()
E 0482 (482 that he or she 15 not
i . 035 0168 __|attendng the concert is |
SR 5318 095 | o3 0 about 37.4%, |
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2. Uz the survey results in Monitoring Progress Cuestion | to make a two-way table
that shows the joint and marginal relative frequencics,

3. Use the survey results in Example 1 to make a two-way table that shows the
conditional relative freque ncics based on the columm totals. Intergret the
conditional relative freque ncics in the context of the problem.

4, Usg the survey results in Monitoring Progress Cuestion | fo make a two-way table
that shows the conditional relative frequencies based on the row totals, Interpret
the conditional relative frequencies in the context of the problem

Finding Conditional Probabilities
You can vz conditional relative frequencies to find conditional probabilities.

S AN  Finding Conditional Probabilities

A satellite TV provider surveys custormers in three cities. The survey asks whether
they wotlld recommend the TV provider to a friend. The results, given as joint relative
frequencics, are shown in the two-way table,

a. What is the probability that a randomly selected

The probability 0.853
Is & conditional relative
frequency based on
a column tatal. The
condition s that the

— customer lives in Glendale,

Lachtion customer who is located in Glendale will recormmend
Glendale | Santa Monica | Long Beadh the provider?
E Yes 029 027 032 b, What is the probability that a randomly selected
8 customer who will nod pecomme nd the provider is
;:n‘ Mo 005 003 0.0 located in Long Beach?
c. Determine whether recommending the provider to a
friend and living in Long Beach are independent events,
SOLUTION
D a. P(yes|Glendale) = P0kcndale and yes) ____0.29 o= = 0.853
A Glendale) 0.29 + 0
INTERFRETING
MATHEMATICAL P So. the probability that a customer who is located in Glendale will recommend
RESULTS the provider is about 85,3%.

FPino and Long Beach) 004

Pino) “ Ao rom T om0

b. P{Long Beach [no) =

.'- S0, the prohability that a customer who will not recommend the provider is
located in Long Beach is abont 33 3%,

. Use the formula P(B) = FB|A) and compare P{Long Beach) and
F{Long Beach|yes).

P(Long Beach) = 032 + 0.04 = 036

Yes and Long Beach) 032
Long Beachlyesy = X g = ~ 036
ALoRg Bowdlyon Fiyes) 0.29 + 027 + 0.32

P Because PLong Beach) = P(Long Beach | ves). the two events are
independent.
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5. In Example 4, what is the probability that a randomdy selected costomer who iz
located in Santa Monica will not recomme nd the provider (o a friend?

6. In Example 4, determine whether recommending the provider to a friend and
living in Santa Monica are independent events. Explain your reasoning.

Comparing Conditional Probabilities

A jogper wants to burn a certain mimber
of calories during his workout. He maps
out three possible jopeing routes, Before

Reachoss Does Mot
Goal Reach Goal |

each workout, he randomly sclects a Route A I T W T
route, and then determines the number of : |
calories he burns and whether he reaches Foute B | JHT JHT | i
hiz goal. The table shows his findings. |
Which route shoubd he use? E-DIJ[E . i M .-IH'I" ! M I
SOLUTION
Step 1 Use the findings to make a two-way Result
table that shows the joint and marginal
relative frequencies. There are a total Reaches | Does Not Total
af 50 observations in the table, Goal Reach Goal -
Step2 Find the conditional A s 01 034
probabilities by g B 0.5 2
dividing each joint 2 o ! g
relative frequency in c 034 012 036
the “Reaches Goal” ) e '
cohimn by the marginal : -
’ Total (.68 032 1
relative frequency in its
comosponding row,
s & — PiRoute A and reaches goal) _ 0.22
Pireaches goal | Route A) PiRoute A) T 0.647
4 -
Plreaches gosl |Rowte B) = DEEouke :;E:;I.;E:;H o) _ Ei =~ 0733
Pireaches goal |Route C) = F{Route C and reaches goal) _ 0.24 0667

PR oute C) 036

.- Based on the sampls, the probability that he reaches his goal is greatest when he
uscs Route B. 5o, he should use Route B.

Mon H'Driﬂﬂ Prﬂﬂrﬂ-ﬂ'ﬂ ‘ﬁ-:l Help in Englich and Spanish at BigideasMath.com

T A manager is assessing three criployocs
in order to offer one of them a promotion. E Emu:ﬁm E Mmﬁnm
Ohver a peried of time, ithe manager P pactat
records whether the employees meet of | Joy | I JH 1
exceod expectations on their assigned
tasks. The table shows the manager’s Elena| T T I N
resulis. Which employes should be .
offered the promaotion? Explain. sam | ) il
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10- 3 EKEI' c'SES Dynamic Solutions available at BiglideasMath.com

— Vocabulary and Core Goncept Check

1. COMPLETE THE SENTENCE Ain) displays data collected from the same source
that belongs to two different catepones.

2. WRITING Compare the definitions of joint relative frequency, marginal relative frequency, and
comdiional relative frequency.

Monitoring Progress and Modeling with Mathematics

In Exercises 3 and 4, complete the two-way table, USING STRUCTURE In Exercizes 7 and §, use the
3 two-way table o create a two-way table that shows
' Preparation the joint and marginal relative Mrequencies.
: Did Not o
Studied Slitu e Total I Dominant Hand |
_g Pass & lﬂﬂi High’t Tﬂtﬂ
i 5| ;
Total 38 50 & Mnh_ ? 4 92 | 118
Total 35 196 23]
4. Response &
Yes Mo Total : Gender |
4 | Student s6 | Male | Female | Total
& | Teacher I 7 10 | E Expert 62 6 | 68
Total | 4o l T | Average 275 24 | 299
% Movice 40 5 43
5. MODELING WITH MATHEMATICS You survey Total 377 33 410

171 males and 150 fermales at Grand Central Station
in New York City, Of thoss, 132 males and 151
females wash their hands after uzing the public pest
rooms. Organize these resnlts in a two-way table.
Then find and interpret the marginal frequencics,

i See Example 1)

9. MODELING WITH MATHEMATICS Use the survey
results from Exercise 5 to make a two-way table that
shows the joint and marginal relative frequencices,
Eap .f'.-_l.."u.r.'||.l.l'r 21

10. MODELING WITH MATHEMATICS Ina survey,
49 people received a flu vaccing before the Mo season
and 63 people did not receive the vaccine. Of those
whao receive the fln vaccing, 16 peaple gol the flo.
Of those who did not receive the vaccine, 17 got the
. Make a bwo-way table that shows the joint and
marginal relative frequencics,

[

6. MODELING WITH MATHEMATICS A survey asks
G0 teachers and 48 parents whether school uniforms
reduce distractions in school. OF those, 49 2 achers
and 18 parents say uniforms reduce distractions in
schiool. Organdze these results in a two-way table.
Then find and interpret the marginal frequencics.
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1.

MODELING WITH MATHEMATICS A mrvey finds
that 110 people ate breakfast and 30 people skipped
breakfast. Of those who ate breakfast, 10 people felt
tred. Of those who skipped breakfast, 10 people

ERROR ANALYSIS In Exercises 15 and 16, describe
and correct the error in finding the ziven conditional
probability.

felt tire<l. Make a two-way table that shows the City

conditional relative frequencics based on the Washington,| _ .

breakfast totals. (See Example 3.) Tokyo | London I:.E.w Total

12. MODELING WITH MATHEMATICS Use the survey § [Yes | 0049 | 036 0071 | 0.356

resnlts from Exercise 10 to make a two-way table that f No 0341 | 0112 0191 D.644

shows the G_E:]'l;l:il.iﬂl‘til relative frequencies based on “':ﬁﬁ 030 0.248 0362 1

the flu vaccine totals. :

13. PROBLEM SOLVING Three different local hospitals 15, P(yes|Tokyo)

in Mew York surveyed their patients, The survey

asked whether the patient s physician comrmunicated 1 _ FlTokyo and yes)

efficiently. The results, given as joint relative Fivoe [ Tokim) == ki

frequencics, ane stwran in the two-way table. arda

(See Example 4.) = e 7 0,1 38

0356
Location
Glens Falls | Saratoga Albany 16. F(London|no)
g | Yes 0123 (0.288 0338 sl
on
Ne | o042 0.077 0.131 F{London| no) ="
Z X FlLondon)

A, What iz the probability that a randomly selected = o112 0,453
patient located in Saratoga was satisfied with the Toz4s
commmnication of the physician?

b What iz the probability that a randomly selected 17. PROBLEM SOLVING You want to find the quickest
patient who was not satisfied with the physician’s ronie to school. Yoo map out three routes. Before
commmnication is located in Glens Falls? school, vou randomly select a route and record

¢. Determine whether being satisfied with the whether you are late or on time. The table shows vour
conmmminication of the physician and Living in findings. Assuming you leave at the same time each
Saraloga are independent events. meoening, which ronte should you nse? Explain.

(See Examiple 5.}
14. PROBLEM SOLVING A rescarcher simrveys a random

sample of high school stedents in seven states. The On Time Late

survey asks whether students plan to stay in their Rowte A | JHE N i

home state after gradnation. The resalts, given as joint

relative frequencics, are shown in the two-way table. Route B | T T | I

Location Rowte C | T M I Uil
Morth | Othe
Mebraska Ca::'-!i'u Stutﬂ; 18. PROBLEM SOLVING A teacher is assessing three
groups of studénts in order to offer one group a prize.
£ | Yes | 004 0051 | 0036 Crver a period of time, the teacher records whether the
2’ Mo (400 193 | (1256 groups meet of exceod expectations on their assigned
tasks. The table shows the teacher’s tesults, Which

4. What is the probability that a randormly selected group should be awarded the prize? Explain,
student who lives in Nebraska plans to stay in his
of her home state after graduation? c Em‘f’ £ Maa:i

xpectations | Expectations

b What is the probability that a randomly sclected
student who does not plan to stay in his or her home Group 1 | JHT" T 1l i
stafe after graduation lives in North Carolina? Group 2 | I T

e Determine whether planning 1o stay in their home Group 3 | JH I JHC ]
state and living in Nebraska are independent events.
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19.

21,

OPEN-ENDED Create and conduct a survey in your
class, Organize the results in a two-way table. Then
credle a two-way table that shows the joint and

roargrinal frequencies.

HOW DO YOU SEE IT? A rescarch group surveys
paremz and coaches of hizh school udents about
whether competitive sporis are important in school.
The two-way table shows the resulis of the survey,
Role
Yes 880 456 1336
Me 120 45 1a5
Total 1006 S01 1501
a. What does 120 represent?
b What does 1336 represent?

¢. What does 1501 represent?

e

MAKING AN ARGUMENT Your friend uses the table
below to determine which workout roatine is the best,
Your friend decides that Routine B s the best option
becanse it has the fewest tally marks in the “Does Not
Reach Goal™ column. [s your friend cormect? Explain
YOI [EASoning,.

Reached
Goal

Does Not
Reach Goal

Rovntioe A

HT

1l

Routin: B

I

Foantime O

HiT I

22.

Draw a Venn diagram of the etz deseribed.
27,

29,

MODELING WITH MATHEMATICS A survey asks
stidents whether they prefer math class o science
class, Of the 150 male stiodemts surveved, 62% prefer
roath class over science class, Of the female students
amrveyed, 74% prefer math. Construct a two-way table
to show the mimber of students in cach category if
350 sudenis were surveved,

23,

23.

26.

MULTIPLE REPRESENTATIONS Use the Venn diagram
b0 constnact a twvo-way table. Then use ywour table (o
answer the questions.

"r[:lng Owmner Cat Crwner )
92
. ,

a. Whal is the probability that a randomly sclected
person does nok own either pet?

b What is the probability that a randomly selected
person who owns a dog also owns a cat?

WRITING Compare two-way tables and Venn
diiagrame. Then describe the advantapges and
disalvantages of cach,

PROBLEM S0LVING A company creates a new snack,
N, and tests it against its current leader, L. The table
shows the resulis.

Prefer L | Prefer N
Cuorrent L Consumer 72 46
Mot Correndt L Consmer 52 114

The company iz deciding whether it should try to
improve the snack before marketing it, and to whom
the spack shonld be marketed. Use probability to
explain the decisions the company should make when
the total size of the snack’s market is expectad (o

{a) change very litthe, and (b) expand very rapidly.

THOUGHT PROVOKING Bayes' Theorem is given by
By

Use a two-way table to write an example of Bayes®
Theorem.

— Maintaining Mathematical Proficiency oienz vt cuiomes i provous sraes ans iessans

all odd numbers.

all even mumbers,

all the multiples of 3.

(Skills Review Hondbook)
Of the positive integers less than 15, set A consists of the factors of 15 and set B conzists of

OF the positive integers less than 14, set A consists of all prime mambers and set B consists of

Of the positive integers less than 24, set A consists of the multiples of 2 and set B consists of

560
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10.1-10.3 What Did You Learn?

Core Yocabulary

probability experiment, p. 538 peometric probability, p. 540 joint frequency, p. 354

otcome, g 538 experimental probability, p. 547 marginal frequency, p. 354

event, p, 338 independent events, p, 5456 joint relative frequency, p. 5355
sample space, p. 538 dependent events, p. 547 marginal relative frequency, g 555
probability of an évent, p. 538 conditional probability, p. 547 conditional relative frequency,
theoretical probability, p. 539 tovo-way table, p. 534 p- 553

Core Concepts

Section 10.1

Theoretical Probabilities, p. 338
Probability of the Complement of an Event, p. 539
Experimental Probabilities, p. 341

Section 10.2

Probability of Independent Events, p, 546
Probability of Dependent Events, p. 547
Finding Conditional Probabilities, p. 549

Section 10.3

Making Two-Way Tables, p. 554
Relative and Conditional Eelative Frequencies, p. A58

Mathematical Practices

1. How can vouuse a mumber line to analyze the error in Exercize 12 on page 3427

2. Explain how you nsed probability to correct the flawed logic of vour friend in
Exercise 21 on page 560.

pjmmmmmmm—— - Study Skills- - - === === - m oo - -

Making a Mental
Cheat Sheet

o Write down important information on note cards

v Memonze the information on the note cards, placing the
ones containmg informaton yiou know in ona stack and the
ones containing information you do not know in anather
stack Keep working on the information you do nat know




10.1-10.3 Quiz

1.

You randomly draw a marble out of a bag comaining 8 green marbles, 4 blue marbles,
12 yellow marbles, and 10 red marbles. Find the probability of drawing a marble that is
nok vellow, (Section 10.1)

Finil P{.-T:l, (Sectior 000

2,

5.

10.

11.

562

PA) = 032 3. PAY=7 4. Pia) =001

You roll a zix-sided die 30 times, A S is rolled 8 times, What is the theoeetical probability
of rolling a 37 What is the experimental probability of rolling a 37 (Section I0.1)

Events A and B are independent. Find the missing probability. (Seciion 1.2
FlAY =025

PBy=___

P{A and B) = 0,05

Events A and £ are dependent. Find the missing probability. (Secrion 160.2)
FA) =06

PB|A) =02

PFlAaad By =

Fimd the probability that a dart thrown at the circular target shown will hit the given region. _
Aszume the dart is equally likely to hit any point inside the target, (Sections 1000 ) &

a. the center cirche
b. outside the square
¢ inzide the square bat catside the center circle 6

A survey asks 13-vear-old and 15-year-old stadents about their

cating habits. Four hundred students are surveyed, 100 male students | survey ’TH‘“IH'
and 100 female students from each age group. The bar graph shows &
the number of students who said they cat fruit every day. a o o Malg
[l o LT T .:'_,l g &0 i @ Famala
4. Find the probability that a female siudent, chosen at random o '

from the students surveyed, eats frnil every day. R i
b. Find the probability that a 13 vear-old student, chosen at 2 '_: i

random from the stodents agveved, eats fruit every day. E £

= L I
. . 3 yenrs old 5 s oild

There are 14 boys and 18 girls in aclass. The teacher allows the i ch bt oo
stdents to vole whether they want (o take a test on Friday or on ol

Monday. A total of 6 boys and 10 girls vole to take the test on
Friday. Organize the informuation in a bwo-way table . Then find
and interpret the marginal frequencics, (Sectivn 10.3)

Three schools cormpete in a cross country invitational. Of the 15 athletes on vour eam,
9 achieve their goal times. Of the 20 athletes on the home team, & achieve their goal
times. On your rival's tcam, § of the 13 athletes achieve their goal times. Crganize the
information in a two-way table. Then determine the probability that a randomly selected
runnet whio achicves his or her goal ume is from your school. (Section T.3)

Chapter 10 Prabability



Probability of Disjoint and

Overlapping Events

MODELING WITH
MATHEMATICS

To be proficient in math,
you need to map the
relationships between
impoartant quantities in a
practical situation using
—such tools as diagrams,

>

Essential Question towcan vou find probabilities of digjoint and
overlapping events?
Two events are disjoint, or pubually exclusdve, when they kave no sutcomes

in common, Two events are overlapping when they have one of mofe outcomes
i Corm,

Disjoint Events and Overlapping Events

Work with a parimer. A six-sided die is rolled, Draw a Venn diagram that relates
the two events, Then decide whether the events are disjoint or overlapping.

. Event A: The result is an even numixr.
Event 52 The result is a prime number, [ 7]

b, Event A: The resnlt is 2 of 4,
Event B: The result is an odd number A\ -l'

EXPLORATION 2

Work with a pariner, A six-zided dig is rolled, For cach pair of events,
find (a) P(A), (b) PUE), (c) P(A and B), and (d) P(A or B).

a. Event A: The result is an even number, <
Event B The result is a prime mumber, LN
L)
b, Event A: The result is 2 or 4, - L
Event £: The result is an odd nomiber. “
* e

SR LERIIsINEN Discovering Probability Formulas

Work with a pariner,

2. In general, if event A and event & are disjoint, then what is the probability that
event A or event B will occur? Use a Venn diagram to justify your conclusion.

by, In gencral, if event A and event & are overlapping, then what iz the probability that
event A or event B will ocour? Use a Venn diagram to justify vour conclusion,

¢ Conduct an experiment using a six-sided die, Roll the die 30 times and record the
rezulis, Then use the rezaliz to find the probabilites described in Exploration 2,
How closely do vour experimental probabilitie s compare Lo the theoretical
probabilities yon found in Exploration 27

Communicate Your Answer
4, Heew can youl find probabilities of disjoint and overlapping events?

5. Give examples of disjoint events and overlapping events that do not involve dice.

Section 104 Probability of Disjoint and Overlapping Events 563



10.4 Lesson

Core Vocabulary

compound event, p. 56

overlapping events, p. 564

dispuint or mutually exclusve
events, p 564

Previous
Venn diagram

STUDY TIP

If bvo events 4 and B
are overlapping, then
the outcomes in the

counted twice when PLA)

and A{E) are added. 50,

PlA and B) must be
subtracted from the sum, II:>

What You Will Learn

P Find probabilities of compound events,
P Use more than one probability rule to solve real-life problems.

Compound Events

When you consider all the outcomes for either of two evenis A and B, you form the
andory of A and B, as ehown in the first diagram. When vou consider only the outcomes
shared by both A and B, vou form the [nferseciion of A and B, az shown in the second
diagram. The union or intersection of two events is called a compound event.

R RED

Union of A and & Intersection of A and & Intersecticn of A and 8
is empy.

To find A or B) vou rust consider whit ontcomes, if any, are in the intersection of A
and 8. Two events are overlapping when they have one or more oulcomes in common,
as shown in the first two diagrams. Two events are disjoint, or mutually exclusive,
when they have no outcomes incommen, as shown in the third diagram.

intersection of A and 8 are % Gore cﬂﬂcﬂ.rjf

Probability of Compound Events
If A and B are any two events, then the probability of A o B is

AA or B) = PA) + P(B) = AA and B).
If A and B are disjoint events, then the probability of A or Bis
PiA or BY = P{A) + P(BE).

FEVULNRN Finding the Probability of Disjoint Events

A card is randomly selected from a standard deck of 52 playing cards. What is the
probability that it is a 100 a face cand?

SOLUTION

Let event A be selecting a 10 and event 8 be selecting a face card. From the diagram,
A has 4 outcomes and & has 12 outcomes, Because A and & are disjoint, the
probability is

PlA or B) = BA) + I frite disjomi probabiling formida.
= ;:1 + éf Subistibute known probabilines.
16
_ - A dli
52 :
_ 1_1—3 SEmpliky,
== [} 308, hse & caboudaton,
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COMMON ERROR

When two events 4 and B

overlap, as in Example 2,
Pl or B) does not equal

PLA) + F(B).

>

FEACIINN  Finding the Probability of Overlapping Events

A card i randomly selected from a standard deck of 52 playing cards. What is the
probability that it i= a Tace card or a spade?

SOLUTION

Let event 4 be selecting a face card and event B
be selecting a spade. From the diagram, 4 has
12 outcomes and & has 13 omtcomes, OF thess,
3 ourbcomes are common to A and £, 5o, the
probability of selecting a face card or a spade is

PiAorB)= FMAY+ AB) — BA and B) Whte general Formuda,

= :—i - % - ~.I_'g Substimite knawn probatalites,
22 "

=== Akl
53 i
1§

B Sampdity,
26 o

= (.423. Use a calcudator.

SEACIINIEN  Using a Formula to Find P{A and B)

Cart of 200 stedents in a senior class, 113 sadents are cither varsity athletes or on the
honor roll. There are 74 seniors who are varsity athletes and 51 seniors who are on

the honor roll. What iz the probability that a randomly selected senior is both a varsity
athlete and on the honor roll?

SOLUTION

Let event A be selecting a senior who is a varsity athlete and cvent 8 be sclecting a
senior on the honor roll, From the given information, vou know that Fid) = %
P(B) = 5, and P{A or B) = 1=, The probability that a randomly selected senior is
both a varsity athlete asd on the honor roll is PLA and B).

FPiAor Y= PAY+ KB — PA and B) Write general foermula.
;:113 = i.lnr::} + jjj - P(A and B) Substitute known probabidites,
Hﬂam31=%+%—% Sobve for PLA and B}
A and By = % Srnplify
P and B) = o or 006 Simphy

Monitoring Progress 4@' Help In Engish and Spanish at BigideasMath.com

A card is randomly selected from a standard deck of 52 playing cards. Find the
probabdlity of the event.

1. sclecting an ace oran § 2. selecting a 10 .o adiamond

3. WHAT IF? In Example 3, snppose 32 seniors are in the band and 64 sendors are
in the band or on the honar roll. What 15 the probability that a randomly selected
senior iz both in the band and on the honor roll?

Section 104 Probability of Disjoint and Overlapping Events 565
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Using More Than One Probability Rule

In the first four sections of this chapler, you have learned several probability rules.

The solution (o some real-life problems may require the use of two or more of these

probability miles, as shown in the noxt example,

SN  Solving a Real-Life Problem

The American Diabetes Association estimates that 8.3% of people in the United States
have disbetes, Supposs that a medical lab has developed a simple diagnostic test

for diabetes that is 98% accurate for people who have the diseaze and 95% accurate
for people who do nol have it The medical lab gives the test 1o a randomly sebected
person. What is the probability that the diagnosis is correct?

SOLUTION

Let event A be “person has diabetes™ and event B be “comect diagnosis.” Notice that
the probability of & depends on the occurrence of A, so the éevents are dependent.
When A occurs, FE) = 098, When A does not occur, PUE) = 0.95.

A probability tree diagram, where the probabilities are given along the branches, can
help vou see the different ways to obtain a corect diagnosis. Use the complements of
events A and & to complete the diagram, where A 15 “person docs not have diabetes™
and & is “incorrect diagnoziz”" Notice that the probabilitics for all branches from the
ST point must sum to 1.

Event 8:
I;ermmn‘?;m JE‘L—“‘ Correct diagnosis
T bemtE

0083 diabetes
.,--""-f

Population of _—
United States {:

e,

e
002 Incerrect diagnosis

Event B:
007 " EventA: 9% — Comedt diagnosis
Person doesnot =—___ 7
have diabetes. 05— RTINS
: Incorrect diagnesis

To find the probability that the diagnosis is cormect, follow the branches leading o
event B,

FB) = P4 and B) + PA and B) Use tree diagram,
= M)« PiB|A) + P{I,l . F{Eﬁj Probability of dependent events
= (0083 N0.98) + (091730 .95) Substitute.
= (0,952 Lse a calculator

P e probability that the disgnosis is cormect is abont 0,952, or 95.2%.

Monitoring Progress *? Help in English and Spanish at Bighieasiath.com

4. In Example 4, what is the probability that the diagnosis is Incorrect?

5. A high school basketball team leads at halftine in 60% of the games in a season.
The team wins 30% of the time when they have the halftime lead, but only 109% of
the time when they do nol. What is the probability that the team wing a particular
pame during the season?

Probability



10.4 Exercises

Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Core Concept Check

1. WRITING Are the events A and A disjoint? Explain. Then give an example of a real-life event
and Hs complement,

2. DIFFERENT WORDS, SAME QUESTION Which iz different? Find “both™ answers,

How many omtcomes ane in the intersection of A and 57
How mamy outcomes ane shared by both A and 57

Hew many outcomes are in the union of A and B7

How many outcomes in 8 are also in A7

Monitoring Progress and Modeling with Mathematice

In Exercises 3-6, evenis A and B are dizjolnt.
Find PiA or B).

3. FA)=03, P =01 & BHA) =055 AB) =02

5. PAV=LPBI =] 6 PA=LAB) =}

7. PROBLEM S0LVING

Your dart is equally QQGQ
likely to hit any point
inzide the board shosen. Q G Q

You throw a dart and
pop & balloon, What
iz the probabdlity that
thee Balloon 15 red or

(.

QOG AP

Blie? (Kee Fxampie 1.}

8. PROBLEM S0LVING You and your friend are among
geveral candidates minning for class president. You
esfimnate that there is a 43% chance you will win
and a 25% chance your friend will win. What is the
probability that you or vour friend win the election?

9. PROBLEM 50LVING You are performing an
experiment to determine how well plants grow
under different light sources. OfF the 30 plants in
the expenment, 12 receive visible light, 15 receive
ultravialet light, and 6 receive both visible and
ultraviolet light, What is the probability that a plant in
the experiment receives visible of uliraviolet light?
(See Example 2.)

Section 10.4

10. PROBLEM SOLVING Of 162 students honored at
an academic awards banguet. 48 won awards for
moeathe ratics and 78 won awards for English. There
are 14 students who won awards for both mathematics
and English. A newspaper chooses a studemt at
random for an interview. What is the probability that
the student interviewsd won an award for Englizh or
meathe matics?

ERAROR ANALYSIS In Exercises 11 and 12, describe and
correct the error in Iindlng the probability of randomly
drawing the given card mom a standard deck of

52 playing cards.

1.
Flheart or face card)
x = Plheart) + F{face card)
=8 AR PR
SETEmo G
12.

Fldub or )
X = Flchib) + F{2) + Plclub and 9)

=18 L 4 L 1 8
'5:-"'55-"'5-3 oh

In Exercises 13 and 14, vou roll & six-sided die. Find
P{A or B

13. Event A: Eoll a &
Event B Roll a prime number.

14. Ewvent A: Boll an odd number,
Event B Boll a number less than 5.

Probability of Disjoint and Overlapping Events 567



15.

16.

1

18.

Write the first six terms of the sequence.

Eq'u l"l,_'_-'l.ﬂu_?ﬂ,,_1'|".-"

DRAWING CONCLUSIONS A group of 40 trees in a

Torest are nol growing properly. A botanist determines

that 34 of the trees have a I
disease or are being damaped
by insects, with 1% trees having
a discaze and 20 being damaged
by insects. What is the
probability that a randomly
selected tree has both a disease
and is being damaged by
insects? (See Example 3.)

DRAWING CONCLUSIONS A company paid overfime
wages of hired temporary help during 9 months of
the year, Overtime wages were paid dering 7 months,
and temporary help was hired during 4 months. At the
end of the vear, an auditor examines the accounting
records and randomly selects one month to check the
payrodl, What is the probability that the saditor will
select a month in which the company paid overtime
wiages and hired temporary help?

DRAWING CONCLUSIONS A company is focus festing
a new type of fruit drink. The focas group is 47%
male, OF the responses, 40% of the males and 34% of
the: females said they would buy the fruit drink. What
is the probability that a randomly selected person
woulld bay the frodt drink? (See Example 4.)

DRAWING CONCLUSIONS The Redbirds trail the
Bluebirds by one goal with 1 mimste left in the hockey
game. The Redbirds” coach must decide whether to
remove the goalie and add a frontline plaver. The
probabilities of each team scoring are shown

in the table.

Goalie | No goalie
Redbirds score i1 03
Bluebirds score 0.1 0.6

a. Find the probability that the Redbirds score and
the Bluebirds do not score when the coach leaves
the goalie in.

b Find the probability that the Redbirds score and
ihe Bluebirds do not seofe whei the coach takes
the goalie out.

¢ Based on parts (a) and (b), what shonld the
coach do?

19.

20.

21.

22.

23.

PROBLEM SOLVING You can win concert tickets from
a radio station if youw are the first person to call when
the song of the day s plaved, or if you are the first
person Lo comectly answer the trvia question. The song
of the day is announced at a random time belween
100 and 730 . The trivia question is asked at

a random time between 715 and 7:43 am, Yoo

begin listening to the radio station at 7:20, Find the
probability that youn miss the announcement of the
song of the day or the trivia question.

HOW DO YOU SEE IT?
Are events A and &
digjoint events?
Explain your
reasoning.

PROBLEM SOLVING You take a bus from your
meighborhood to vour school. The express bus ammives
at your neighborhood at a random time betwesn

7:30 and 7:36 Am. The local bus arrives at your
neighboriood at a random time between 730 and
740 A You arrive at the bas stop al 7:33 4.m. Find
the probability that you missed both the express bus
and the local bus.

THOUGHT PROVOKING Write a gencral rule
for finding MA or & or O for (a) disjoint and
(b) overlapping events A, B, and C.

MAKING AN ARGUMENT A bag contains 40 cards
mirnbered 1 through 40 that are either red or blae. A
card is drawn &l random and placed back in the bag.
This is done four times, Two red cards are drasn,
mombered 31 and 19, and two bloe cards are drawn,
murmbered 22 and 7. Your friend concludes that red
cards and even mimbers must be mutnally exclosive.
I your friend comect? Explain.

Maintaining Mathematical Proficiency = ooz isancs i proscs gases ans iessons

(Seciion &3)

15_ ﬂl = I-'ﬂq :L_]}
=]

I'E.. ﬂi—.lﬂa.—ﬁlﬂgr% ‘
R
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10.5

Permutations and Combinations

CONSTRUCTING
VIAELE ARGUMENTS

To be proficient in math,

you need to make
conjectures and build a
logical progression of

statem ents to explore the
truth of your conjectures. D

Essential Question towcanatree diagram help you visualize the

number of ways in which two or more events can occur?

AR LSRN Reading a Tree Diagram

Work with a pariner. Two coins are flipped and the spinner
ig spun. The tree diagram shows the possible outcomes.

Conri s Hipgeed

/%\ //rT\ H T Coainy 15 lipgeed
p [ | 1 Ll | T 2 3 1 2 3 Spinner s saan

a. How many outcomes are possible?

b, List the possible oilcomes.

e TN [sl Pl Reading a Tree Diagram

Work with a pariner. Conzider the tree diagram below,

A B

e~ &~
IA?IAAA/\?KA?
AAAANAAAMAARAA A

A E AEBE AB AE AB E ABAEAEBABATEB

#. How many events are shown? b What oatcomes are possible for cach evend?

¢ How many owcomes are possible?  d. List the possible omcomes.

FANe LRl REN Writing a Conjecture

Work with a pariner.

a. Consider the following general problem: Event 1 can occur in m ways and event 2
can occur in gt ways. Write a conjecture about the nurnber of ways the two events
can ocour. Explain your reasoning.

b, Use the conjecture you wrole in part (a) to write a conjecture abowt the mimber of
ways more Han bwo events can occur, Explain your reasoning,

¢, Use the results of Explorations 1(a) and 2(¢) to verify vour conjectures,

Communicate Your Answer

4, How can a tree diagram help you visvalize the number of ways in which two
Or moTe events can oocur?

3. In Exploration 1, the spinner is spun a second time, How many oiicomes

are possible?
Section 10.5 Permutations and Combinations 569



10.5 Lesson What You Will Learn

B Use the formula for the number of parmutations.
P Use the formula for the number of com binations.

Gﬂfﬁ ymmlﬂlﬂﬂ' B LUse combinations and the Binomial Theorem to expand binomials.
permutation, g 570
A Spcterial 8. a7d Permutations

combination, p 572

Binomial Theorem, o 574 A permutation is an arrangement of objects in which order is important. For instance,

the 6 possible permutations of the letters A, B, and C are shown.

Previous
Fundamental Counting ABC ACB BAC BCA CAB CBA
Frnciple
Pascal's Trangbe FTNIEEN Counting Permutations
Consider the number of pernmtations of the letters in the word JULY. In how many
ways can you arrangre {aj all of the letters and (b) 2 of the letters?
SOLUTION
D} a, Use the Fundamental Counting Principle to find the number of permmtations of the
REMEMBER lefters in the word JULY.
Fundamental Counting Number of  _ [ﬂmjcea for | Chodces l‘ur](t‘huiuea!‘u- ‘Choices fur}
Pringigle: If one event permutations | 1st letter [V 2nd letter Srd letber VU h letier
can occur in m ways and TR G e
ancther event can occur in
n ways, then the number =2
of ways that both events
S D:l:ur g T'.JI'IE P There are 24 ways you can arrange all of the letters in the word JULY.
Fundamerntal Counti
F:i:cii:l-l:ca: beu:x‘ti;:ged b. When arranging 2 letters of the word JULY, vou have 4 choices for the first letter
amd 3 chodices for the secomd letter,

= to three or maore avents,

Mumber of (Eh-:aices. f-::r] Chodces [ﬂr)

permutations “histleter  2nd letter
= 4«3

= ]2

B There are 12 ways vou can arrange 2 of the letters in the word JULY,

Mﬂ“ﬂﬂriﬁﬂ Frﬂgrﬂﬂﬂ' 41?" Help in English and Spanish at BigideasMath.com

1. In how many ways ¢an vou arrange the ketters in the word HOUSE?
2. In how many ways can vou arrange 3 of the letters in the word MARCH?

In Example 14{a), you evaluated the expression 4 « 3 « 2 « 1. This expression can be
written as 4! and is read 4 faclerial” For any positive infeger z, the product of the
imtegers from 1 to x is called m factorial and is written as

Rl=gs(t—1)a{f—2)sr--aFa2sl.
As a special case, the value of 0 iz defined 1o be 1.

In Exarmple 1{b), you found the permtations of 4 objects taken 2 at a time. You can
find the mumber of permutations using the formmulas on the next page.

570 Chapter 10 Probability



) Core Concept

USING A
GRAPHING
CALCULATOR
Most graphing
calculators can calculate

>

permutations.
& nPr &

24
& nPr 2

12

STUDY TIP
When you divide

out commen factors,
rememberthat 7! is a
factor of 101,

Permutations
Formnlas Examples
The mumber of permmations of The number of permmtations of
n objects is given by 4 objects is
WPy =L Pi=41=4+432:1 =M.
The mmber of permumations of The mmber of permutations of
n objects taken # at a time, where 4 objects taken 2 at a time is
r S, 1% given ' o3 e
B b:fl ‘PI —- 4! = 43 e =X
p-_" {4 - 2} 21
n=r {“ — f}!l
e

FEALININ  Using a Permutations Formula

Ten horses are munning in a race. In how many different ways can the horses finish
first, second, and third? (Assume there are no ties.)

SOLUTION
To find the number of permtations of 3 horses chosen from 10, find 7.
ey = ﬁ Permutations formaula
= % Subiract
= w Fxpand factonal Dvade cat common facor, 71,
= T2 Simplify.

P There are 720 ways for the hoeses (o finish first, second, and third.

FHAGNIEN Finding a Probability Using Permutations

For a town parade, von will ride on a foat with yoor soccer teamn. There are 12 floats
in the parade, and their order is chosen o random. Find the probability that vour foat
is first amd the float with the school choms is second.

SOLUTION

Step 1 Write the number of possible outcomes as the nmamber of permutations of the
12 floals in the parade. This is ;2P = 121,

Step 2  Write the number of favorable outcomes as the number of permutations of the
other floats, given that the soccer team is first and the chors is second. This
i8 Py = 10N

Step 3 Find the probability.

' Al
P team iz 1st, chorus is 2nd) _ 1ot Faosm & ratio of Bavorable
b b possible outcomes
_ et Lapand factonal. Deade
12+11 = 1601 ot cormaman factor, 10,
1 -
- Simplify.

132
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USING A GRAPHING

CALCULATOR
Most graphing

combinations,

calculators can calculate

& nCr 2

572 Chapter 10

Monitoring Progress 41?' Help in English and Spanish at BighieasMath com

3. WHAT IF? In Example 2, suppose there are 8 horses in the race, In how many
different ways can the horses finish first, second, and thied? (Asagme there are
0o thes. )

4. WHAT IF? In Example 3, suppose there are 14 floats in the parade. Find the
probability that the soccer team is first and the choms is second.

Combinations

A combination iz a selection of objects in which arder is nof imporant. For instance,
in a drawing for 3 identical prizes, you would use combinations, because the order

of the winners would not matter. If the prizes were different, then you would use
permutations, becanse the order wonld matier.

FYALIEN Counting Combinations

Count the possible combinations of 2 letters chosen from the list A, B, C, [,

SOLUTION

List all of the permutations of 2 letters from the list A, B, C, D, Becanse order is not
important in a combination, cross out any duplicate pairs.

&e e AD s BC.-~"BD:*— ppy 1 DB are |
CA CE CD DA /DB_.-~DC | the same pai.

P There are 6 possible combinations of 2 letters from the list A, B, C, D.

Monitoring Progress ‘ﬁ} Help in English and Spanish at BigidaasMath.com
9. Count the possible combimations of 3 letters chosen from the list A, B, C, I, E.

In Example 4, you found the narmber of combinations of objects by making
an organized list, You can also find the mymber of combinations wsing the
follewing formmila,

) Core Concept

Combinations
Formula The mumber of combinations of n objects taken rat a time,

& where r = 1, is given by
n!
"c‘={n—rj|!wr'
Example The number of combinations of 4 objects taken 2 at a time is
e 4! _ 4321
l> v I TTre Tl Py T
e
Probability



Check

'3 nir

28

FEAINRN Using the Combinations Formula

Your order a sandwich at a restanrand, Yoo can chooze 2 side dishes from a list of 8,
How many combinations of side dishes are possible?

SOLUTION

The order in which you choose the side dishes is nod important, So, to find the number
of combinations of § side dishes taken 2 at a time, find ,C,.

1
O = {R_im Combinatioos foermla
|
= ﬁ‘ﬂ.ﬂ Subtract.
L] L ! - -
= % Expand Factonals. Divide oul common Factor 61,
= 28 Bludtply.

F There are 28 different combinations of side dishes you can omder,

Finding a Probability Using Combinations

A yearbook editor has selected 14 photoz, inclnding one of you and one of your friend,
tovuse in acollage for the vearbook. The photos are placed at random. There iz room
for 2 photos at the top of the page. What is the probability that vour photo and your
fricnd’s photo are the 2 placed ot the top of the page?

SOLUTION

Step 1 Write the number of possible outcomes as the mumber of combinations of
14 photos taken 2 at a time, or .0, because the order in which the photos
are chosen is not important,

i
H-C:‘ T “:i_lﬁ Combanations tommula
_ 14
=13, Subiract.
B II-%'“L?E'.]E—; Expand Factorials. Dvdade out commen factor, 121
=9 Medngdy.

Step2  Find the number of favorable outcomes. Only one of the possible
combinations includes your photo and your friend s photo.

Step 3 Find the probability.

=3

FPlyour photo and your friend s photos are chosen) = 3

Cr i
Mon rhnrmg Prngrﬁﬂ g ‘i:f’ Help in English and Spanish al Bigldsasifath.com

6. WHAT IF? In Examplc 5, suppose you can choose 3 side dishes oot of the List of
5 side dishes, How many combinations are possible?

7. WHAT IF? In Example 6, suppose there are 20 photos in the collage. Find the
probabality that yoar phul.'-::- and vour friend's photo are the 2 placed at the top
of the page,
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Binomial Expansions

In Section 4.2, you used Pascal's Triangle to find binomial expansions. The table
shows that the coefficients in the expansion of (@ + &) correspond to combinations.

n  Pascal’sTriangle Pascal's Triangle Binomial Expanzion
as Mumbers as Combinations
Othrow 0 1 o fa+b)P= 1
lstrow | 1 1 1% 16 fa+ by = la + 1&
2nd row 2 L 2 4 O 20 20, a+bpE= la? -+ 2ab + 1h?
Jrdrow 3 1 3 3 1 36 20 3G G (a+bP =14 +3a% + 3ab? + 1¥

The results in the table are peneralized in the Binomial Theorem.

&) Core Concept

The Binomial Theorem
For any positive integer ., the binomial expansion of {a + £} is
@+ b =,0a0+ Ca~ W+ Ca*~ W+ .- + 0, a%"

Motice that each term in the expansion of (@ + &) has the foom O, a* =",
L where r is an integer from 0 ton.

SN  Using the Binomial Theorem
a, Use the Binomial Theorem to write the expansion of (37 + y)7,
b. Find the coefficient of x4 in the expansion of (3x + 2)1°.
SOLUTION
& (3 = SCUEPY 4 G + Gy + (G’
= (L) + (3)r)0h) + BHhn®) + (D)
= x5+ Ardy + Jadyd +
b. From the Binomial Theorem, you know
(3 + 2 = 1 Col3)"92)° + GG + - + 1Ol 3N

Each term in the expansion has the form ,,C(3x)'" ~ 7 2)". The term containing x*
occurs when r= 6.

1oCel3x(2)% = (2100(8 Lx*)(64) = 1.088,640x4

P The coefficient of ¥* is 1,088,640,

Monitoring Progress 4% Help in English and Spanish al BighdeasMath.com

8. Use the Binomial Theorem to write the expansion of (a) (x -+ 37 and
(b (2p = "

9. Find the coefficient of x* in the expansion of (v - 3)7,
10. Find the coefficient of x” in the expansion of {2y + 5)¢.

Chapter 10 Probability



10.5 Exercises

Dynamic Solutions available at BigideasMath.com

— Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE An arrangement of objects in which order is important is called

aim) _

2. WHICH ONE DOESN'T BELONG? Which expression does nad belong with the other three? Explain

VLT Peas0ning.

1

! i
2! « 5!

7y 16

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, find the number of ways you can
arrange (a) all of the letters and (b} 2 of fhe letfers in
the given word. (See Exanmple 1)

3. AT 4. TRY
3. ROCK 6. WATER
7. FaMILY B. FLOWERS

In Exerclzes =16, evaluate the expresslon,

9. P 10. P

1. A 12, P

13. P 4. . F

15. wfy 16. ..P

17. PROBLEM S0LVING Eleven students are competing
in an arl contest. In how many differem ways can
the students fimish first, second, amd third?
(Yee Exanple 2.)

18. PROBLEM SOLVING Six friends g0 to a movie theater.

In how many different ways can they sit together in a
row al & emply seals?

19. PROBLEM SOLVING You and your friend are 2 of
B servers working a shift in a restaurant. At the
beginning of the shifl, the manager ramdomly assigns
one section to each server. Find the probability that
you are assigned Section 1 and your friend is assigned
saction 2. (See Example 3.)
20. PROBLEM SOLVING You make 6 posters to hold up at
a basketball game. Each poster has a lketer of the word
TIGERS. You and 5 friends st next toeach ofher in a
row, The posters are distributed at random, Find the
probability that TIGERS is spelled correctly when
you hold up the posters.

GR; sk

In Exercizes 21-24, count the possible combinations of »
letters chosen from the given lst, (See Evample 4

2. ABCIhr=3 22, LMNOr=12
23. UVWXYZr=3M DEEGH,r=4

In Exercises 25-32, evaluate the expression.

25. ., 26:: W
27. ,C, 28, O,
29, .0, 0.
3. .0 32. 40y
Section 10.5 Permutations and Combinations 575



33. PROBLEM SOLVING Each year, &4 golfers participate
in a golf tournament. The golfers play in groups of 4.
How many groups of 4 golfers are possible?
(ee Examiple 3. )

34, PROELEM S0LVING You wand to purchase vepetable

dip for a party. A grocery store sellz 7 different Aavors
of vegetable dip. You have enough money 1o purchase

2 Mlavors. How many combinations of 2 flavors of
vepetable dip are possible?

ERROR ANALYSIS In Exercises 35 and 36, describe and
correet the error in evaluating the expression.,

35.

11-7) 4
36.
=] al
e = = R 2 4
aCa (8—4) 5l

REASONING In Exencises 37=40, tell whethe r the
question can be answered using permukilfions or
combinations. Explaln your reasoning, Then answer
the question.

37, Tocomplete an exam, you misst answer § questions
froon a list of 10 questions. In how many wavs can
you complete the exam?

38, Ten students are auditioning for 3 different roles in
a play. In how many ways can the 3 roles be filled?

39, Fifty-two athletes are competing in a bicvele race.,
In how many orders can the bicyelists finish fiest,
secomd, and third ? { Assume there are no Lies.)

40. Anemployes at a pet store neods to catch 5 totras
in an aquarinm containing 27 tefras, In how many

groupings can the emplovee caplure 5 tetras?

576 Chapter 10 Probability

a.

a4,

45.

a7,

CRITICAL THINKING Compare the quantities ., and
550y Without performing any calculstions. Explain
your reasoning.

CRITICAL THINKING Show that cach identity is true
for any whole nambers r and n, where 0 % r % R,

g =1
t.. ﬂc.l'= HCH-I'
ot ,.IHI::,=,1I.':',+,IC,_|

REASDNING Consider a set of 4 objects.

a. Are there more permuitations of all 4 of the objects
or of 3 of the objects? Explain your reasoning,

b Are there more combinations of all 4 of the objects
or of 3 of the objects? Explain yvour reasoning.

e. Compare your answers Lo paris (a) and (k).

OPEN-ENDED [rescribe a real-life situation where the
number of possibilities iz given by P, Then describe
a real-life simation that can be modeled by ..

REASONING Complete the table for each given value
of r. Then write an inequality relating &, and O,
Explain your reasoning,

r=0|r=1

l‘ur
G

REASDNING Write an equation that relates _F, and
o+ Then use your equation to find and interpret the

g 4
valie of :
i |

PROBLEM SOLYING You and your friend are in the
studio audience on a television game show. From
an andience of 300 people, 2 people are randomiy
selected as contestaniz, What is the probability that
you and your friend are chosen? (See Example &)




48. PROBLEM SOLVING You work 5 evenings cach
week at a bookstore, Your snpervisor assigns you
5 evenings al random from the 7 possibilites. What
iz the probability that your schedule does not incliade
working on the wee kend ?

REASONING In Exercizes 49 and 50, find the probability
of winning a lottery nsing the given rules. Assume that
lottery numbers ane selected at random.

49. You mmust comectly select 6 nombers, ¢ach an ineger
from O to 4% The order is nod imporiant.

0. You muost comrecily select 4 nnmbers, cach an integer
from 0 to 9, The order iz impomant,

In Exercises 51= 585, wse the Binomial Theorem to wrile
the binomial expansion. [See Fxample o )

51. (x+ 2 52. {c—4)

53. (a+ 3b) 54, (dp = g)"
55. (wi— 3 56, (2¢ + 5)
57 (3u + v 58. (' — ¥

In Exercizes 59-66, use the given value of i fo find
the coelfickent of £* in the expansion of the binosmial,
(See Example 7b.)

59. (x=2¥,n=35 60. x— 3, n=4

6l. (-3 . n=6 62. (r+2¥.n=3

63. (x+5n=7 64, (x-1)f,n=12

65. (fxr—4)" n=4

66. (lr+6),n=3

67. REASOMING Write the cighth row of Pascal's
Triangle as combinations and as numiers.

68. PROBLEM SOLVING The first four triangnlar nombers
are 1,3, &, and 10,

a. Usc Pascal’s Triangle to write the first four
triangular nembers as combinations,

1 1
| S |
1% ¥ 1
1 4 6 4 1
1 5 10 10 5 1

b, Use vour resalt from part (a) to write an explicit
rule for the ath triangnlar number T,

Section 10.5

69.

70,

.

T2,

MATHEMATICAL CONNECTIONS
A polygon is convex when

fe litwe that containg a

side of the polygon

confains a point in the

interior of the polygon.
Congider a convex

polygon with n sides.

diagonal

i Use the combinations formula to write an
expression for the number of diagonals in an
n-sided polygon.

b Use yvour resull from part (a) (o write a formula
for the number of diagonalks of an n-sided convex
polygon.

PROBLEM SOLVING You are ordering a burrito with
2 madn ingredients and 3 toppings. The menu bealow
shows the possible choices. How many different
burritos are possible?

PROBLEM SOLVING You want to purchase 2 different
tvpes of contemporary muzic CDe and 1 clazsical
musie CD from the music collection shown, How
many different sets of music types can you choose for
your purchase?

A

Classical

LonLen BEHITAr Yy
@hlues @ Opera
@Country @ Concerto
a lazz @ Symphony
@Rap

| @Rock &Roll | i

PROBLEM SOLVING Every student in your history
class is required to present & project in front of the
clazs, Each day, 4 students make their presentations in
an order chosen o random by the teacher. You make
wour presentation on the first day.

& What is the probabdlity that vou are chosen 1o be
the firsl or second presenter on the first day?

b What iz the probability that vou are chosen to
ke the second of third presenier on the first dav?
Compare your answer with that in part (a).

Permutations and Combinations 577



73.

T4,

75,

PROELEM SOLVING The organizer of 4 cast party
Tor a drama club asks each of the 6 cast members to
bring 1 fond item from a list of 10 fems. Assuming
each me mber randomly chooseés a food itemto bring,
what iz the probability that at least 2 of the 6 cast
members bring the same item?

HOW DO YOU SEE IT? A bag contains one green
rebde, one fsd marble, and one blue madble. The
diagram shows the possible outcornes of randormly
drawing three marbles from the bag without

replacement.

<39
¢<3:3

a. How many combinations of three marbles can be
drawn from the bag? Explain.

b How many permutations of three marbles can be
drawn from the bag? Explain.

PROBLEM SOLYING You arc one of 10 stodents
performing in a school talent show, The order of the
performances is determined at random. The first

5 performers go on stage before the intlermission.

a. What is the probability that you are the last
performer before the intermission and your rival
performs immediately before you?

b What iz the probability that you are med the first
performer?

THOUGHT PROVOKING How many inteépers, greater
than 999 but not greater than 4000, can be formed
with the digats (1, 1, 2, 3, and 47 Repetition of digits
is allowed,

— Maintaining Mathematical Proficiency

Tt

78.

T,

el L ol Eeairid

PROBLEM SOLVING Consider a standard deck of
32 playing cards. The order in which the cards are
dzalt for a “hand”™ does nol matter.

a. How many different 5-card hands are possible?

b, How many different 5-card hands have all 5 cards
of a single soit?

PROBLEM SOLVING There are 30 students in your
class. Your science leacher chooses 5 students

at random to complete a group project. Find the
probability that you and your 2 best friends in the
scicnce class are chozen to work in the group. Explain
o youn fonnd your answer,

PROBLEM SOLVING Follow the steps below Lo
explore a famons probability problem called the
birthday probiem. (Assume there are 365 equally
likely birthdays possible. )

8. What iz the probability that at least 2 people share
the same birthday in a group of 6 randomly chosen
people? in a group of 10 randomly chosen people?

b Generalize the results from part (a) by writing
a formmala for the probability Pin) that af least
2 people in a group of fn people share the same
birthday, (Hinl: Use P, nodation in your fornmila.)

c. Enter the formmla from par (b} into a graphing
calculator, Use the ixbie feature to make a table of
values, For what group size does the probability
that at keazt 2 people share the same birthday first
exceed S00%7

N e DU S Eradss and |sasony

probability?  (Seclion i)

80. Abagcontains 12 white marbles and 3 black marbles. You pick 1 marble at random.
What is the probability that you pick a black marble?

81. The table shows the resnlt of fipping two coins 12 times. For what
oulcome is the experimental probability the same as the theoretical

{Section [O.F)

HH | HT |TH | TT
2| &1 3|2
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Binomial Distributions

Essential Question 1owcan you determine the frequency of each

ouwtcome of anevent?

(AL Mol E Analyzing Histograms

Work with a partner. The histograms show the results when = coins are flipped.

STUuDyY TIP 3 3
When 4 coins are flipped Z
(n = 4), the posible ilil | 1 ] | 3 = 1 | :
: | e = | ne
RUECOmE D =y r T 2 T
TTTT TTTH TTHT TTHH Mumber of Heads Humber of Heads Miumber of Heads
THTT THTH THHT THHH
10 10
HTTT HTTH HTHT HTHH
$\_\\ : : :_\.W"
MHTT HHTH HHHT HHHH. | “E. -/
The histegram shows the & { "‘-, C:J
num bers of outcomes Bl ; :
having 0, 1, 2, 3, and 4 A A
heads, [> | W '-&: v
1 1 1 = 1
I | n=a | | n=5
o 1 2 3 4 o 1 2 3 4 5
Humber of Heads Humber of Heads
4. In how many ways can 3 heads oocur when 5 coins are flipped?
b. Draw a histogram that shows the mimbers of heads that can oocur when 6 coins
are Ripped.
¢ In how many wavs can 3 heads occur when 6 coins are fipped?
SR LENIle ' Determining the Number of Occurrences
Work with a partner
a. Complete the table showing the nnmbsers of ways in which 2 he ads can ocour
LOOKING FOR wl':?nminsmeﬂip]md. ¢ )
A PATTERN
To be proficient in math, n 3 q 5 & 7
you need to look closely
to discern a pattem or Ocourrences of 2 heads
structure
D- b, Determine the paltern shown in the table, Use your resul to find the number of

ways in which 2 heads can occur when 8 coing are Ripped,

Communicate Your Answer

3. Howw can you determine the frequency of each omcome of an event?
4, Hew can you use a histogram to find the probability of an event?
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10.6 Lesson

Core Vocabulary.

random varable, p. 580
probability detnbution, p 580
binomzl distnbution, o 581
binomial expenment, p. 587

Previous
histogram

y

What You Will Learn

B Construct and interpret probability distributions,
P Construct and interpret binomial distributions.

Probability Distributions

A random variable iz a variable whose value i= determined by the omtcomes of a
probability experiment. For example, when vou roll a six-sided die, vou can define

a random variable x that represents the number showing on the die. So, the possible
values of x are 1, 2, 3, 4, 5, and 6. For every random variable, a probability distribulion
can be defined.

&) Core Concept

STUDY TIP

Recall that there are 36
possible outcomes when
relling two six-sided

dice. These are listed in
Example 3 on page 540, D’

Probability Distributions

A probability distribution is a function that gives the probability of each
possible value of a random variable, The sum of all the probabilities in a
probability distribution must equal 1.

Probability Distribution for Rolling a Six-5ided Die
X 1 2 3 4 5 &

Plx)

L

% L 4 L]
@ f i i

o=

4

Constructing a Probability Distribution

Let x be a random variable that represents the sum when two six-sided dice are rolled.
Make a table and draw a histogram showing the probability distribation for x,

SOLUTION

Step 1 Make a table. The possible vahies of x are the integers from 2 to 12, The
tabde shows how many outcomes of rolling two dice produce each value of x.
Drivide the number of outcomes for x by 36 1o find Fix).

x (sum) 2 3 4 5 ¥ 7 & 0 M| 11| 12

Outcomes | 2 3 4 5 i 5 4 3 2 1
1 L 1 | 3 1 k] i 1 i

P(x) w | alazg| 5| %|s]|%|s|ul|ln| =

Step 2 Draw a histogram where the intervals are given by v and the frequencies ane
given by Ax).

| Rolling Twe Six-Sided Dice
Fix)

k=

Probability
[T

=

7 3 4 % & 7 B % W11 1z x
Sum of two dice
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AN Interpreting a Probability Distribution

Lise the probability distribution in Example 1 to answer each question,
a. What is the most likely sumwhen rolling two six-sided dice?
b, What is the probability that the sum of the two dice is at least 107

SOLUTION

a. The most likely sum when rolling two six-sided dice is the valoe of x for which
Fix) is greatest. This probability is greatest for v = 7. S0, when rolling the two
dice, the most likely sumis 7.

b, The probability that the sum of the two dice is af least 10 is
Pxzlly=Px=100+ Px=11)+ Px = 12)

3 1

i

4 4
&

ol

mi= W,

== (1,1 67.
P The probability is about 16.7%.

T 0
Mon itoring Prugrﬁs’s 45}1 Help in English and Spanish at BigideasMath.com

An octabedral die has elght sldes mumbe red 1 through & Let x be a rand om
variable that represents the zum when (wo such dice are rolled,

1. Make atable apd draw a histogram showing the probability distribotion for x.
2. What is the most likelv sum when rolling the two dice?
2. What i the probability that the sum of the two dice i= at most 37

Binomial Distributions

e type of probability distribution is a binomial distribution. A binomial
distribution shows the probabilities of the outcomes of a binemial experiment,

) Core Concept

Binomial Experiments
A binomial e xperiment mects the following conditions.

+ There are nindependent trials.
= Each irial has only two possible oulcomes: success and failure,

* The probability of success is the same for each trial. This probability is denoted
by p. The probability of failure is 1 — p.
For a binomial experiment, the probabality of exactly b sucocsses in n trials is

Pk sucoesses) = O p%1 — py* — &
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ATTENDING TO
PRECISION

When probabilities are
rounded, the sum of the
probabilities may differ

slightly from 1. D"

COMMON ERROR

Because a person may not
have an e-reader, be sure

you include Pk = 0) when
finding the probability

that at most 2 people

have an e-reader. D

Constructing a Binomial Distribution

According (o a survey, about 33% of people ages 16 and older in the 1.5, own an
electronic book reading device, or e-reader. You ask 6 randomly chosen people
{ages 16 and older) whether they own an e-reader. Draw a histogram of the binormial
distribastion for your survey.

SOLUTION

The probability that a randomly selected person has an e-reader is p = 033, Because
you survey 6 people, n = 6.

Pik = 0} = (C033)N0.67)° = 0,090 | Binomial Distribution for Your Survey

Pk = 1) = (C(033)40.67F ~ 0.247 ?;.:I.
Pik = 2) = ,CH033)H0.67) =~ 0329 £
& 020
Pk = 3) = (C{033)H0.67) = 0216 %
(IR LH
Pk = 4) = (O 033067y = 0,080
1
Pik = 5) = (LOd0.33)50.67) ~ 0016 3 T 8 4 % ok
) Number of persons
Pk = 6) = ,CAD33)50.67)" = 0001 A A i e

A histogram of the distribaition iz shown.

SEALURIN [nterpreting a Binomial Distribution

Uze the binomial disteibation in Example 3 to answer each question,
a. What is the most likely outcome of the survey?
b. What iz the probability that at most 2 people have an e-reader?

SOLUTION

A, The most likely cutcome of the survey is the value of & for which P} is greatest,
This probability is greatest for b = 2. The most likely outcome is that 2 of the
6 people own an e-reader.

b. The probability that af most 2 people have an e-reader is
PEsD=HRk=0)+ Pk =1)+ Pk =12)
= 0,090 + 0.267 + 0329
= (686,

B The probability is about 68.6%,

. & =
Hﬂﬂﬂﬂ'rmg Prﬂﬂrﬂrﬂﬂ' ‘E’ Help in English and Spanish at BigideasMath.com

According to a survey, about 85% of people ages 18 and older in the LS, use the
Internet or e-mail. You ask 4 randomly chosen people (ages 18 and older) whether
they use the Infernet or e-mail.

4. Draw a histogram of the binomial distribution for your survey.

5. What is the most likely outcome of vour smvey?

B. What is the probability that at most 2 people yvou survey use the Internet
o &-mail?
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10- E EHEI’EISES Dynamic Solutions available at BigldeasMath.com

— Vocabulary and Core Concept Check

1. VOCABULARY What is a random variable?

2. WRITING Give an example of a binomial cxperiment and describe how it mects the conditions of
a hinomial experiment.

Monitoring Progress and Modeling with Mathematice

In Exercises 36, make a table and draw a histogram USING EQUATIONS In Exercises 9-12, calculate the
showing the probability distribution for the random probability of Ripping a coin 20 times and getting the
varlable. (See Erample 1. given number of heads,
3. x = the mumber on a table tennis ball randomiy 9. 1 10. 4
chosen from a bag that contains 5 balls labeled =17
3 balls labebed 2" and 2 balls labeled “3.7 11. 18 12. 20
4. ¢ =1 when arandomly chosen card out of a standard 13. MODELING WITH MATHEMATICS According to
deck of 32 plaving cards is a heart and ¢ = 2 olherwise. a survey, 27% of high school students in the
United States bary a class ring. You azk 6 randomly
5. w = | when a randomly chosen letter from the chosen high school students whether they own a
Englizh alphabet is a vowel and w = 2 otherwize. class ing. (See Examples 3 and 4.}

B. 1 = the number of digits ina random infeger from
O throngh 594,

In Exercizes 7 and 8, use the probability distribufion to
determine (a) the number that is most likely to be spun
on a spinoer, and (b) the probability of spinning an even
number. (See Example 2.

S L Spinner Results a, Draw a histogram of the binomial distribation for
— ot
= ;Ig b What is the most likely omtcome of your survey?
g ! ¢ What is the probability that at mest 2 people have
-E . a class ring?
o .
' i 3 1 % 14. MODELING WITH MATHEMATICS According toa
Humber on spinner survey, 48% of adultz in the United States believe that
Unide ntified Flying Objects (UFCs) are observing
g e i - our planet. You ask 8 randomly chosen adults whether
| o Spinner Resuits they believe UFOs are watching Earth.
X
- . Draw a histogram of the binomdal distritadion for
g . VOLUE SUTVEY.
= 1
g 3 b, What is the most likely outcome of vour survey?
£ 3 ¢, What is the probability that at most 3 people
believe LIFOs are watching Earth?
. 11 ng

5 o 15 0 X
Humber on spinner
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ERROR ANALYSIS In Exercises 15 and 16, describe and

correct the error in caleulating the probability of relling

a 1exactly 3 times in 5 rolls of o six-sided die.

15.

16.

X re=omell

=~ 0161

x re=23)=(1 (2

== 0005

17. MATHEMATICAL CONNECTIONS At most 7 gopher

18.

holes appear each week on the farm shown, Let x
represent how many of the gopher holes appear in the
carrot patch. Assume that a gopher hole has an equal
chance of appearing al any point on the farm.,

0.8 mi | s

Co3mi 03mi

a. Find Pxyforx =0, 1, 2....7.

b Make a table showing the probability distribation
for x.

¢. Make a histogram showing the probability
distribartion for x.

HOW DO YOU SEE IT? Complete the probability
distribition for the random vasiable x. What is the
probability the valoe of x is greater than 27

X 1 2 3 4
P(x) 0.1 0.3 0,4

19.

20.

21.

22.

MAKING AN ARGUMENT The binomial distribution
shows the resalts of a binomdal experiment. Your
Iriend claims that the probability p of a success must
b greater than the probability 1 — p of a failure. Is
your friend correct? Explain your reazoning.

Experiment Results

Pix)
O30

020 |

Probability

010

g 1 ¥ 2 4 % 6x
X-value

THOUGHT PROVOKING There are 100 coins in a bag.
Cnly one of them has a date of 2000, You choose

a coin at random, check the date, and then put the
coin back in the bag. You repeat this 100 times. Are
you certain of choosing the 2010 coin at least once?
Explain your reasoning.

MODELING WITH MATHEMATICS Assume that having
a male and having a female child are independent
events, and that the probability of each is 0.5,

a. A couple has 4 male chiklren. Evaluate the validity
of this statement: “The first 4 kids were all boys,
50 the next one will probably be a girl”

b, What is the probability of having 4 male children
and then a female child?

e, Let x be a random variable that represemts the
mimber of children a couple already has when they
have their first femmale child, Draw a histogram of
the distribution of P(x) for 0 = x 510, Describe
the shape of the histogram,

CRITICAL THINKING An entertainment syslem

has n speakers. Each speaker will function properly
with probability p, independent of whether the
other speakers are functioning, The svstem will
operate effectively when at least 304 of its
speakers are fanctioning,. For what values of p is

a 5-speaker system more likely to operate than a
J-speaker system?

_Maiﬂhiﬂiﬂg Mafhﬁmaﬁcﬂl Prﬂfiﬁiﬂ.ﬂﬂv Bevevwng whal you leamed i previous grsdes and lessons

List the possible vutcomes for the situation,
23, guessing the gender of three children

{Seciion JO.F)

24, picking one of two doors and one of thrée curtains
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10.4-10.6 What Did You Learn?

Core Yocabulary

compound event, p. S permmtation, p. 370 random variable, p. 580
overlapping events, p, 564 n factorial, p. 370 probability distribotion, p. 380
digjoint events, p. 564 combination, p, 572 binomdal distribution, p. 387
mumally exclusive events, p. 564 Binomial Theorem, p. 574 binomdal experiment, p. 581

Core Goncepts

Section 10.4
Probability of Compound Events, p. 564

section 10.5

Permmitations, g 577
Combinations, p. 572
The Binomial Theorem, p. 574

Section 10.6

Probability Distribations, p. 380
Binomial Experiments, p. 5871

Mathematical Practices

1. How can you use diagrams to understand the sitpation in Exercize 22 on page 5687

2, Describe arelationship between the resalts in part (a) and part (b) in Exercise 74
on page 578.

3. Explain how you were able to break the simation into cases to evaluate the validity of the
staternent in pant (a) of Excrcise 21 on page 584,

ym==m==========-Porformance Task - - - - - -

A New Dartboard

You are a graphic artst working for a company on a new design for
the board in the game of darts You are eager to begin the project,
but the team cannot decide on the terms of the game. Evervone
agrees that the board shoulkd have four colors. But some want the
probabilities of hitting each color 10 be equal, while others want them
1o be different. You offer to design two boards, one for each group
How do you get started? How creative can you be with your designs?

To explore the answers to these guestions and more, go o
BigldeasMath.com

L
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0 c h a ptEI’ REUIEW Dynamic Solutions available at BigideasMath.com

VB sample Spaces and Probability (op 537 544)

Each section of the spinner shown has the same area, The spinner Spinner Results !
was spun 3 times. The table shows the results. For which color green 4
is the experimental probability of stopping on the color the
same as the theoretical probability? e o

red L
SOLUTION . p
The theoretical probability of stopping on each of the five colors is % vellow 3

Use the outcomes in the table (o find the experimental probabilitics.
S P | T | ; e I : L : - f
Plgreen) === Poamge)=g=3 Pred)j=g== Pblw)=g=7 Pyellow)=5=

1
L7 16 i3]

L

.- The n:.":[ll.'li!'l'l:'-r!EH] probability ufsluppj ng on orange is the same as the theoretical probability.

1. Abagcontains 9 tiles, one for each letter in the word HAPPINESS, You
choose atile at random. What is the probability that you choose a tile with
the letter 57 What is the probability that you choose a tike with a letter other
than P?

2. You throw adart at the board shown, Your dart is equally likely to hit any
point inside the square board. Are yvou most likely to get 5 points, 10 points,
ar 20 points?

1[i¥4 Independent and Dependent Events (pp 545552

You randomly select 2 cards from a standard deck of 52 plaving cards. What is the probability that
both cards are jacks when (a) you replace the first card before selecting the second, and (b) you do not
replace the first card, Compare the probabilities.

SOLUTION
Let event A be “first card is a jack”™ and event B be "second card is a jack”

i Because vou replace the first card before vou select the second card, the events are independent.
S0, the probability is
4 4 _ 16 1

= . b i:l—-—_ R atad 1 ] '.
FiA amd B) = P{A) «» F{B] 55704 160 .00

b. Because vou do not replace the first card before you select the second card, the events are
dependent. 5o, the probability is

4 ¥ _ 13 _ G

FiA and B) = P{A} « ABlA) = £ « - = — = —— = 0005
A A S NAN - REM) = sl T Bess
P so Yol an:ﬁ = 2—;— = 1.3 times more Lkely to select 2 jacks when vou replace the hirst card

before vou select the second card.

Find the probability of randoemly selecting the gziven marbles from a bag of 5 red. 8 green,
and 3 blue marbles when ia) vou replace the first marble before drawing the second, and
i) vou do not replace the first marble. Compare the probabilities.

3. red, then grecn 4, blue, then red 5. green, then green
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Two-Way Tables and Probability o0 552 550

>

A survey asks residents of the east and west sides of a city whether they support the constraction of
a bridee. The results, given as joint relative frequencies, are shown i the two-way table, YWhat is the
probability that a randomly selected resident from the east side will support the project?

EastSide | WastSide
E Yes 0.47 036
CL
g No 008 0.09

SOLUTION

Find the joint and marginal relative frequencies. Then use these valoes to find the
conditional probability.

Fieast side and yes) (.47

Piyes |east side) = Pleast side) 047 + 008

= (1,833

50, the probability that a resident of the east side of the city will support the project is
about £5.5%.

What is the probability that a randomly selected resident who does not support the project in
the example above is from the west side?

After aconference, 220 men and 270 women respond (o a sarvey. Of those, 200 men and

230 women zay the conference was impactiul. Organize these resulls in a twvo-way table.
Then find and interpred the marginal frequencies.

m Probability of Disjoint and Overlapping Events (o 560568

B.

a.

Let A and B be events such that P(A) = 5, P(B) = -, and P(A and B) = 3. Find A4 or B).

SOLUTION
PiAorBYy=HFA)+ AB) - PA and B) Wnte general bormula.
=5+ — 1 Subrstatuite known probabdines,
: ; Sampliky
= (),B33 Lse a calodator,

Let A and £ be events such that PA) = 032, A(B) = 04%, and PiA and 8) = 012,
Find P4 o ).

Lot of 100 employees al a company, Y2 employvees ither work part time: or work 5 days each
week. There are 14 emplovees who work part time and 80 ¢ mployees who work 5 days each
week, What iz the probabdlity that a randomly selecied emploves works both part time and

5 days each week?
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A S-digit code consists of 3 different integers from O (o 9, How many different codes are possible?

SOLUTION
To fined the pumber of permutations of 5 integers chosen from 10, find | P,
s = = At Permutations komula
e (0= 5y
i
= Isi. Sulbrbract
. L L . L I -
o 10 351? 0 1 Expand Factonals Divide out common Factos, 51
= 30,240 Samplihy.

F There ane 30,240 possible codes.

Evaluate the expression.,
10. P 1. 3Py 1L ;G 13. G

14. Use the Binomial Theorem to write the expansion of (2x + '),

15 A random drawing will determine which 3 people in a groop of 9 will win concert tickets.
What iz the probability that you and vour 2 friends will win the tickets?

m Binomial Distributions oo 570584}

According Lo a survey, about 21% of adulls in the TS, visited an art rmuseum last vear. You ask
4 randomly chozen adults whether they visited an art museum last year. Draw a histogram of the
binomial distribution for your survey.

SOLUTION
The probability that a randomly selected Binomial Distribution
person visited an art muscum is p = 0,21, ' Pk}
Because yvou survey 4 people, 2 = 4, 0.0
Pk = 0) = ,G(021)%0.79) = 0390 f 020
Pk = 1) = ,C(021)1{0.79)* = 0414 g 020
Pik = 2) = ,CI021)%0.79)* = 0.165 % a10
Pik = 3) = ,C,{D21(0.79)' ~ 0029 000 — : o S
Pk = 4) = ,C,(0.21)%(0.79)" = 0.002 Number of adults who visit the art museum

16. Find the probability of flipping a coin 12 times and getting exactly 4 heads.

17. A basketball player makes a free throw §2.6% of the time. The player atte mpts 5 free throws.
Draw a histogram of the binomial distribution of the number of suceessful free throws, What is
the most likely outcome?
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You roll a six-sided die. Find the probability of the event described. Explain yvour reasoning.

1. You roll a pumber less than 3. 2. YWou roll a multiple of 3,

Evahrate the expression,
3. P 4. P I 6 &5

7. Use the Binomial Theorem to write the binomial expansion of (x + ).

B. You find the probability P4 or B) by using the equation MA or B) = PA) + PE) = A and B).
Drescribe why it is necessary to subtract A and B) when the events A and £ are overlapping.
Then describe why it is nof necessary to subtract (A and B) when the events A and & are disjoint.

9. Isit possible to nse the formula AA and B) = PiA) « AE A) when events A and B are
independent? Explain your reasoning.

10, According toa survey, abowt 58% of families sit down for a famdly dinper af least four
times per wee k. You ask 5 randomly chosen families whether they have a family dinner at
least Tour times per week.

a. Draw a histogram of the binomial distribation for the survey.
b, What is the most likely oulcome of the survey?
¢. What is the probability that at least 3 familics have a family dinner four times per week?

1. You are choosing acell phone company to sign with for the next Satisfied | Not Satisfied
2 years. The three plans you consider are equally priced. You ask [
several of your neighbors whether they are satisfied with their
current cell phone company. The table shiows the results, According Company B 1 n

i : vwhi y
to this survey, which company should you choose’ Company C W I

Company A 1111 Il

12. The surface area of Earth is about 1%6.9 million sqeare miles. The land area is abo
57 5 million square miles and the rest is water. What is the probability that a meteorite that
reaches the surface of Earth will hit land? What iz the probability that it will hit water?

13. Consider a bag that containg all the chess pieces in a sot, as shown in the diagram.

: - }‘ -

:\Fi;hite-t-1|2_.?li'ﬂ

]

a. You choose one piece al random. Find the probability that you choose a black piece or a queen.
b, You choose one piece al random, do not replace it, then choose a second piece at random. Find
the probability that you choose a king, then a pawn.

14. Three volunteers are chosen at random from a group of 12 to help at a summer camp,
8. What is the probability that von, your brother, and your friend are chosen?

b The first person chosen will be a counselor, the second will be a lifeguard, and the third will
be acook. What is the probability that you are the cook, vour brother is the lifeguard, and
vour fricnd is the counselor?
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0 Cumulative Assessment

1. According to a srvey, 3% of Americans consider themselves sports fans. You
randomly solect 14 Americans to survey,

a. Draw a histogram of the binomial distribution of your survey

b What iz the most likely mumber of Americans who consider the mselves
sporis Fans?

e What iz the probability at least T Americans consider themselves sports fans?

2. Chrder the acute angles from smallest to largest. Explain your reasoning.

|

B = Y =

tan &, = | tan &, 3
{3 o i}
ce i e Y an #, = —
Lan I'_J-s — T 4
tan f, = 38 tan §; = V3

3. You order a fruit smoothie made with 2 liquid ingredients and 3 fruit ingredients from
the menn shown. How many different froit smoothics can you order?

& t-'q]-i{‘i:-' - Tui
* Locorat Whater

* (lrmordd Mk
« Gopk chica
Fl}'ﬂnglrli'.l

4. 'Which staternents describe the transformation of the graph of fix) = ¥ — x
represented by gix) = 4ix = 2 = di{x = 2)?

(A  avertical stretch by a factor of 4

(B) avertical shrink by a factor 4.11'%

(€ ahorizontal shrink by a factor of .1

(I ahorizontal stretch by a factor of 4

(E} ahorizontal translation 2 units to the right

(F) ahorizontal translation 2 units to the left
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5. Use the diagram to explain why the equation is troe.
FiA) + F(B) = PlA or By + (A and B)

6. For the sequence —" —; é e é— .« o, describe the pattern, write the next term,

graph the first five termes, and write a mle for the nth terme

7. A survey asked meale and fermale stodentz about whether they prefer (o take gvmclass
of choir, The table shows the resulis of the smrvey.

Class
Gym | Choir | Total
3 | Male | 50)
JE Female 23 |
Total 49 106

a, Complete the two-way table.
b, What is the probability that a randomly selected student is fermale and
prefers choir?

¢ What is the probability that a randomly selected male student prefers
gvmelazs?

8. The owner of a lawn-mowing business has three mowers. As long as one of the
mowers B working, the owner can stay productive. One of the mowers 15 unusable
108% of the ime, one is nmsable 5% of the time, and one is nnnsable 15% of the time.

. Find the probability that all three mowers are unusable on a given day.

b, Find the probability that at ke ast one of the mowers is anusable on a
given day.

€. Suppose the least-reliable mower stops working completely. How does this
affect the probability that the lawn-mowing business can be prochuctive on
a givenday?

9, Wrile a svstem of quadratic inequalities whose solution
is represented in the graph.
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